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Preface

Intended Audience, Approach and Presentation

This text is intended for a course of about fifteen weeks for undergraduate
students. It arises from the adaptation and the amendments to a text for a
full-year course in Structure of Matter, written by one of the authors (A.R.)
about thirty years ago. At that time only a few (if any) textbooks having the
suited form for introduction to basic quantum properties of atoms, molecules
and crystals in a comprehensive and interrelated way, were available. Along
the last twenty years many excellent books pursuing the aforementioned aim
have been published (some of them are listed at the end of this preface).
Still there are reasons, in our opinion, to attempt a further text devoted to
the quantum roots of condensed matter properties. A practical aspect in this
regard involves the organization of the studies in Physics, after the huge scien-
tific outburst of the various topics of fundamental and technological character
in recent decades. In most Universities there is now a first period of three or
four years, common to all the students and devoted to elementary aspects,
followed by a more advanced program in rather specialized fields of Physics.
The difficult task is to provide a common and formative introduction in the
first period still suitable as a basis for building up more advanced courses
and to bridge the large area between elementary physics and the topics per-
taining to research activities. The present attempt towards a readable book,
hopefully presenting those desired characteristics, essentially is based on a
mixture of simplified institutional theory with solved problems. The hope, in
this way, is to provide physical insights, basic culture and motivation, without
deteriorating the possibility of more advanced subsequent learning.

Organization

Structure of Matter is such a wide field that a first task to undertake is
how to confine an introductory text. The present status of that discipline
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represents a key construction of the scientific knowledge, possibly equated
only by the unitary description of the electromagnetic phenomena. Even by
limiting attention only to the conventional parts of the condensed matter,
namely atoms, molecules and crystals, still we are left with an ample field.
For instance, semiconductors or superconductors, the electric and magnetic
properties of the matter and its interaction with the electromagnetic radi-
ation, the microscopic mechanisms underlying solid-state devices as well as
masers and lasers, are to be considered as belonging to the field of structure
of matter (without mentioning the “artificial” matter involving systems such
as nanostructures, photonic crystals or special materials obtained by subtle
manipulations of atoms by means of special techniques). In this text the choice
has been to limit the attention to key concepts and to the most typical aspects
of atoms (Chapters 1-5), molecules (Chapters 7-10) and of crystalline solids
(Chapters 11-14), looking at the basic “structural” aspects without dealing
with the properties that originate from them. This choice is exemplified by
referring to crystals: electronic states and quantum motions of the ions have
been described without going into the details regarding the numerous and
relevant properties related to these aspects. Only in a few particularly illus-
trative cases favoring better understanding or comprehensive view, derivation
of some related properties has been given (examples are some thermodynami-
cal properties due to nuclear motions in molecules and crystals or some of the
electric or magnetic properties). Chapter 6 has the particular aim to lead the
reader to an illustrative overview of quantum behaviors of angular momenta
and magnetic moments, with an introduction to spin statistics, magnetic res-
onance and spin motions and a mention to spin thermodynamics, through
the description of the adiabatic demagnetization used in order to approach
the zero-temperature condition. All along the text emphasis is given to the
role of spectroscopic experiments giving access to the quantum properties by
means of electromagnetic radiation. In the spirit to limit the attention to
key arguments, frequent referring is given to the electric dipole moment and
to selection rules, rather than to other aspects of the many experiments of
spectroscopic character used to explore the matter at microscopic level. Other
unifying concepts present along the text are the ones embedded in statistical
physics and thermal excitations, as it is necessary in view of the many-body
character of condensed matter in equilibrium with a thermal reservoir.

Prerequisite, appendices and problems

Along the text the use of quantum mechanics, although continuous, only in-
volves the basic background that the reader should have achieved in under-
graduate courses. The knowledge in statistical physics is the one based on the
Boltzmann, Fermi-Dirac and Bose-Einstein statistical distributions, with the
relationships of thermodynamical quantities to the partition function (some
of the problems work as proper recall, particularly for the statistical physics of
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paramagnets or for the black-body radiation). Finally the reader is assumed
to have knowledge of classical electromagnetism and classical Hamiltonian
mechanics. Appendices are intended to provide ad hoc recalls, in some cases
applied to appropriate systems or to phenomena useful for illustration. The
Gaussian cgs emu units are used. The problems should be considered entan-
gled to the formal presentation of the arguments, being designed as an intrinsic
part of the pathway the student should move by in order to grasp the key con-
cepts. Some of the problems are simple applications of the equations and in
these cases the solutions are only sketched. Other problems are basic building
blocks and possibly expansions of the formal description. Then the various
steps of the solution are presented in some detail. The aim of the mélange
intuition-theory-exercises pursued in the text is to favor the acquisition of
the basic knowledge in the wide and wonderful field of the condensed matter,
emphasizing how phenomenological properties originate from the microscopic,
quantum features of the nature.

It should be obvious that a book of this size can present only a minute
fraction of the present knowledge in the field. If the reader could achieve even
an elementary understanding of the atoms, the molecules and the crystals,
how they are affected by electric and magnetic fields, how they interact with
electromagnetic radiation and respond to thermal excitation, the book will
have fulfilled its purpose.

The fundamental blocks of the physical world are thought to be the sub-
nuclear elementary particles. However the beauty of the natural world rather
originates from the architectural construction of the blocks occurring in the
matter. Ortega Y Gasset wrote “If you wish to admire the beauty of a cathe-
dral you have to respect for distance. If you go too close, you just see a brick”.
Furthermore, one could claim that the world of condensed matter more easily
allows one to achieve a private discovery of phenomena. In this respect let
us report what Edward Purcell wrote in his Nobel lecture: “To see the world
for a moment as something rich and strange is the private reward of many a
discovery”.
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1

Atoms: general aspects

Topics

Central field approximation

Effective potential and one-electron eigenfunctions
Special atoms (hydrogenic, muonic, Rydberg)
Magnetic moments and spin-orbit interaction
Electromagnetic radiation, matter and transitions
Two-levels systems and related aspects

The aim of this and of the following three Chapters is the derivation of the
main quantum properties of the atoms and the description of their behavior in
magnetic and electric fields. We shall begin in the assumption of point-charge
nucleus with mass much larger than the electron mass and by taking into account
only the Coulomb energy. Other interaction terms, of magnetic origin as well as
the relativistic effects, will be initially disregarded.

In the light of the central field approximation it is appropriate to recall the
results pertaining to one-electron atoms, namely the hydrogenic atoms (§1.4).
When dealing with the properties of typical multi-electron atoms, such as alkali
atoms or helium atom (Chapter 2) one shall realize that relevant modifications
to that simplified framework are actually required. These are, for instance, the
inclusion of the spin-orbit interaction (recalled at §1.6) and the effects due to
the exchange degeneracy (§1.3, discussed in detail at §2.2).

The properties of a useful reference model, the two-levels system, and some
aspects of the electromagnetic radiation in interaction with matter, are recalled in
Appendices and/or in ad-hoc problems at the end of the Chapter (Final Problems,
F.1).



2 1 Atoms: general aspects

1.1 Central field approximation

The wave function ¥ (rq,rs,..,ry) describing the stationary state of the N
electrons in the atom follows from the Schrodinger equation

—h? 9 Ze? "2
7§ V? — E + E —_— .. =F .
[2 i i — oy rij}ﬁ(rhr% ,I‘N) 1/)(1"1,1‘27 7I'N)

|:Te + Vne + ‘/ee:| ¢(I'1,I‘27 LX) I'N) = E1,ZJ(I‘1, ro, ..,I'N) (11)

where in the Hamiltonian one has the kinetic energy T, the potential energy
Vpe describing the Coulomb interaction of the electrons with the nucleus of
charge Ze and the electron-electron repulsive interaction V. (Fig. 1.1).

“charge”

-e|¢ (r) dy

I

+Ze M—>oo

Fig. 1.1. Schematic view of multi-electrons atom. The nucleus is assumed as a point
charge Ze, with mass M much larger than the mass m of the electron, of charge —e.

If the inter-electron interaction V. could be neglected, the total Hamil-
tonian would be H = . H;, with H; the one-electron Hamiltonian. Then
p(ri,re,...) = ], o(r;), with ¢(r;) the one-electron eigenfunction. V.. does
not allow one to separate the variables r;, in correspondence to the fact that
the motion of a given electron does depend from the ones of the others. Fur-
thermore Vg, is too large to be treated as a perturbation of [T, + V;,.]. As we
shall see (§2.2), even in the case of Helium atom, with only one pair of inter-
acting electrons, the ground-state energy correction related to V. is about 30
percent of the energy of the unperturbed state correspondent to V. = 0.

The search for an approximate solution of Eq.1.1 can initiate by consider-
ing the form of the potential energy V(r;), for a given electron, in the limiting
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cases of distances r; from the nucleus much larger and much smaller than the
average distance d of the other (N — 1) electrons:

—e?
T > d V(r;) ~ r-
—Ze?
r; L d V(r;) ~ - + const. (1.2)

having taken into account that for neutral atoms (N = Z) when r; > d the
electrons screen (Z — 1) protons, while for r; < d (N — 1) electrons yield
a constant effective potential, as expected for an average spherical charge
distribution (Fig. 1.2). We shall discuss in detail the role of the screening
cloud due to the inner electrons when dealing with alkali atoms (§2.1).

-e
outer electron

“— screening cloud due to the inner
electrons, (Z-1) for Z=N

v(r)
r

/_/2/ . .
, e effective potential ...

. lZer

Fig. 1.2. Sketchy view of the electronic cloud screening the nuclear charge for an
outer electron and correspondent forms of the potential energy in the limiting cases
of large and small distances and of the effective central field potential energy (green
solid line). Details on the role of the screening cloud shall be given in describing the

alkali atoms (§2.1).
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In the light of the form of the potential energy suggested by Egs. 1.2 and
neglecting correlation effects in the electronic positions, one deals with the
central field approximation, first considered by Hartree and Slater. In
this context any electron is moving in an effective average field, due to the
nucleus and to the other electrons, which depends only from the distance
r = |r|, with limiting expressions given by Egs. 1.2.

Within this approximation Eq. 1.1 is rewritten

32
2 [QZV? + Vm)}ﬂ(rurzv oTy) = BY(ry, v ty)  (L3)

%

implying
Y(r1,r2, .., TN) = Pa(r1)dp(r2)...de(ri)... 0 (rN), (1.4)

where the one-electron eigenfunctions are solutions of the Equation

(V2 + V(1) }a(rs) = B u(r) (1.5

in correspondence to a set of quantum numbers a,b..., and to one-electron
eigenvalues E¢, ES.... Moreover

E=) B (1.6)

From the central character of V(r;), implying the commutation of H; with
the angular momentum operators, one deduces

ba(ri) = Ry (i) Yioym) (0i, ©3) (1.7)

where Yy i) (0, ;) are the spherical harmonics and then the set of quantum
numbers is a = n;, l;, m;.

Thus the one-electron states are labeled by the numbers (ng,1;), (n2,l2)
etc... or by the equivalent symbols (1s), (2s), (2p) etc....

The spherical symmetry associated with ), V/(r;) implies that the total
angular momentum L = )", 1; is a constant of motion. Then one can label
the atomic states with quantum numbers L = 0,1,2... . L(L + 1)A? is the
square of the angular momentum of the whole atom, while the number M
(the equivalent for the atom of the one-electron number m) characterizes
the component Mh of L along a given direction (usually indicated by z). It is
noted that at this point we have no indication on how L and M result from the
correspondent numbers [; and m;. The composition of the angular momenta
will be discussed at Chapter 3. Anyway, since now we realize that the atomic
states can be classified in the form S, P, D, F' etc... in correspondence to the
values L = 0,1, 2,3 etc....
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1.2 Self-consistent construction of the effective potential

In the assumption that the one-electron wavefunctions ¢, (r;) have been found
one can achieve a self-consistent construction of the effective potential energy
V(r;). As it is known —e|¢,(r)|>d7 can be thought as the fraction of electronic
charge in the volume element d7. Owing to the classical analogy, one can write
the potential energy for a given j-th electron as ! (see Fig. 11.1)

V(Tj) == —Zie-f—Z/ie |¢a<r)| dTi (18)

This relationship between V(r) and ¢, suggests that once a given V (r) is
assumed, Eq. 1.5 can be solved (by means of numerical methods) to obtain
¢(r;) in the form 1.7. Then one can build up a new expression for V(r;) and
iterate the procedure till the radial parts of the wavefunctions at the n-th step
differ from the ones at the (n-1)th step in a negligible way. This is the phys-
ical content of the self-consistent method devised by Hartree to obtain
the radial part of the one-electron eigenfunctions or, equivalently, the best
approximate expression for V(r;). Here we only mention that a more appro-
priate procedure has to be carried out using eigenfunctions which include the
spin variables and the dynamical equivalence (§1.3), with the antisymmetry
requirement. Such a generalization of the Hartree method has been introduced
by Fock and Slater and it is known as Hartree-Fock method. The appropri-
ate many-electrons eigenfunctions have the determinantal form (see §2.3).
A detailed derivation of the effective potential energy for the simplest case of
two electrons on the basis of Eq. 1.8 is given in Prob. I1.2.3.

The potential energy V (r;) can be conveniently described through an ef-
fective nuclear charge Z.;(r) by means of the relation

62

Vi) = =S Zepsr) (19)
(now the index ¢ is dropped). The sketchy behavior of the effective nuclear
charge is shown in Fig.1.3. The dependence on r at intermediate distance has
to be derived, for instance, by means of the self-consistent method or by other
numerical methods.

1.3 Degeneracy from dynamical equivalence

From Egs. 1.3, 1.5 and 1.7 the N-electron wavefunction implies the assign-
ment of a set of quantum numbers a; to each i-th electron. This assignment

1 Eq.1.8 can also be derived by applying the variational principle to the energy
function constructed on the basis of the ¢,’s with the complete Hamiltonian, for
a variation d¢, leaving the one-electron eigenfunction normalized.
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Fig. 1.3. Sketchy behavior of the effective nuclear charge acting on a given electron
at the distance r from the nucleus of charge Ze, arising from the screening due to
other electrons. The charge (Z — N — 1) (1 for neutral atom with Z = N) is often
called residual charge (for a quantitative estimate of Z.ss(r) for Helium atom see
Prob. 11.2.3).

cannot be done in a unique way, since the electrons are indistinguishable,
the Hamiltonian H = ), H; being invariant upon exchange of the indexes
(exchange symmetry). Therefore, for a state of the atom correspondent to
a given eigenvalue, one has to write an eigenfunction combining with equal
weights all the possible configurations, with the quantum numbers a; variously
assigned to different electrons. Therefore

w(rl,rg, ...,I‘N) = ZP|:§Z5al(1‘1)(;5@2(1‘2)...(]5(1”(1‘]\7) (110)
P

where P is an operator permuting electrons and quantum numbers.

It should be stressed that this remark on the role of the dynamical equiv-
alence is incomplete and somewhat misleading. In fact we shall reformulate it
after the introduction of a further quantum number, the spin number. More-
over, we will have to take into account the Pauli principle, that limits the
acceptable wavefunctions obtained upon permutation to the ones changing
sign (antisymmetric). This topic will be discussed after the analysis of He-
lium atom, with two electrons (§2.2). The eigenfunction in form of the Slater
determinant (§2.3) does take into account the exchange degeneracy and the
antisymmetry requirement.

We conclude these preliminary aspects observing that a proper quantum
treatment, within a perturbative approach, at least should take into account
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the modifications to the central field approximation due to the Hamiltonian

HP=—ZZ8_2+ZL%—ZV(H)7 (1.11)

resulting from the difference between Hamiltonian in 1.1 and the one in 1.3.
This is the starting point of the Slater theory for multiplets.

1.4 Hydrogenic atoms: illustration of basic properties

The central field approximation allows one to reduce the Schrédinger equation
to the form given by Eq. 1.3 and by Eq. 1.5. This latter suggests the oppor-
tunity to recall the basic properties for one-electron atoms, with Z protons at
the nuclear site (Hydrogenic atoms). The Schrédinger equation is rewritten

—n? Ze?
%Vg,(w T Gt (1,0, 0) = Endpim(r, 0, ¢) (1.12)

with ¢y, 1., of the form in Eq. 1.7. To abide by the description for the Hydrogen
atom, one can substitute everywhere the proton charge (+e) by Ze in the
eigenvalues and in the wavefunctions. Then

B, - _rn(Zeng2 1
2% 2

1
= —ZQRHhcﬁ (1.13)
(with Ry Rydberg constant, given by 109,678 cm ™!, correspondent to 13.598
eV). Vi, are the spherical harmonics entering the wavefunction ¢, i, (see
Eq. 1.7), reported in Tables I1.4.1 up to I = 3.
The radial functions R;(r) in Eq. 1.7 result from the solution of

d*>R  2dR 2m Ze? (1 +1)
z B4+ 2= = 1.14
dr?2 = rdr [Fﬂ (B+ r ) 72 }R 0 ( )
or ) ) ,
K2 d ,dR I+ )R Ze
— - =F 1.1
omr? dr - dr [ 2mer2 r ]R R, (1.15)

namely a one-dimensional (1D) equation with an effective potential energy
Vess which includes the centrifugal term related to the non-inertial frame
of reference of the radial axis. The shape of V.;; is shown in Fig.8.1. In
comparison to the Hydrogen atom, Eq. 1.15 shows that in Hydrogenic atoms
one has to rescale the distances by the factor Z. Instead of ag = h*/me? =
0.529 A (radius of the first orbit in the Bohr atom, corresponding to an energy
—Rphc = —e?/2ay), the characteristic length becomes (ag/Z).
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Table 1.4.1a. Normalized spherical harmonics, up to I = 3.

— — 1
s =0) = 7=
p(l=1) Yio 1—\/8779J W=/ sinfe ¢
4—f 3 —cost)
Yii= ,/8?; ztiy =—\/5 sm@ew’
d(l =2) Yo o= 3 5 (e—iy)® _ r”’) w—ﬂsm%e 2i¢

”&T (m y) \/gsmﬁcosee_w
=4/ 127r 322—7‘ =4/ 1(‘; (3cos? — 1)
Yo1 = —/ éfr z(“:;’y) —/ 8—5211900506”’

15 (z4iy)® 15 s 20,200
Yoo = /355 2 =\ 327 sin“fe
_ 35 (z—iy)® / 3
f(l = 3) Y33 = 64w 13
Yo =1/392 z(a:T;y 1% szﬂcosﬁe 2i¢

Y31 = %w \/624177(560820 — 1)sinfe=™
Y30 = /1o (527 ;5’7 )z — = (5cos?0 — 3)cosh

2 .
Va1 = —\/ ¢ w \/6;(500529 — 1)sinfe'®
Yio = /392 72(‘"”:;”) 1P sin?0cosfe?®

/35 (@+iy)® _ 35 3p,.3i¢
Y33 = \/ 6dr~ 3 — —\/Gar sin”fe

Since |¢(r, 0, ¢)|?>dr corresponds to the probability to find the electron
inside the volume element dr = r2sinfdrdfde¢, from the form of the eigenfunc-
tions the physical meaning of the spherical harmonics is grasped : Y*Y sinfdfd¢
yields the probability that the vector r, ideally following the electron in its
motion, falls within the elemental solid angle df2 around the direction defined
by the polar angles 6 and ¢:

a2

Y
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Table 1.4.1b. Normalized spherical harmonics in the real form (see text).

S(l = 0) YOO = i
p(l=1) Y, = /2% =/i=sinfcosp
Y, =/2Y¥=,/2sinbsing

_ 15 zx __
Yoo =& = ,/M sinfcosbcosp
_ J15zy _ /1
Yoy=\/o2Z =\ smé)cos@smqb
2 2
P 15 z”—y 15 2
Yie_y2 = /165 2 = \/ 165 5in"0Ocos2¢

— Ji5=zy _ [ 15 2
Yoy = ~ % =/ 16z 5in"0sin2¢

fU=3)] Yo = /350550 = [T (500520 — 3)cos
Y2, =4/ %(521;{2)1’ =/ 2= (5c0s26 — 1)sinfcose

Y2, = %(5227«%%)9 = ,/3% (5c08%0 — 1)sinfsing

Y. (z2—y2) = 4/ %gi@ 1/ %25 sin%0cosbcos2p

_ J105zzy _ [105 ;2
Yooy = \/ 42 55 = \/ 162 8in“0Ocoshsin2g¢

35 3a%y—y®) _ /35 .. .3
Yooy =\ 55013 s5-8in>0cos3d

Yoy = \/%(r# \/3;51713951713(;5

In the states labeled by the quantum numbers (n,l,m) the eigenvalue
equations for the modulus square and for the z-component of the angular
momentum are

L. bnim = Rnl( )l }/lm(97</7) ( )l @lm( ) me—
= Rut(r)Bum(0)1.™% = Ruy(r)Yim (6, p)mh  (1.16)

Finally, it is noted that a given state of the Hydrogenic atom is Z?2 times
more bound than the correspondent state in the Hydrogen atom because, on
the average, the electron is Z—times closer to a nuclear charge increased by
a factor Z.

The normalized wave functions for Hydrogenic atoms are reported in Table
1.4.2. Tt is remarked that for r < ag/Z one has

(¢nlm)r—>0 x R, o Tl (117)

while for large distance
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0.50 v, ()={l(I+Dae’/2r"} - Ze'lr -
R 0.25 - ) -
5 - :
S
N 0.00
= \ S~——
S . e
N
-0.25 4 =
-0.50 - scales with Z° B

S
rla,/Z)

Fig. 1.4. Effective potential energy in the 1D Schrodinger equation for R(r) (Eq.
1.15), for the lowest energy states. Horizontal lines indicate the eigenvalues for n =
1,2 and 3, given by —Z2Rghe/n? (a0 = h?/me?).

r Z

(¢nlm)7'—>oo X Rnl oxe @n (118)

From the wavefunctions relevant properties of the states, such as the radial
probability density

Pu(r) = /dw/d&sin9r2|¢nl|2 (1.19)
or the expectation values of any positional function f(r)
<§ 2= [ louP sw)dr (1.20)

can be derived. The radial probability densities for the 1s, 2s and 2p states
are depicted in Fig. 1.5.
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Table I.4.2. Normalized eigenfunctions for Hydrogenic atoms, for n = 1,2 and
3.

Eigenfunctions
3/2 _ —Zr/ag

Z
¢100—f( ) €
/2( Zr) —Zr/2a9

¢200 - 4m(%)3

¢210 — 1 (%)3/2 Zr —Z7/2a00059

ao
Z\3 2Z o—2r/2
P2141 = :Fgf(;) 221 o= Z7/200 gjpHeEiv

$300 = 81\/§(ao) 3/2(27 - 18” +2Z r JeZr/3a0
$310 = Sl\f(an )3/2(6 — a:) f:e_ZT/?’aOCOSQ

E1|¢3141 = :Fglf(%)S/Q(G — %) Zorefzr/:saosznﬁeiw
1

ﬁooos
@

W W W W W W NN NS
N NN == OO O~

2.2
0| ¢300 = 81\/67((10)3/2(2g Je 7Zr/3a0(360820 —
1| ot = Frbm (£)2(LF )em 2730 sinfeoshe e
2| ¢3042 = 621f( )3/2(25 )e=Zr/3a0 gjn2get2ie

For spherical symmetry Py, (r) can be written as 47r2|¢,,|2. It should be
remarked that for Z = 1 the maximum in P;s occurs at r = ag, corresponding
to the radius of the first orbit in the Bohr model (see Problem 1.4.4). For the
states at n = 2 the correspondence of the maximum in P,;(r) with the radius
of the Bohr orbit pertains to the 2p states.

The first excited state (n = 2), corresponding to the eigenvalue
Ey = —(Z%?/2a0)(1/4), is the superposition of four degenerate states:
2s,2p1,2pg and 2p_1. To describe the 2p states, instead of the wavefunctions
$op,m==1,0 (see Table 1.4.2) one may use the linear combinations

¢2px =

1 .
\ﬁ[¢2p,1 + ¢2p,—1] x sinfcosp x x
i . .
Popy = ﬁ[(yb?p,l — op,—1) x sinfsing x y
$opz = Papo X cost x z (1.21)

From these expressions, also in the light of the Pa,(r) depicted in Fig.1.5
and in view of the equivalence between the z,y and z directions, one can
represent the atomic orbitals (the quantum equivalent of the classical orbits)
in the form reported in Fig. 1.6.

The degeneracy in x,y, z is necessary, in view of the spherical symmetry
of the potential. On the contrary the degeneracy in [, namely same energy for
s, p, d... states for a given n, is accidental, being the consequence of the par-
ticular, Coulombic form of the potential. We shall see that when the potential
takes a different radial dependence because of Z.;s(r) the degeneracy in [ is
removed (§2.1).
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0.8+ 0.6+

0.6+
~ 0.4+ =2, I=1
{3 ~ n=z,
NQ N
S 044 "~
\E n=1, =0 g
A E‘ 0.2

024

00 ; : ; ; 00 ; ; ; ‘ ‘

0 2 4 6 8 10 0 6 8 10 12 14

0.6 (a,/Z) (a,/Z)
~ 04
N\ =2, =0
RS
X
T 02

0.0 T T T T T

0 2 4 6 8 10 12 14
r/(a,/Z)

Fig. 1.5. Radial probability densities for 1s,2s and 2p states in Hydrogenic atoms.

2p, 2p.

p-orbitals

2p,

Fig. 1.6. Illustrative plots, for the 2p states of Hydrogenic atoms, of the atomic
orbitals, defined as the shape of the surfaces where |¢n|?> = constant, meantime
with probability of presence of the electron in the internal volume given by 0.9. It
should be remarked that the sign + or - , related to the sign of Y2, can actually be
interchanged. However the relationship of the sign along the different directions is
relevant, since it fixes the parity of the state under the operation of reversing the
direction of the axes or, equivalently, of bringing r in —r.

It is reminded that the difference between the 2p;io,—1 and the 2p, .
representation involves the eigenvalue for /.. The former are eigenfunctions of
[, while the latter are not, as shown for instance for ¢,

5 L 0 ., 0
lz¢2pz = _Zh%¢2pm = _Zh%

f(r)sinfcosp = +ihgapy,

(1.22)
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Obviously the difference is only in the description and no real modification
occurs in regard of the measurements. This is inferred, for example, from the
definition of ¢y, in terms of the basis of the eigenfunctions for I, (see Eq.
1.21).

Finally in Fig. 1.7a the radial probability densities for the n = 3 states
are plotted. The linear combinations of 3d states with different m’s, leading
to the most common representation, with the correspondent atomic orbitals
are shown in Fig. 1.7b.

b)

d-orbitals

Yaﬂoc sin20 cos2¢ 3cos20-1 sinfcose  SiNBCosO  ginzg sin2¢
= sing coso
af=xyz d2z o d d d d
vz Xz Xy

Fig. 1.7. Radial probability densities (a) for the n = 3 states of Hydrogenic atoms.
In part b) of the Figure the angular distribution of the 3d atomic orbitals is reported.
The d,2 and d,2_,2, grouped together are commonly called e, levels, while the d.,,
ds- and dy. are called ta4 levels (we shall return to these aspects at §13.3)

Some expectation values of current use are reported in Table 1.4.3
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Table 1.4.3 Expectation values of some quantities in Hydrogenic atoms

<7 >nim= f¢:}lm(r)7’¢nlm(r)d7 = fooo |R71l|2’l"3d’l" _

=n29 14 11— MDY — an (3,2 (1 4 1)]

<2 > = 2 (92502 + 1 — 31(1 + 1)]

< r_l >nlm= [Tl2 ]_1

ag
Z

2

< = L0+ )]

2 2
<V >pim= —4=<

agn?

2 2
< T >pim= £

2agn?

-3 _ z®
<7T 7 >pim= B0+ DT D] (L#0)
For [ = 0 one has the divergence in the lower limit of the integral,
since in < r=® >m= [ ¢% L durisinfdrdfdy
b1 < 7! for r — 0 (see Eq. 1.17).

Problems 1.4

Problem 1.4.1 For two independent electrons, give a simple proof of Egs.
1.4 and 1.6.

Solution:

From Hi¢1 = F1¢1 and Hapo = Es¢o, by multiplying the first equation
for ¢ and the second for ¢, recalling that H; > do not operate on ¢z 1,
respectively, one has Hi¢1¢2 = F1¢1¢2 and Haod1 s = Fa1¢s. By summing

Ho = (H1 + Ha)p102 = (B + Ez)p192 = E¢ .
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Problem 1.4.2 One electron is in a state where the eigenvalue of the z-
component of the angular momentum is 3A while the square of the angular
momentum is 12h%. Evaluate the expectation value of the square of the z-
component of the angular momentum.

Solution:

In A2 units, from < lz >+ < l?/ >=12— < ZE >, by taking into account
that « and y directions are equivalent, one deduces < [2 >= (12—-9)/2 = 1.5.
The expectation value of [, is zero.

Problem 1.4.3 Prove that the angular momentum operators I, and [2
commute with the central field Hamiltonian and that a common set of eigen-
functions exists, so that Eq. 1.16 follows.

Solution:

In Cartesian coordinates, omitting ih

lply — 1yl =
0 0 0 0 0 0 0 0
82 82 5 82 2

~Yor +y2628x Tz T Oyox +x28y82 B

—[Z 672_22872_1- 8724[_5524_:52872]—

Y9200 Oxdy Vo2 Oy 0z0y"

0 0 -

= (y% - x%) =1,

In analogous way the commutation rules for the components turn out

e,y = ihlo,  [loyle) = ihly,  [l,,1.) = ihi,.

In spherical polar coordinates, since

o g .1 a(sma%)Jr .1 0
sind 00 5in20 Jp?

while I, = —ihd/dyp one finds [I2,1,] = 0.
For the central field Hamiltonian H = —V2 4+ V(r) and in Cartesian coor-
dinates, for the kinetic energy

B) B) B B)
Tl, =yV2— —aV2— = (y— —2—)V2=L,T
L=yVig —2Vig (yam xa) L.

while for the p-independent potential energy V(r) the commutation with L,
follows.
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Now we prove that when an operator M commutes with the Hamiltonian
a set of simultaneous eigenstates can be found, so that the two operators (one
being H, although the statement holds for any pair of commuting operators)
describe observables with well defined values.

From M'H—"HM = 0 any matrix element involving the Hamiltonian eigen-
functions reads

<iMH —HM|j >=<i|MH|j > — <i|HM|j >=0.
From the multiplication rule

Y <Ml ><IH|j > =Y <i|H|k ><k|M|j >=0.
l k

‘H being diagonal one writes
<iMlj >< jIH|j > — < i|H|i ><i|M]|j >=0,

namely < i|M|j > (E; — E;) = 0, that for ¢ # j proves the statement, when
E; # E; (for degenerate states the proof requires taking into account linear
combinations of the eigenfunctions).

Problem 1.4.4 In the Bohr model for the Hydrogen atom (with nuclear
mass M — oo) the electron moves along circular orbits (stationary states)
with no emission of electromagnetic radiation. The Bohr-Sommerfeld con-
dition reads

fpgdezm 1=1,2,..

pe being the moment conjugate to the polar angle in the plane of motion.
Show that this quantum condition implies that the angular momentum is an
integer multiple of & and derive the radius of the orbits and the correspondent
energies of the atom.

Plot the energy levels in a scale of increasing energy and indicate the
transitions allowed by the selection rule Al = £1, estimating numerically the
wavelengths of the first lines in the Balmer spectroscopic series (transi-
tions n” — n', with n’ = 2).

Compare the energy levels for H with the ones for Het and for Li?*.

Finally consider the motion of the electron in three-dimensions and by
applying the quantum condition to the polar angles, by means of vectorial
arguments obtain the spatial quantization [, = mh for the z-component of
the angular momentum.

Solution:

From the Lagrangian £ = I1(90/9t)?/2 + e*/r one has py = 100/0t, with
I moment of inertia and 00/9t = w = constant. The quantum condition
becomes
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I@ dg =1lh

so that mr?w2n = lh and mor = [h.
From the latter equation and the equilibrium condition for the stationary
orbits, where mv?/r = e?/r?, the radii turn out

m2v2r?  n2h?

_ _ )
T e T mer M
with ag = h*/me? = 0.529 A.
The energy is
1 e? e?
E=T+V=c-m?—-—=——
+ 2mv r 2r

(in agreement with the virial theorem, < T >=< V > n/2 , with n exponent
in V o r™) and thus

€2 e*m 1

B, =—— —_tT_
2n 2h2 n?

as from Eq. 1.13, for Z = 1.
A pictorial view of the orbits is
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o - . .
‘ e S N =5
Lyman,séries . ----.. PR \ =
/ i P S~ =3 \
/ (ultraviolet), -~ N
/ t4 ~
a Ve \
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\ }’l:4 \

!
1
1

1

'
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\ : \ AN ‘ quﬂ / !
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and the levels are

0 n ionization limit
| -
! Pfund series
-1 5 Brackett series
. 3 -
Paschen series
o~ -2 4
&
N—’ b
T H,
-3 4
1l 2
Balmer series
-4 i:
-12.5 1
4 1
-15.0 - Lyman series

The Balmer series is shown below

Detector

Hydrogen lamp

" Slit

410 nm 434 nm 486 nm 656 nm

Hy H, H, H
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Comparison of the energy levels with the ones in Het and in Li**:

54
04

-5

-10

-15 4
220 4

25

=30

-35 -

40 -

E(eV)

45 -
.50 -

-55 4

-60 -

In the three-dimensional space

e ———— e,

Pe

He"  Li*

1, . : )
T=2m%ww+mﬂ

n
3 s——
4
2 3
2
1
A\ Z
. \ ..
...... o 0’ (in the plane
— of motion)

and pgrdf’ = pedf+p,dyp (since the energy is the same in the frame of reference

(r,0") and (7,0, ¢)). Thus

?{pwdw =mh

with m quantum number and p, constant, so that p, = mh and py = kh,
while cosa = m/k, with k = 1,2,3... and m varies from —k to +k.
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The pictorial view of the spatial quantization in terms of precession of the
angular momentum for I = 2 (the “length” being +/I(I 4+ 1)k):

Y

m=-

m=-

Problem 1.4.5 In the first atomic model, due to Thomson, the atom was
idealized as a uniform positive electric charge in a sphere, with point-charge
electrons embedded in it. By referring to Hydrogen atom derive the motion
of the electron and in the assumption that the radius of the sphere R =1 A
estimate the frequency of the radiation expected in the classical description.

Solution:

The force at the distance r from the center of the sphere is

67"3 (&

) =T
and the electron motion is harmonic with angular frequency w = /e?/mR3.
For m = 9.0910"2% g, e = 4.8 x 1071 u.e.s. and R =1 A the frequency turns
out v = 2.53 x 10'® sec™!. In the classical picture the emission is at the same
frequency (and multiples) of the acceleration.

Problem 1.4.6 In the assumption that the proton can be thought as
a sphere with homogeneous charge distribution and radius R = 107!2 cm,
evaluate the shift in the ground state energy of the Hydrogen atom due to the
finite size of the nucleus in the perturbative approach (Note that R < ap).
Repeat the calculation for uniform distribution onto the surface of the sphere.
Solution:
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At the distance r < R from the origin the potential energy is

e?r3 R o24mp2 3 51 r?
V(’/‘):—i—/T 77‘47TR3 dr = —=e |:R_3R3:|

3

The difference with respect to the energy for point charge nucleus implies an
energy shift given by

1 B o fe?2  e2r2  3e2
< 18|Vgisrlls >= —= e @ [—
Vaig s a3 /0 [

er 2% lanrd
PV 23] A

and for r < R < qg

2¢2 R? 4 e*R?
1s|Vigipslls >= == |R* — — — R?*| = - ——
< LslVaips|ts > ag[ 5 } 5 243

corresponding to about 3.9 x 1079 eV.
For a uniform distribution onto the surface the perturbation Hamiltonian
iIsHp = +62/r — eg/R, for 0 < r < R. The first order energy correction is

2 (R
_2r ] 1
< 1s|Hp|ls >:7reag/0 e % [;—E]élﬂ'err:
4e2 R 2 2¢2R%2 1
:%/ - Tyar =21 L5 10%v
ag Jo R ag 3

Problem 1.4.7 For a Hydrogenic atom in the ground state evaluate the
radius R of the sphere inside which the probability to find the electron is 0.9.

Solution:

From

R
/ 47r?| gy |2dr = 0.9
0

with ¢1s = \/1/7(Z/ag)>/ ?exp(—2Zr/ay), since

R 2 2 3 3
R<a Ra, a a

2,-2Zr/a0 g, — _,—2ZR/ao 0 0, %o 0

/0 re " € { 27 + 272 + 473 473

a trial and error numerical estimate yields R ~ 2.66a0/Z.

Problem I1.4.8 In the assumption that the ground state of Hydrogenic
atoms is described by an eigenfunction of the form exp(—ar?/2), derive the
best approximate eigenvalue by means of variational procedure.
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Solution:
The energy function is F(a) =< ¢|H|d > / < ¢|¢ >, with

H = —(R*/2m)([(d?/dr?) + (2/r)d/dr] — (Ze? /1)

(see Eq. 1.14).
One has < ¢|¢p >= 4n(1/4a)\/7/a, while

< ¢[H|p >= 4n[(3h?/16m)\/7 Ja — (Ze?/2a)] .

3h? [a
E —a—276?
(a) = - a e -

From dE/da = Oonehasa> =4mZe2 /302 /7 and By = —4e*Z2m/3nh? ~
0.849FH (for Z = 1).

Then

77L27l

Problem 1.4.9 Prove that on the average the electronic charge distribu-
tion associated with n = 2 states in Hydrogenic atoms is spherically symmet-
ric. Observe how this statement holds for multi-electrons atoms in the central
field approximation.

Solution:

The charge distribution is controlled by

‘]

where the latter term (see Table 1.4.1) is proportional to [(1/2)sin?6+ cos?0+
(1/2)sin?6] = 1.

In the central field approximation the statement holds, the wavefunctions
being described in their angular dependence by spherical harmonics (This is
a particular case of the Unsold theorem ) ' — H Y Yim = (20 + 1) /4m).

m=—1

*|¢2oo| + — [|¢2,1,—1\2+|¢2,1,0| + 2,11

Problem 1.4.10 On the basis of a perturbative approach evaluate the
correction to the ground state energy of Hydrogenic atoms when the nuclear
charge is increased from Z to (Z +1) ([, a"exp(—ax)dx = nl/a"T).

Solution:

The exact result is Ez1 = —(e%/2a0)(Z + 1)

The perturbative correction reads

2 4re2Z3 [ 2z 2z
B = [y S = -l [ = L2

Tag ag

In (—e2?/2ag) units the energy difference is (2Z + 1) and for large Z this would
practically coincide with 2Z. It is noted that for the fractional correction goes
as 1/7, since E° oc Z2.
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1.5 Finite nuclear mass. Positron, Muonic and Rydberg
atoms

To take into account the finite nuclear mass M in Hydrogenic atoms one can
substitute the electron mass m with the reduced mass p = Mm/(M +m). In
fact this results from the very beginning, namely from the classical two-body
Hamiltonian, the kinetic energy being

1 Mm 9 9 9

1
T:*wz(Ma2+mb2):§mw T :§I,LWQT s

2

namely the one for a single mass p rotating with angular velocity w at the
distance r:

Center of mass

The potential energy does not change even though the nucleus is moving
and therefore in order to account for the effects of finite nuclear mass, one
simply substitutes m for p in the eigenvalues and in the eigenfunctions. Then

quet 1 e? Z?
2n2n2 2af n?

E, = (1.23)

with af = h?/ue?. In particular, the wavenumbers of the spectral lines (see
Prob. 1.4.4) are corrected according to

1 11
D (?; _ 773) (1.24)

V= Z2RH
where Ry is the Rydberg constant for the Hydrogen in the assumption of
infinite nuclear mass (see Eq. 1.13).

The Deuterium has been discovered (1932) from slightly shifted weak
spectroscopic lines (isotopic shift), related to the correction to the eigenval-
ues in Eq. 1.23, due to the different nuclear masses for H and D.

A two particle system where the correction due to finite “nuclear” mass is
strongly marked is obviously the positronium i.e. the Hydrogen-like “atom”
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where the proton is substituted by the positron. The reduced mass in this
case is 4 = m/2 , implying strong corrections to the eigenvalues and to the
correspondent spectral lines (and to other effects that we shall discuss in
following Chapters).

In Hydrogenic atoms it is possible to substitute the electron with a negative
muon. From high energy collisions of protons on a target, two neutrons and
a negative pion are produced. The pion decays into an antineutrino and a
negative muon, of charge —e and mass about 206.8 times the electron mass.
The muon decays into an electron and two neutrinos, with life-time 7 ~ 2.2us.
Before the muon decays it can be trapped by atoms in “electron-like orbits”,
thus generating the so called muonic atoms.

Most of the results derived for Hydrogenic atoms can be transferred to
muonic atoms by the substitution of the electron mass with the muon mass
m,, = 206.8m. Thus the distances have to be rescaled by the same amount
and the muonic atoms are very “small”, the dimension being of the order
or less of the nuclear size (see Fig. 1.8). It is obvious that in this condition
the approximation of nuclear point charge and Coulomb potential must be
abandoned.

lo ()

N

.

T T T T
0 1 2 3 4 5 6 7 8 9 10 m 12

(10" cm)

Fig. 1.8. Sketch of |¢15|? for a muon in Pb (Z = 82) in the 1s state in the assumption
of point charge nucleus (red line), in comparison with the charge distribution of the
nucleus itself, of radius around 6 Fermi (dashed area).

However, qualitatively, in the muonic atoms the eigenvalues can still be
obtained from the ones in Eq. 1.13 by multiplying for 206.8. Under this ap-
proximation the wavenumbers of the correspondent spectral lines become
v, = 206.87g and the emission falls in the X-ray spectral range. The ion-
ization potential is increased up to several MeV 2.

2 Tt should be observed that dramatic effects in muonic atoms involve also other
quantities or interactions, for instance the spin-orbit interaction and the hyperfine
field (see §5.1)
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Somewhat opposite to the muonic atoms are the “gigantic” Rydberg
atoms, in which the electron, usually the one outside the inner shells (see the
alkali atoms at §2.1) on the average is at very large distance from the nucleus.
These atoms are found in interstellar spaces or can be produced in laboratory
by irradiating atomic beams with lasers. The Rydberg atoms are therefore
similar to Hydrogen atoms in excited states, the effective charge Z.;; (Fig.
1.3) being close to unit. Typically the quantum number n can reach several
tens, hundreds in cosmic space. Since the expectation value of the distance
(Table 1.4.3) increases with n?, the “dimension” of the Rydberg atoms can
reach 10> — 10* A. In these states the life time is very long (we shall see
in Appendix 1.2 how the life time is related to the spontaneous emission of
radiation) of the order of one second instead of the typical 10~% s for inner
levels in the Hydrogenic atoms. The eigenvalues scale with n? (Eq. 1.13) and
become of the order of 1072 eV. Thus the Rydberg atoms are easily ionized
and highly polarizable, the electric polarizability increasing approximately
with the seventh power of the quantum number n (see §4.2 and Problem
F.IV.11).

Problems 1.5

Problem 1.5.1 In the Hydrogen atom the H, line (see Prob. 1.4.4) has a
wavelength 6562.80 A. In Deuterium the H, line shifts to 6561.01 A. Estimate
the ratio of the proton to deuteron mass.

Solution:

From Eq. 1.24, Ap/Ag = (1 +m/Mp)/(1 +m/Mg) and then

AN m(My —Mp) _ m(My—Mp) 179 _ A -1

i MpMp(L+ =) MpMp 65628 1836

yielding My /Mp ~ 0.4992, i.e. Mp = 2.0032M ;.

Problem 1.5.2 Show that in Rydberg atoms the frequency of the photon
emitted from the transition between adjacent states at large quantum numbers
n is close to the rotational frequency of the electron in the circular orbit of
the Bohr atom (a particular case of the correspondence principle).

Solution

From Eq. 1.24, by neglecting the reduced mass correction, the transition
frequency turns out

S nfz?(gti +ng)
n;ny
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which for n;,ny > 1 and n; — ny = 1 becomes v ~ QRHc/n?’.
The Bohr rotational frequency, (see Problem 1.4.4) by taking into account
the equilibrium condition mv?/r = €2/r?, results

mur nhm?2e* 2Ryc

Vpot = = =
2rmr?  2rmniht n3

Problem 1.5.3 By direct scaling arguments estimate the order of mag-
nitude of the corrections in the wavefunction and in the eigenvalue for the
ground state of Hydrogen when the electron is replaced by a negative muon.

Solution:

Since =t = (mp' + m;l), ap in the wavefunction is corrected by a factor
~ 186. Since the eigenvalue depends linearly on the mass, the energy is larger
than the one in Hydrogen atom by a factor ~ 186. It is noted that these
estimates neglect any modification in the potential energy. This is somewhat
possible since Z = 1, while for heavy atoms (see Fig. 1.8) one should take
into account the relevant modification in the potential energy. Similar con-
siderations hold for Protonium (i.e. the “atom” with one positive and one
negative proton), where only the states at small n are sizeably affected by the
modified nuclear potential.

Problem 1.5.4 By direct scaling arguments evaluate how the ground state
energy, the wavelength of (2p — 1s) transition and the life time of the 2p
state are modified from Hydrogen atom to Positronium (for the life time see
Appendix 1.3 and neglect the annihilation process related to the overlap of
the wavefunctions in the 1s state).

Solution:

The reduced mass is about half of the one in Hydrogen. Therefore the
eigenvalue for the ground state is 6.8 eV, instead of 13.6 eV. The transition
frequency is at wavelength 2430 A.

For the life-time, one has to observe from Appendix 1.3 that the decay
rate is proportional to the third power of the energy separation and to the
second power of the dipole matrix element. Since the energy separation is one
half while the length scale is twice, the decay rate is 1/2 and the life time
is increased by a factor 2, namely from 1.6 ns to 3.2 ns. One could remark
that nuclear-size effects, which are relevant in high-resolution spectroscopy for
Hydrogen (App. V.1), are absent for positronium.

Problem 1.5.5 In experiments with radiation in cavity interacting with
atoms, collimated beams of ®Rb atoms in the 63p state are driven to the 61d
state. On the basis of the classical analogy (see Problem 1.5.2) estimate the
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frequency required for the transition, the “radius” of the atom (for n = 63)
and the order of magnitude of the electric dipole matrix element.

Solution:

v~ 2RgcAn/n® = 55.2 GHz; < r >~ n2ag = 2100.4 A; dipole matrix
element 6 ~ e < r >= 1.009 x 10~ w.e.s. cm.

Problem 1.5.6 In a Rydberg atom the outer electron is in the n = 50
state. Evaluate the electric field € required to ionize the atom (Hint: assume
a potential energy of the form V(r) = —e?/r — er€cosf and disregard the
possibility of quantum tunneling).

Solution:

From dV/dr = 0 the maximum in the potential energy is found at r,, =
Ve/E, where V(r,,) = —2e3/2V/E.

The energy of the Rydberg atom is approximately E,, ~ (—e?/2a0)(1/n?)
and equating it to V(r,,) one obtains (e2/2ag)(1/n?) = 2e3/2V/E, ie. £ =
6/16a3n4, corresponding to

€ ~51V/cm

1.6 Orbital and spin magnetic moments and spin-orbit
interaction

As we shall see in detail in Chapter 2, the spectral lines observed in moderate
resolution (e.g. the yellow doublet resulting from the 3p < 3s transition in
the Na atom) indicate that also interactions of magnetic character have to be
taken into account in dealing with the electronic structure of the atoms.

The magnetic moment associated with the orbital motion, somewhat cor-
responding to a current, can be derived from the Hamiltonian for an electron
in a static magnetic field H along the z direction, with vector potential

1
A= iH X T (1.25)
and scalar potential ¢ = 0.
The one-electron Hamiltonian? is
H—i( + A2+ V —es (1.26)
“om\ PTG '

yielding, to the first order in A, the operator

eh
H=Hy—1—AV (1.27)
mc
3 This form of classical Hamiltonian associated with the force F = —e& —e(v/c) xH

is required in order to have the kinetic energy expressed in terms of the generalized
moment p = mv — eA/c (see the text by Goldstein quoted in the Preface) so
that, in the quantum mechanical description, p = —¢AV.
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where Hj is the Hamiltonian in the absence of magnetic or electric fields and
where it has been taken into account that A and V are commuting opera-
tors (Lorentz gauge). Therefore, in the light of Eq. 1.25 the Hamiltonian
describing the effect of the magnetic field is

eh e

HxrV=_—1H. (1.28)

Hmag = —1
g 2me mc

Compared to the classical Hamiltonian —p.H for a magnetic moment in a
field, Hymag allows one to assign to the angular momentum 1 a magnetic mo-
ment operator given by

e
w = 2mch1 = —upgl (1.29)

where up = eh/2mec is called Bohr magneton, numerically 0.927 x 10~2°
erg /Gauss. Equation 1.29 can be obtained even classically in the framework
of the Bohr model for the Hydrogen atom (See Problem 1.6.2).

Experimental evidences, such as spectral lines from atoms in magnetic field
(see Chapter 4) as well the quantum electrodynamics developed by Dirac,
indicate that an intrinsic angular momentum, the spin s, has to be assigned
to the electron.

By extending the eigenvalue equations for the orbital angular momentum
to spin, one writes

I3
s’ la >= s(s + 1)h?|a >, Syla >= §|a>
h
s} |8 >=s(s+ DR|B>,  s.|B8>= —518> (1.30)

| > and |8 > being the spin eigenfunctions corresponding to quantum spin
numbers mg = 1/2 and m, = —1/2, respectively, while s = 1/2.

As a first consequence of the spin, in the one-electron eigenfunction (spin-
orbital) one has to include the spin variable, labeling the value of s,. When
the coupling between orbital and spin variables (the spin-orbit interaction
that we shall estimate in the following) is weak, one can factorize the function
in the form

P(r,0,¢,8) = ¢(ra0a§0)xsm’n (1.31)

where Xspin is |a > or |3 > depending on the value of the quantum number
ms.

To express the magnetic moment associated with s without resorting to
quantum electrodynamics, one has to make an ansatz based on the experi-
mental evidence. In partial analogy to Eq. 1.29 we write

s = —2upS (1'32)

Due to the existence of elementary magnetic moments, an external magnetic
field can be expected to remove the degeneracy in the z-component of the
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angular momenta. For instance for s,, two sublevels are generated by the
magnetic field, with energy separation AFE = (efi/mc)H, a phenomenon that
can be called magnetic splitting (Problem 1.6.1).

Now we are going to derive the Hamiltonian describing the interaction
between the orbital and the spin magnetic moments. This will be done in the
semiclassical model first used by Thomas and Frenkel, assuming classical
expressions for the electric and magnetic fields acting on the electron. By

H=(ExvV)c

Fig. 1.9. Definition of the magnetic field H acting on the electron due to the relative
motion of the nucleus of charge Ze, creating an electric field at the position r, in
view of the relativistic transformation.

referring to Fig. 1.9, the electric field at the electron is E = (1/er)(dV/dr)r
(where V is the central field energy). From the relativistic transformation and
by adding a factor 1/2 introduced by Thomas to account for the non-inertial
motion, one has

1 dv
H=_—2 . 1.
2cer dr rxv (1.33)
Thus the magnetic Hamiltonian becomes
1 dv
Hspinforbit = —HMs. = Wﬁ(ls) = 6(7’)15 (134)

which can be viewed as an effective r-dependent magnetic field along 1 direc-
tion, acting on the spin magnetic moment when the electron is at the position
r. It is noted that the function (), of central character, is essentially pos-
itive and includes %2 from 1 and s.
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An immediate physical interpretation of the Hamiltonian in Eq. 1.34 can
be achieved by referring to Hydrogenic atoms, where

Ze2h?
2m2c2r3

&(r) (1.35)

Then the energy associated with Hspin—orbit is of the order of
Eso ~ (Ze?/2m*c?) < r=3 > nh.(1/2)h
and from Table 1.4.3, where < r=3 >~ 73 /a3n?I3, one has

e2h2 74

3

ES’O XY —
dm2c2a}

" (1.36)
displaying a strong dependence on the atomic number Z. For small Z the
spin-orbit interaction turns out of the order of the correction related to the
velocity dependence of the mass or to other relativistic terms, that have been
neglected (see Problem F.I1.15). Typical case is the Hydrogen atom, where the
relativistic corrections of Dirac and Lamb are required in order to account
for the detailed fine structure (see Appendix V.1).

From Eq. 1.36 one realizes that the effects of the spin-orbit interaction are
strongly reduced for large quantum number n, as it is conceivable in view of
the physical mechanism generating the effective magnetic field on the electron.

The energy corrections can easily be derived within the assumption that
Hspin—orbit is sizeably weaker than Hp, in Eq. 1.27. Then the perturba-
tion theory can be applied to spin-orbital eigenfunctions, ¥(r,8,p,s) =
(1,0, 0)Xspin = Pn.tm,m., the operators [2,82.1,, s, being diagonal for the
unperturbed system. Since the energy terms are often small in comparison
to the energy separation between unperturbed states at different quantum
numbers n and [ , one can evaluate the energy corrections due to Hyspin—orbit
within the (nl) representation:

AEgo = /R;l(r)f(r)Rnl(r)r2drz/X:‘n,sYlfn,(l.s)XmsY}msinﬁdﬂdgo

spin

(1.37)
that can be written in the form 4
(AESO)m’,mg,mmLs = gnl < m’m;|l.s|mms > . (138)
The spin orbit constant
= [ R(r)6(r) Bua (1) (1.39)

4 Tt could be remarked that the ®n,i,m,m, are not the proper eigenfunctions since
(1.s) does not commute with I, and s,. However, when (l.s) is replaced by the
linear combination of 32, [? and §° (see Eq. 1.41) and the eigenvalues are derived on
the basis of the eigenfunctions of ;2 and j., the appropriate AEso are obtained.
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can be thought as a measure of the “average” magnetic field on the electron
in the nl state. This average field is again along the direction of 1 and acting
on p, implies an interaction of the form Hgpin—orpit X —hegs.ps.

To evaluate the energy corrections due to the Hamiltonian £,,1.s instead of
the formal diagonalization one can proceed with a first step of a more general
approach (the so-called vectorial model) that we will describe in detail at
Chapter 3. Let us define

j=1l+s (1.40)

as the total, single-electron, angular momentum. For analogy with 1 and s, j is
specified by a quantum number j (integer or half-integer) and by the magnetic
quantum number m; taking the (2j+1) values from —j to +j , with the usual
meaning in terms of quantization of the modulus and of the z-component of
Jj, respectively.

The operators 1 and s commute since they act on different variables, so
that l.s can be substituted by

ls = 1(52 —?P-3) (1.41)

involving only the modula, with eigenvalues j(j + 1),/(l 4+ 1) and s(s + 1) *.
Therefore, for I # 0 one has the two cases, j =1+ 1/2 and j =1 — 1/2,

that in a vectorial picture correspond to spin parallel and antiparallel to 1.
Then the energy corrections due to Hspin—orbit are

AEso = &uh?l)2,

for j =1+1/2, and
AEgo = —&uh*(1+1)/2

for j = (1—1/2). Being &,; positive the doublet sketched below is generated.

A
j=1+12) TS
/ :f &=

\ Eu=h(1+1)/2 4

4]
lv

degenerate in m; in the

1 s
absence of Hpin-orbit j=({-1/2) l

For s state only a shift, of relativistic origin, has to be associated with
Hepin—orvit (see Problems 1.6.3 and F.1.15).
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Problems 1.6

Problem 1.6.1 Show that because of the spin magnetic moment, a mag-
netic field removes the degeneracy in ms and two sublevels with energy sepa-
ration (eh/mc)H are induced (magnetic splitting).

Solution:

From the Hamiltonian

Himag = —ts. H=—(—2pups,)H = —Hs,
me
and the s, eigenvalues +1/2, one has

eh
AFE = E1/2 — E,1/2 = %H = 2/,LBH

with the splitting sketched below

H#0 +12

magnetic moment p

f parallel to H

-1/2

4

Problem 1.6.2 By referring to the electron in the circular orbit of the
Bohr model, derive the relationship between angular momentum and magnetic
moment. By assigning to the electron the spin magnetic moment derive the
correction to the energy levels due to spin-orbit interaction, comparing the
results for n = 2 and n = 3 to the estimates in the Thomas-Frenkel approach
(§1.6).

Solution:

The magnetic moment is g = (iA/c)f with current ¢ = —ev,.; (see Prob-
lem 1.5.2). A is the area of the orbit of radius r and 7 the normal. Thus
u = —(evrr?/2rre)n = —ppl.

The magnetic field turns out

7 e
Hz—ﬁzﬁvx(—r)

Therefore the spin-orbit Hamiltonian is Hspin—orbit = — s H = (6252/2m202r3)1.s.
For r,, = nay and Eq. 1.41 the energy correction is
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e2h? 1

Eso=5—55%35
2m2c2nSa3 2

G+ —1(+1)—s(s+1)]

By using for 7,3 the expectation value

1
-3
< >=
" a3l + 1)1 + 3)

and indicating 62712/47712020,8 =3.62 x 10~ eV with Ey, one writes

Bso = B iy U+ 1 1) =+ 1)
and
n=21=1,j=1/2 Eso=-%2
n=21=1,j=23/2 Eso =8
n=31=1,j=1/2 Ego = -2
n=31=1,j=3/2 Eso = £

Problem 1.6.3 By referring to one-electron s states try to derive the cor-
rection to the unperturbed energy value due to Hgpin—orpit, making a remark
on what has to be expected.

Solution:

Hopin—orvit = Eni(Ls)  with &y o< [ Ry (r)€(r) R (r)rdr.

Since R,,;(r) oc rl, for [ = 0, &,; diverges for » — 0, while Ls = 0.

The final result is an energy shift that cannot be derived along the pro-
cedure neglecting relativistic effects (see Problem F.1.15). A discussion of the
fine and hyperfine structure in the Hydrogen atom, including the relativistic
effects, is given in Appendix V.1.

Problem 1.6.4 Evaluate the effective magnetic field that can be associ-
ated with the orbital motion of the optical electron in the Na atom, knowing
that the transition 3p — 3s yields a doublet with two lines at wavelenghts
5889.95 A and 5895.92 A.

Solution:

From the difference in the wavelengths the energy separation of the 3p
levels turns out

he|A)|
22

AFE can be thought to result from an effective field H = AE/2up (see Prob.
1.6.1). Thus, H = 2.13 x 1073/2 x 5.79 x 1075 Tesla = 18.4 Tesla.

|AE| = =213 x 1073V
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Problem 1.6.5 The ratio (magnetic moment p/angular momentum L),
often expressed as (u/pp)/(L/h), is called gyromagnetic ratio. Assuming
that the electron is a sphere of mass m and charge —e homogeneously dis-
tributed onto the surface, rotating at constant angular velocity, show that the
gyromagnetic ratio turns out v = p/L = —5e/6mc.

Solution:

m = (47/3)pR? while the angular momentum is

L= fozw N fOR pwrtsin30dfdpdr = (2/5)mR3w, p being the specific mass.

L
——
The surface charge density is ¢ = —e/47R? and from

p=Ai/c = (rR*ow/c) [ sin®0df = —5eL/6mc one has v = —5e/6mc.

Problem 1.6.6 Express numerically the spin-orbit constant &,; for the
3p,3d and 4f states of the Hydrogen atom.

Solution:

From Eq. 1.35 and the expectation values of < r=2 > (Table 1.4.3 )

€3, = 1.29 x 10%7 erg~'sec™2 h?= 8.94 x 107 eV,

€3 = 2.58 x 1036 ergtsec™2 %= 1.79 x 1076 eV,

€47 = 3.88 x 10%® erg~'sec™2 h?= 0.27 x 1079 eV.

Problem 1.6.7 Show that when the spin-orbit interaction is taken into
account the effective magnetic moment of an electron can be written

pr = (—e/2me)ge(1+s) with gr =1+ [1/(21 4+ 1)].

Solution:
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Here g is a particular case of the Lande’ g factor, to be discussed at §3.2.
4+ means spin parallel or antiparallel to 1.
For s |1

2U+1)(20+3)+3-20(20+2) 1

g+ =1 2020+ 1)(2 + 3) ey

while for g_, s antiparallel to 1

(20— 1)(21+ 1) +3 - 2(21 +2) 1
g-=1+ 2020+ 1)(2 — 1) BRRNCTESTE

1.7 Spectroscopic notation for multiplet states

In the light of spin-orbit interaction the one-electron states have to be la-
beled by quantum numbers n,[, j and m;, with s = 1/2. Accordingly, a fine
structure of the levels is induced, in form of doublets.

As we shall see in detail in Chapters 2 and 3, in the atom other couplings
between 1; and s; occur. At the moment we only state that the whole electronic
structure of the atom can be described by the following quantum numbers:

L, taking possible values 0, 1, 2, 3...

S, taking possible values 0, 1/2, 1, 3/2, 2...

J, taking possible values 0, 1/2, 1, 3/2 , 2...
to be associated with the constants of motion

L =), 1;, the total angular momentum of orbital character,

S =", s, the total angular momentum of intrinsic character
and with the total (orbital and spin) angular momentum J = L + S or to
J=>0

It is customary to use the following notation for the multiplet state of the
atom

25+ Letter;
where Letter means S, P, D, F, etc... for L =0,1,2,3 etc..., (25 + 1) is the
total number of the fine structure levels when S < L ((2L + 1) the analogous
when L < §).

The electronic configurations and the spectroscopic notations for the
ground-state of the atoms are reported in the following pages.
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1 Hydrogen H 1s Sin
2 Helium He 1s 'So
3 Lithium Li 1s%2s' *Sin
4 Beryllium Be 1s%2s? 'So
5 Boron B 1522522p1 2P1/2
6 Carbon C 1522522p2 3P0
7 Nitrogen N 1 522522p3 4S3/2
8 Oxygen (0) 1s2s2p* ’p,
9 Fluorine F 1s2s2p° P3p
10 Neon Ne 1 522522p6 ng
11 Sodium Na [Ne]3s' 2Sin
12 Magnesium |Mg [Ne]3s 'So
13 Aluminum  |Al [Ne]3s*3p' Py
14 Silicon Si [Ne]3s3p> Py
15 Phosphorus [P [Ne]3s3p’ *S3n
16 Sulfur S [Ne]3s3p* P,
17 Chlorine Cl [Ne]3s3p® P3
18 Argon Ar [Ne]3s3p° 'So
19 Potassium K [Ar]4s] 251/2
20 Calcium Ca [Ar]4s® 'So
21 Scandium Sc [Ar]3d'4s’ D3
22 Titanium Ti [Ar]3d%4s’ °F,
23 Vanadium \Y% [Ar]3d’4s’ *F3p
24 Chromium |Cr [Ar]3d°4s' ’S;
25 Manganese Mn [Ar]3d54s2 655/2
26 Iron Fe [Ar]3d°4s’ Dy
27 Cobalt Co [Ar]3d74s’ *Fopn
28 Nickel Ni [Ar]3d4s’ F,
29 Copper Cu [Ar]3d"'4s' *Sin
30 Zinc Zn [Ar]3d"'4s’ 'So
31 Gallium Ga [Ar]3d"4s’4p" |*Pyp
32 Germanium |Ge [Ar]3d"4s’4p> |°Py
33 Arsenic As [Al']3d]04524p3 4S3/2
34 Selenium Se [Ar]3d"4s’4p* |°P,
35 Bromine Br [Al']3d]04524p5 2P3/2
36 Krypton Kr [Ar]3d"%s%4p® |'S,
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
7

1.7 Spectroscopic notation for multiplet states

Element
Rubidium
Strontium
Yttrium
Zirconium
Niobium
Molybdenum
Technetium
Ruthenium
Rhodium
Palladium
Silver
Cadmium
Indium

Tin
Antimony
Tellurium
Iodine
Xenon
Cesium
Barium
Lanthanum
Cerium
Praseodymium
Neodymium
Promethium
Samarium
Europium
Gadolinium
Terbium
Dysprosium
Holmium
Erbium
Thulium
Ytterbium
Lutetium
Hafnium

Symbol
Rb

Sr

Y

Zr

Nb

Mo

Te

Ru

Rh

Pd

Ag

Cd

In

Sn

Sb

Te

I
Xe
Cs
Ba
La
Ce
Pr
Nd
Pm
Sm
Eu
Gd
Tb
Dy
Ho
Er
Tm
Yb
Lu
Hf

Conﬁration
[Kr]5s
[Kr]5s
[Kr]4d'ss?
[Kr]4d?ss*
[Kr]4d*ss’
[Kr]4d’5s'
[Kr]4d’5s’
[Kr]4d’5s'
[Kr]4d®ss'
[Kr]4d"
[Kr]4d"5s'
[Kr]4d'5s?
10=_2 1
[Kr]4d "Ss"Sp
[Kr]4d'’5s%5p?
[Kr]4d'’5s%5p°
[Kr]4d'’5s%5p*
[Kr]4d'’5s%5p°
[Kr]4d'’5s*5p°
[Xe]6s1
[Xe]6s2
[Xe]5d"6s
[Xe]4f'5d" 65
[Xe]4f°6s>
[Xe]4f*6s>
[Xe]4£°6s>
[Xe]41%6s>
[Xe]4f" 65>
[Xe]4f'5d" 65
[Xe]4f"6s>
[Xe]4f'%6s>
[Xe]4f''6s>
[Xe]4f'%6s>
[Xe]4f'?6s>
[Xe]4f'*6s>
[Xe]4f'5d"6s>
[Xe]4f'5d%6s>
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73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89

91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108

Element
Tantalum
Tungsten
Rhenium
Osmium
Iridium
Platinum
Gold
Mercury
Thallium
Lead
Bismuth
Polonium
Astatine
Radon
Francium
Radium
Actinium
Thorium
Protactinium
Uranium
Neptunium
Plutonium
Americium
Curium
Berkelium
Californium
Einsteinium
Fermium
Mendelevium
Nobelium
Lawrencium
Rutherfordium
Dubnium
Seaborgium
Bohrium
Hassium

Configuration
[Xe]4f'*5d%6s>
[Xe]4f'*5d"6s
[Xe]4'*5d%6s>
[Xe]41'*5d%s>
[Xe]4'*5d"6s
[Xe]4f'*5d%6s'
[Xe]41'*5d"6s'
[Xe]4'*5d"6s>
[Xe]4t'*5d"6s’6p"
[Xe]41'*5d"6s’6p>
[Xe]4'*5d"6s’6p>
[Xe]4t'*5d"6s’6p*
[Xe]4t'*5d"6s’6p°
[Xe]4t'*5d"6s’6p°
[Rn]7s'

[Rn]7s*

[Rn] 6d'7s*

[Rn] 6d*7s
[Rn]5f%6d'7s>
[Rn]5f%6d'7s>
[Rn]5f*6d'7s>
[Rn]5£%7s’
[Rn]5f77s’
[Rn]5f76d'7s>
[Rn]5f°7s’
[Rn]5f'"7s?
[Rn]5f'!7s?
[Rn]5f'%7s?
[Rn]5f'%7s?
[Rn]5f'47s?
[Rn]5f'*7s*7p"
[Rn] 5f'*647s>
[Rn] 5f'6a°7s>
[Rn] 5f'*6d*7s>
[Rn] 546475
[Rn] 5f'*6d°7s”
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Appendix 1.1 Electromagnetic spectral ranges and

useful numbers

‘Wavelength T T T T
(meters)

Common
name of waves

<

Radiowaves

Microwaves

T T T 1 | . — 1
10° 10" 10" 10" 10"
Infrared

Ultravioet Hard X-rays or Gamma rays

SAISIA

Soft X-rays

Frequency T T T T
(Hertz)

Photon energy

(eV)

Useful numbers and fundamental constants (for magnetic quantities

see App.IV.1)

Speed of light in vacuum

¢=2.99792 x 10" cm/s

Electron charge

=-1.60218 x 10"’ Coulomb=-4.8 X 10" u.e.s.

Electron mass (at rest)

m=9.10938 x 10 g

Proton mass

M=1.67262x 10" g

Neutron mass

M,=1.675x 10 g

Atomic mass unit (m(>C)/12)

u=1.661x 10" g

Planck constant

h=6.62607x 10" erg.s=4.1357x 10" eV.s

hi=(h/27)=1.05457x 10 erg.s

Boltzmann constant

k=1.38065% 10" erg/K

Stefan-Boltzmann constant
(total emittance)

6=5.67% 10™ erg/(s.em>.K*)=5.67x 10°
W/(m*.K*)

Bohr radius for atomic
hydrogen (infinite nuclear mass)

2,=0.52918x 10" em= 0.52918 A

Rydberg constant (or Bohr
energy e/2ag) (infinite nuclear
mass)

Ry=109737 em™'=13.606 eV=h.(3.29x 10'° Hz)

Bohr magneton

pg=eh/2me=0.9274x 10?° erg/Gauss=
0.9274x 10 A.m’= 0.9274x 10 J/Tesla (see
App.1V.1)

Nuclear magneton

My=pgm/M= p/1836.15=
=eh/2Mc=5.0508x 107 erg/Gauss

Proton magnetic moment
(maximum component)

1r=MngnI=Mx(5.586)(1/2)=1.4106x 10
erg/Gauss

Neutron magnetic moment

p,=-1.91315 My

Avogadro number

NA=6.022% 10> mol™

Electron volt

1 eV=1.602x 10™* erg= h.(2.418x 10"* Hz)
1 erg= 6.242x 10" eV

Gas constant

R=N, kg= 8.31447x 10" erg/(mol.K)

kgT at room temperature

0.0259 eV=1/40 eV

Fine structure constant

a=e’/hc=1/137.036

39
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Appendix 1.2 Perturbation effects in two-levels system

We shall refer to a model system with two eigenstates, labeled |1 > and
|2 >, and correspondent eigenfunctions ¢} and ¢9 forming a complete or-
thonormal basis. The model Hamiltonian is Ho and Ho¢?, = E, ¢, with m =
1,2. In real systems the Hamiltonian H can differ from Hy owing to a small
perturbation Hp. Following a rapid transient (after turning on the perturba-
tion) the stationary states are described by eigenfunctions that differ from the
ones of the model system by a small amount, that can be written in terms of
the unperturbed basis. This is equivalent to state that the eigenfunctions of

the equation
Ho = E¢p (AI2.1)

are
¢ = c1¢? + cadpd (A1.2.2)

with ¢; and ¢y constants. By inserting ¢ in A.1.2.1 and multiplying by < ¢{|
and by < ¢Y| in turn, in the light of the orthonormality of the states, one
derives for ¢ o

c1(Hi1 — E) +coHi12 =0
c1Ho1 + 02(7‘[22 — E) =0

with H,nn =< m|H|n >. Non-trivial solutions imply

Hin—E  Hie .
det< Hor HQQE)_O

and the eigenvalues turn out

1 1
Bz = 5 (Hi1 + Ha2) £ 5/ (Hin — Ho)? + 4H12Ho (A12.3)

When the diagonal elements of Hp are zero, A.1.2.3 reduces to

1 1
By = 5(By + Ez) & 5/ (B — Bz) 4422 (AL.24)

where ¢? = | < 2|Hp|l > |?, Hp being Hermitian.

The perturbation effects strongly depend on the energy separation AE =
Es — E;. For degenerate energy levels (AE = 0) the largest shift of the levels
occurs, given by 2¢. For perturbation much weaker than AFE, Eq.A.1.2.4 can
be expanded, to yield the second-order corrections

82
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The corrections to the unperturbed eigenvalues as a function of AE are
illustrated below

k ~&/AE

The eigenfunctions in the presence of Hp can be obtained by deriving the
coefficients ¢; 9 in A.I.2.2 in correspondence to £ = E; and £ = E_. For
widely separated unperturbed states one obtains

H H
Y T R v-12
while for degenerate eigenstates
1,6 Hi2 o 1 o Hiz o
—_ + _ N = — — AI.2.6
¢+ \/§(¢1 |H12‘¢2) (b \/5( 1 ‘H12| 2) ( )

Now we turn to the time evolution of the system, by considering two
cases. The first is the evolution of the system after a static, time-independent
perturbation has been turned on, the second (to be discussed as Appendix
1.3) when a periodic time-dependent perturbation is applied.

To deal with the time dependence one has to refer to the complete unper-
turbed eigenfunctions and to the time-dependent Schrodinger equation:

[Ho + Hp (1) = z’h%f (A.L2.7)

The eigenfunction A.1.2.2 is now written with time dependent coefficients

Y = c1 ()Y + ca(t)yd (A.1.2.8)

with |e1|? + |ca|? = 1. Let us assume the initial condition c¢;(t = 0) = 1

and ca(t = 0) = 0. The probability that at the time ¢ after turning on the
perturbation the system is found in the state |2 > is given by
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Py(t) = |ca(t))? (A.1.2.9)

The equation for co(t) is obtained by inserting A.1.2.8 into A.1.2.7. Recall-
ing that

oYY
0o _ 1,2
H0¢1,2 - ’Lh at
one has p p
. c c
Hp(crd] + exiy) = m(qp?dftl + 1/)37;) (A.L2.10)

By multiplying this equation by (/9)*, integrating over the spatial coordinates
and by taking into account that /{5 (t) = ¢9 ;exp(—iEf 5t/h) one finds
dCl

e1 <1Hp|L > +ep <1Hp[2 > em™n! = ih— (AI1.2.11)

where woy = (EY — EY)/h; < 1/Hp|l >=Hi1 = [(¢9)*Hpeldr and
< 1[Hp|2 >= Hiz = [(#Y)*Hpp3dT are the matrix elements of the per-
turbation between the stationary states of the unperturbed system °.
In analogous way, from A.1.2.10, multiplying by (19)* one derives
dCQ

c1Hore T2t ooy = ih—- (A.1.2.12)

In order to illustrate these equations for c; g, let us refer to a perturba-
tion which is constant in time, with no diagonal elements. Then (Hp)11 =
(Hp)2e = 0 and (Hp)12 = hl,(Hp)o1 = hI'™*. Egs. AI2.11 and A.12.12
become

dey
dt

dC2

. —i t
= —ile "W2tiey —
dt

= _iF*e+lw21tcl

By taking the derivative of the second and by using the first one, one has

d2 C2 . dCQ 2
az =g el

of general solution

iwoqt

co(t) = (Ae?! + Be e ™2

with 2 = (1/2)\/w3; +4I'%. The constants A and B are obtained from the
initial conditions already considered, yielding
iwot

I
co(t) = f%sin(lte 2

® In the Feynman formulation the coefficients ¢; =< i[i(t) > are the ampli-
tudes that the system is in state |¢ > at the time ¢ and one has ihi(dc;/dt) =
Zj Hij(t)ci(t), Hi; being the elements of the matrix Hamiltonian.
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and therefore

415 (Vw3 +4I7?)t
Py(t) = |ea(t)]? = in? 21 Al21
2(t) = lex (O = = sin 5 : (AL2.13)

known as Rabi equation. Py (t) = 1 — Py(t).

It is worthy to illustrate the Rabi equation in the case of equivalent states,
so that EY = ES. We shall refer to such a situation in discussing the molecular
Hydrogen ion H;r where an electron is shared between two protons (§8.1).
Then wo; = 0 and Eq. A.1.2.13 becomes

Py(t) = sin’T't (A.1.2.14)

namely the system oscillates between the two states. After the time ¢t = /21"

the system is found in state |2 >, even though the perturbation is weak. For

H2+ one can say that the electron is being exchanged between the two protons.
For widely separated states so that w3, > 41"? Eq. A.1.2.13 yields

2I wort

) 2sin? 2

Pat) = (Z-)sin?2

(A.I.2.15)
predicting fast oscillations but very small probability to find the system in
state |2 >.

Pulse resonance techniques (see Chapter 6) can be thought as an applica-
tion of the Rabi formula once that the two spin states (spin up and spin down
in a magnetic field) are “forced to become degenerate” by the on-resonance
irradiation at the separation frequency (ES — EY)/h.

In the presence of a relaxation mechanism driving the system to the low-
energy state, a term —ifiy (with 7 the relaxation rate) should be included in
the matrix element Hao. In this case, from the solution of the equations for
the coefficients ¢y 2(t) the probability Pa(t) corrects Eq. A.1.2.14 for the Rabi
oscillations with a damping effect. For strong damping the oscillator crosses
to the overdamped regime: after an initial raise Py(¢) decays to zero without
any oscillation (see the book by Budker, Kimball and De Mille quoted
in the preface). Some more detail on the relaxation mechanism for spins in a
magnetic field will be given at Chapter 6.

Appendix 1.3 Transition probabilities and selection
rules

The phenomenological transition probabilities induced by electromagnetic
radiation are defined in Problem F.I.1, where the Einstein relations are also
derived. To illustrate the mechanism underlying the effect of the radiation one
has to express the absorption probability Wiy between two levels |1 > and
|2 > in terms of the Hamiltonian describing the interaction of the radiation
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with the system. Here this description is carried out by resorting to the time-
dependent perturbation theory.

The perturbation Hamiltonian H p(t), already introduced in Appendix .2,
is then specified in the form

Hp(t) = Hie™?t | (A.L3.1)

appropriate to the electromagnetic (e.m.) radiation. In fact, from the one-
electron Hamiltonian in fields (see Eq. 1.26)

(p+ <)
2m

H= —ep (AL3.2)
(A and ¢ vector and scalar potentials), recalling that [p, A] = —ii(V.A) x
divA = 0 in the Lorentz gauge and that for electromagnetic radiation
A(r,t) = Agexpli(k.r — wt)], the first order perturbation Hamiltonian turns
out

ih
Hyad = — S AV (A.L3.3)
me
By expanding A(r,t)
A(r,t) = Age ™1 +i(k.r) + ..] (A1.3.4)

and limiting the attention to the site-independent term (electric dipole ap-
proximation or long-wave length approximation) one can show that®

Hyrad < Ag.V ox Ag.r o< Eo.ri
w21
Therefore Hy in A.I.3.1 takes the form H; = —er.Eq, with Eq amplitude of
the e.m. field (electric dipole mechanism of transition).
Now we use the results obtained in Appendix A.I.2, again considering
that (Hrad)11 = (Hrad)22 = 0 and (Hrad)12 = (Hrad)s;- The equations for
the coefficients c¢; o become

d .
ih% = coe” 2 coswt < 1|z]2 > eEy
- dey _ Fiwart
zh—dt =ce coswt < 2|z|1 > eEy (A.1.3.5)

for a given x-component of the operator r. For Eqs. A.1.3.5 only approximate
solutions are possible, essentially based on the perturbation condition

6 Tt is recalled that E = —(1/c)0A /0t and that the matrix element of the V
operator can be expressed in terms of the one for r:

< 2|Vl >= —mwa1 < 2|r|1 > /h
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Hp < Ho (while they are solved exactly for w = 0, as seen in App.1.2).
For w around wy; one finds

O = 5————==- 2 1 . A.L3.
|02( )| hQ (OJ — O.)21)2t2 | < |Hl‘ > | ( 3 6)

|e2(t)|? has the time dependence depicted below, with a maximum at w = wy;
proportional to t2.

le, @I’

1 1
-4/t -2/t 0 2nft 4/t

(,\)-(,l)z1

On increasing t the zeroes of the function tend to the origin while the
maximum increases. Thus for t — 0o one has |ca(t)]? o 6(w — way), & being
the Dirac delta function. By taking into account the spread of the excited
state due to the finite width (see Prob. F.I.1) or by resorting to the non-
monocromatic character of the radiation, one writes

2 sin2 @zwai)t
co(B)]? o —/ W ————2 _dw AIL3.7
s 1z [ o (AL3.7)

where the frequency distribution p(w) of the radiation is a slowly varying
function around woq. Then one can set p(w) =~ p(wsy). The integration over w
yields 27/t, and thus the transition probability per unit time becomes

2
Wia = |ea(t)|2/t = hi;| < 2[H1|1 > [26(w — war)

For the electric dipole mechanism and linear polarization of the radiation
along € this Equation reads

2
Wip = 777;' < 2| —eréll > PE25(w — wa1) (A.13.8)

For random orientation of r with respect to the e.m. wave one has to average
cos®§ over 6, to obtain 1/3. By introducing the energy density p(wa1) or p(va1)
(p =< E? > /4r) one finally obtains
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21
Wi = ﬁP(VQI)‘RQlF (A.L3.9)

where [Ro1|? = | < 2| —ez|l > |?+| < 2| —eyll > >+ | < 2| —ez]l > |2
Ry represents an effective quantum electric dipole associated with
a pair of states. The selection rules arise from the condition

Ry =< 2| — 61‘|1 >7é 0.

In the central field approximation the selection rules are

i) each electron makes a transition independently from the others ;

ii) neglecting the spin, the electric dipole transitions are possible when
Al = £1 and Am = 0,£1 (according to parity arguments involving the
spherical harmonics).

When the spin-orbit interaction is taken into account the selection rules
are

Aj=0,£1 and j = 0 < j = 0 transition not allowed ;

Am = 0,41 and no transition from m = 0 < m = 0, when Aj = 0 (in
view of the conservation of the angular momentum).

The magnetic dipole transitions (mechanism associated with the term
(¢k.r) in A.1.3.4) are controlled by the selection rules

Al =0 and Am =0, +1
while for the transition driven by the electric quadrupole mechanism

Al=0,£2 and Am =0,£1,£2 (I =0+« I’ =0 forbidden)

Further details on the selection rules will be given at §3.5. Here we remark
that the transition probabilities associated with the magnetic dipole or with
the electric quadrupole mechanisms are smaller than Wy, in A.1.3.9 by a factor
of the order of the square of the fine structure constant a = 2 /hic ~ 1/137
(for e.m. radiation in the visible spectral range).
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Problems F.I

Problem F.I.1 Refer to an ensemble of non-interacting atoms, each with
two levels of energy Fy (ground state) and Fy (excited state). By applying
the conditions of statistical equilibrium in a black-body radiation bath, derive
the relationships among the probabilities of spontaneous emission Asq, of
stimulated emission W5, and of absorption Wis ( Einstein relations),
in the assumption that the levels are non-degenerate. Repeat for degenerate
levels, with statistical weights g; and ga.

Then assume that at ¢ = 0 all the atoms are in the ground state and derive
the evolution of the statistical populations Ny (¢) and Na(t) as a function of the
time ¢ at which electromagnetic radiation at the transition frequency is turned
on (consider the ground and the excited states non-degenerate). Comment the
equilibrium situation in terms of the ratio Wia/As;.

Briefly discuss some aspects of the Einstein relations in regards of the pos-
sible maser and laser actions and about the finite width of the spectral line
(natural broadening), by comparing the result based on the Heisenberg
principle with the classical description of emission from damped harmonic
oscillator (Lorentz model).

Solution:

From the definition of transition probabilities,

N,
W Wi Aa

the time dependence of the statistical populations are given by

dN-
7; = —N1Wia + NoWay + NoAogy
dN-
7; = +N1Wia — NoWay — NoAoyy

The transition probabilities can be written in terms of the e.m. energy
density at the transition frequency: Wia = Biap(v12), Wa1 = Baip(vi2). Bia
and By are the absorption and emission coefficients, respectively.

One can assume that the system attains the equilibrium at a given tem-
perature T inside a cavity where the black-body radiation implies the energy
density (see Problem F.1.2)

8rhuiy 1

p(r12) =
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At equilibrium (dN;/dt) = (dN2/dt) = 0. Then

Ny Wa + A _ pBa1 + Ax

Ny o Wia pBi2

while in accordance to Boltzmann statistics

These three equations are satisfied for

Sthv}
By = Bio and Ao = = 2 By
These Einstein relations, derived in equilibrium condition are assumed to
hold also out of equilibrium.

For levels 1 and 2 with statistical weights g; and g respectively, Ny /Ny =

hvyo

Z—;em and from the equilibrium condition
8Thvdy g1 8Thriy
A9y = —3—==—B1» and A9y = —3—=Bx
¢ g2 c

so that g Bis = g2 Ba1.
Now the system in the presence of radiation at the transition frequency
(with initial condition Ny (¢t = 0) = N and Na(t = 0) = 0) is considered. Since

dNy

= mNiWia £+ NoWar + Nodyy = =M1W+ No(W + A) = —N1(2W + A) + N(W +

one derives

N

Ni(#) = oW + A

(A+W + We WA

plotted below:

—N(=0)= N
Ni(®)
fort—seo Ni/No=(W+A)W

NOWH+AYQW+A)

For A « W = Wjo = Wa; the saturation condition N3 = No = N/2 is
achieved. It is noted that for A < W, by means of selective irradiation at the
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transition frequency the equilibrium condition implies a statistical tempera-
ture (describing N7 /N3) different from the one of the thermostat. For N3 < N
the statistical temperature would be negative (further discussion of these
concepts is given at Chapter 6).

The condition of negative temperature (or population inversion) is
a pre-condition for having radiation amplification in masers or in lasers. In the
latter the spontaneous emission (i.e. A) acts as a disturbance, since the
“signal” at the output is not driven by the signal at the input of the device.

Since A1 o V3, the spontaneous emission can be negligible with respect
to the stimulated emission Bj2p(ri2) in the Microwave (MW) or in the
Radiofrequency (RF) ranges, while it is usually rather strong in the visible
range.

For the finite linewidth of a transition line the following is remarked. Ac-
cording to the uncertainty principle, because of the finite life-time 7 of the
excited state, of the order of A~!, the uncertainty in the energy Es is AE ~ Ah
and then the linewidth is at least Ao ~ 77 1. In the classical Lorentz descrip-
tion, the electromagnetic emission is related to a charge (the electron) in har-
monic oscillation, with damping (radiation damping). The one-dimensional
equation of motion of the charge can be written

2
m% —|—2Fm%: +mwiz =0
with solution z(t) = zgexp(—It)exp(—iwyt). The Fourier transform is FT[z(t)] =
2x0/[I'—i(w—wp)] implying an intensity of the emitted radiation proportional
to

r

e, 1) < [FTO) & =

namely a Lorenztian curve, of width I

~1/t~A

[O) o

One can identify I with 77! ~ A and a certain equivalence of the classical
description with the semi-classical theory of radiation is thus established.
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Problem F.1.2 (The black-body radiation).

Black-body radiation is the one present in a cavity of a body (e.g. a hot
metal) brought to a given temperature 7. It is related to the emission of e.m.
energy over a wide frequency range.

The energy density u(v,T) per unit frequency range around v can be
measured from the radiation pg(v,T) coming out from a small hole of area
S (the black-body), per unit time and unit area. Prove that pg(v,T) =
u(v, T)e/4.

The electromagnetic field inside the cavity can be considered as a set
of harmonic oscillators (the modes of the radiation). From the Planck’s
estimate of the thermal statistical energy, prove that the average number
< n > describing the degree of excitation of one oscillator is

<n>=1/[exp(hv/kgT) —1] .

Then derive the number of modes D(w)dw in the frequency range dw
around w. (Note that D(w) does not depend on the shape of the cavity).

By considering the photons as bosonic particles derive the Planck dis-
tribution function, the Wien law, the total energy in the cavity and the
number of photons per unit volume.

Then consider the radiation as a thermodynamical system, imagine an
expansion at constant energy and derive the exponent v in the adiabatic
transformation TV?Y~! = const. Evaluate how the entropy changes during the
expansion.

Finally consider the e.m. radiation in the universe. During the expansion
of the universe by a factor f each frequency is reduced by the factor f1/3.
Show that the Planck distribution function is retained along the expansion
and derive the f-dependence of the temperature.

Solution:
Cavity
V=ABC
n
R
¢
ds

The energy emitted in df2 from the element dS is

psdSdv = u(v,T)c cos@duj—gds
0
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Then

T 27 w/2 TV 9 T
ps(v,T) = M/ dgo/ cosfsinfdl = uly, T)e 2r = u(v, T)e
4m 0 0 dr 2 4

In the Planck estimate the average energy per oscillator instead of be-
ing < ¢ >= kgT (as from the equipartition principle in the Maxwell-
Boltzmann statistics) is evaluated according to

neg

> onegnege FBT
<E>=—7—""""%z7—

Ynmo€ PT

where g9 = hv is the quantum grain of energy for the oscillator at frequency
v. By defining = = exp(—eo/kpT) one writes

and since ) 7 jz" = 1/(1—x) for z < 1, while >~ na" = zd(>_,_,2")/dz,
one obtains

1
<e>=hv<n>, with <n>=-———o

v

efsT —1

It is noted that for kgT > hv, < n >— kgT/hv and < € >— kgT, the
classical result for the average statistical energy of one-dimensional oscillator,
i.e. for one of the modes of the e.m. field.

The number of modes having angular frequency between w and w + dw is
conveniently evaluated by referring to the wavevector space and considering
ky = (m/A)ng, ky = (m/B)ny and k, = (7/C)n, (see the sketch of the cavity).
Since the e.m. waves must be zero at the boundaries, one must have an integer
number of half-waves along A, B and C, i.e. ng 4. = 1,2,3.... By considering
n as a continuous variable one has dn, = (A/m)dk, and analogous expressions
for the y and z directions. The number of k modes verifying the boundary
conditions per unit volume of the reciprocal space, turns out

dngdnydn, ABC \%4
——L = =Dk)=——=-— .
dkydk,dk, (k) 8m3 83
D(k) is the density of k-modes or density of k-states”.

7 This concept will be used for the electronic states and for the vibrational states
in crystals, Chapter 12 and Chapter 14. It is noted that the factor 8 is due to
the fact that in this method of counting only positive components of the wave
vectors have to be considered. For running waves, in the Born-Von Karmann
periodical conditions (§12.4), the same number of excitations in the reciprocal
space is obtained.
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For photons the dispersion relation is w = ck and the number of modes
D(w) in dw can be estimated from the volume dk in the reciprocal space in
between the two surfaces at constant frequency w and w + dw:

k.
ky
k+dk
ks
Then
D(w)dw = 2D(k)dk = 2" drk?dk = —Y— w7
(w)dw = 2D(k) =25 gdm = oaw dw
and
Vo, 87V 4
D(w) = gy 1 or D(v) = =V

The factor 2 has been introduced to take into account the two polarization
states of photons.

Photons are bosonic particles and therefore, by referring to the Bose-
Einstein statistical distribution function

fee =1/lexp(hv/kpT) — 1]

one derives the Planck distribution function p(v) (e.m. energy per unit
volume in the unit frequency range) as follows.

The energy related to the number of photons dn, within dv around the
frequency v is

2
dE(v) = hvdn, and dn, = fgeD(v)dv = SmVv”  dv

By definition p(v)dv = dE(v)/V and then

- 8whv? 1

p(v)

The Wien law can be obtained by looking for the maximum in p(v):
dp/dv = 0 for v, /kpT ~ 2.8214, corresponding to
Vmaz ~ T % 5.88 x 101° Hz (for T in Kelvin). It can be remarked that A\,q, #
¢/Vmaz- In fact A\ppq. = (0.2898/7) cm.
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The total energy per unit volume U (T') is obtained by integrating over the
frequency and taking into account the number of modes in dv and the average
energy per mode hv < n >:

D(v)hv k3T
UT)= | dv——— =34
(1) Vek};VT 1 ¢ )chzzhs

where ( is the Riemann zeta function, thus yielding
U(T) = oT*, with o = 17566 x 10 Perg.cm 3K ~*

known as Stefan-Boltzmann law.
The density of photons is obtained by omitting in U(T") the one-photon
energy:

D 373
Niot(T) = dyﬂ =2¢(3) FpT” 20.29 x T3cm ™3
eFET — 1 m2c3h3

For instance in the universe, with T" ~ 2.73 K, the number of photons per

cubic centimeter turns out ngor ~ 413 cm 3.

To derive the coefficient v for expansion without exchange of energy, the
radiation in the cavity is considered as a thermodynamical system of volume
V = ABC and temperature T (the temperature entering the energy distribu-
tion function). From VU(T) = oT*V = const, one has 4VdT = —TdV, i.e.
TV'/* = const and therefore v = 5/4.

During the expansion, since N = ny,V o T3V, while TV'/4 = const, if
the volume is increased by a factor f one has

V;Lnitial
Vvinitial f

and the number of photons becomes

1 _1
Ttinal = Tinitiar( )% = Tinitiatf 2

Tfinal

1
Ntinat = Ninitial f( ) = Ninitiar f

Tlinitial

To evaluate the entropy the equation of state is required. The pressure of
the radiation is obtained by considering the transfer of moment of the photons
when they hit the surface and the well-known result P = U/3 is derived. For
the entropy

1 PdV VAU 4U
dS = Td(UV) + T = fﬁdT—i— B—TdV

and since it has to be an exact differential dU/dT = 4U/T. Thus the equation
of state is

_ Utot

P
v 3
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where U,y = UV and then

4U \%4 3
ds = 3TdV+ T40T dT
From the condition of exact differential S = 4Uy,;/3T. The decrease of T
yields an increase of the entropy because the number of photons increases in
the expansion.

It is noted that for T — 0, S, P and U tend to zero.

For transformation at constant entropy, assumed reversible, one would
have dS = 0 and then

4oT?
92 AV +40VT?dT =0 ,

so that TVY/3 = const.

In the expansion of the universe by a factor f the cosmological principle
(each galaxy is moving with respect to any other by a velocity proportional
to the distance) implies that each frequency v; is shifted to vy = v;/f/3.
As a consequence of the expansion the energy density du(v;,T;) in a given
frequency range dv; is decreased by a factor f because of the increase in the
volume and by a factor f1/3 because of the energy shift for each photon. Then

_du; 8rhvd  dvy; 1
fr8 ¢ L _f

de

i

which can be rewritten in terms of the new frequency v; = v;/f1/3

87ThV? d]/f
’(,Lf = 03 h,fol/g' )
e 5T —1

namely the same existing before the expansion, provided that the temperature
is scaled to T/ f1/3.

It is noted that since Uiy = UV o TV the entropy of the universe is
constant during the expansion, while the energy decreases by a factor f1/3.
The number of photons is constant.
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In the Figure

Wavelength (cm)
10 1.0 0.1

— 2.726 K blackbody

1 10 100 1000
Frequeney (GHz)

the Planck distribution function (solid line) for the cosmic background radi-
ation, resulting from a series of experimental detections, is evidenced.

Problem F.1.3 Derive the life-time of the Hydrogen atom in the 2p state
and the natural broadening of the line resulting from the transition to
the ground state. By neglecting relativistic effects (see Problem F.I.15 and
Appendix V.1) evaluate the energy split due to the spin-orbit interaction
(§1.6) and the effective field of orbital origin acting on the electron in the 2p
state.

Solution:

The life time (Prob. F.I.1) is 7 = 1/As,_.15, with Ag,_.15 the spontaneous
emission transition probability. Then

32m3v3 1

W§Z| < Papal —ex|prs > 7 (@ =0,+1)

[e3%

A2p~>15 =

From the evaluations of the matrix elements of the electric dipole compo-
nents (See Eq. A.1.3.9 and Tables I.4.1a and 1.4.1b) one obtains

8
A s 6T x 108!
2p—1ls 3 c3a0h4 . )

orT=16x10"9s.
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Then the natural line-width can be written Av = (2.54 x 1077 /2m)vap 1.

The energy split due to the spin-orbit interaction is AE = (3/2)s,, with
£y = €07 /(2m>ca} x 24), so that AE = 4.53 x 107 eV and therefore
H = (AE/2up) ~ 4 kGauss (see also Problems I1.1.2 and 1.6.4).

Problem F.I.4 Show that the stimulated emission probability Wa; due
to thermal radiation is equivalent to the spontaneous emission probability Asq
times the average number of photons (Prob. F.I.1).

Solution:

From < n >= 1/[exp(hv/kpT) — 1], while

p(v) = (8thv®/c3) /[exp(hv/kpT) — 1]

(Prob. F.I.2), and from the Einstein relation Ba1p(v) = A1 < n >.

Problem F.I.5 By considering the sun as a source of black-body radia-
tion at the temperature T' ~ 6000 K, evaluate the total power emitted in a
bandwidth of 1 MHz around the wavelenght 3 cm (the diameter of the sun
crown can be taken 2R = 10° km).

Solution:

For A = 3 cm the condition hvy <« kgT is verified. To each e.m.
mode one can attribute an average energy < & >= kpT. The density of
modes is (87/c®)v? and thus the energy in the bandwidth Av is Au =
(87 /c3)v2 AvkpT. The power emitted per unit surface is pg = uc/4 (see Prob.
F.1.2) and therefore

AP = 8—7;1/2AkaT§47rR2 ~ 1.8 x 10°Watt .
C

Problem F.1.6 The energy flow from the sun arriving perpendicularly to
the earth surface (neglecting atmospheric absorption) is @ = 0.14 Watt/cm?.
The distance from the earth to the sun is about 480 second-light. In the
assumption that the sun can be considered as a black-body emitter, derive
the temperature of the external crown.

Solution:
The flow scales with the square of the distances. Thus the power emitted
per unit surface from the sun can be written ®;,;, = (d/R)?® (d average

distance, R radius of the sun). Then @;,; = 8 x 102 VVaLtt/cm2 and since
(Problem F.1.2) @ = ocT*/4 = (5.67 x 1072 x T*) Watt/cm?, one obtains
Tgun ~ 6129 K.
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Problem F.I.7 Because of the thermal motions of the atoms the shape
of the emission line from a lamp is usually Gaussian. By referring to the
yellow line emitted at about 5800 A by Sodium atom, neglecting the life-
time broadening and assuming the Maxwellian distribution of the velocities,
prove this statement. Estimate the order of magnitude of the broadening, for
a temperature of the lamp of about 500 K.

Show that the shift due to the recoil of the atom when the photon is
emitted is negligible in comparison to the motional broadening. Comment
on the possibility of resonance absorption by atoms in the ground state.
At which wavelength one could expect that the resonance absorption would
hardly be achieved?

Solution:

Along the direction = of the motion the Doppler shift is

A= Ao(l+ )
C

The number of atoms dn(v,) moving with velocity between v, and v, + dv,

is
[ M _ Mg
dn(vy) =N 27rk:BT6 25T dy,

(N number of atoms with mass M). The number of atoms emitting in the
range d\ around A\ is

[ M2 M2 (A—xg)?
dn(A) =N m@ ZkBTAS d\
0

The intensity I(\) in the emission spectrum is proportional to dn(X)

1 _0o-20?
2

I\ x| —=e™ 5

with § = \/2kgT /M (Xo/c).

Numerically, for the Na yellow line one has a broadening of about 1700
MHz, in wave-numbers, 1/6 ~ 0.0576 cm™!.

The photon moment being hv/c, the recoil energy is Er = (hv/c)?/2M ~
10710 eV and the resonance absorption is not prevented. For wavelength in
the range of the 7-rays the recoil energy would be larger than the Doppler
broadening and without the Mossbauer effect (see §14.6) the resonance
absorption would hardly be possible.

Problem F.I1.8 X-ray emission can be obtained by removing an electron
from inner states of atoms, with the subsequent transition of another electron
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from higher energy states to fill the vacancy. The X-Ray frequencies vary
smoothly from element to element, increasing with the atomic number Z (see
plot). Qualitatively justify the Moseley law A\~! « (Z — 0)? (o screening
constant):

200

wol 4 K, i

8

—
=
1
1

Wavelength A (A)
o

0.02 L L1
2 5 10 B0 100

Atomic Number (Z)

Fig. 1.10. Wavelength of the K, line as a function of the atomic number.

Solution:

From the one-electron eigenvalues in central field with effective nuclear
charge (Z — o) (o reflecting the screening from other electrons, see §2.1 and
§2.2), transitions between n; and ny imply the emission of a photon at energy

11
hvi—; = Ryhe(Z — 0)2(@ - ﬁ)

The K-lines are attributed to the transitions to the final state ny = 1. The
K, line corresponds to the longest wavelength (n; = 2).

Problem F.I.9 Estimate the order of magnitude of the voltage in an
X-ray generator with Fe anode yielding the emission of the K, line and the
wavelength of the correspondent photon.

Solution:

The energy of the K term is Ex = +13.6(Z — 0)%(3/4) eV. For oy ~ 2
one would obtain for the voltage V' ~ 5800 Volts. The wavelength of the K,
line turns out around 1.8 A.
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Problem F.I.10 An electron is inside a sphere of radius R, = 1 A, with
zero angular momentum. From the Schrédinger equation for the radial part of
the wavefunction derive the lowest eigenvalue F, —; and the quantum pressure
P=—dE,—1/dV.

Solution:

The equation for rR(r) reads
h d

(see Eq. 1.14). From the boundary condition R(Rs) = 0 one has R
[sin(kr)]/kr, with k, Rs = nm for n = 1,2,3.... Then

B - Wkaoy _ 7R
2m 2mR?2
and
_ 7h?
 4mRS
For R=1A onehas P = 9.6 x 10'? dyne/cm?. Compare this value with the
one of the electron Fermi gas in a metal (§12.7).

Problem F.I.11 From the Boltzmann distribution of the molecular ve-
locities in ideal gas, show that the number of molecules n. that hit the unit
surface of the container per second is given by n < v > /4 (n number of
molecules per cm®) with < v > the average velocity. Then numerically esti-
mate n. for molecular Hydrogen at ambient temperature and pressure.

Solution:

From the statistical distribution of the velocities the number of molecules
moving along a given direction x with velocity between v, and v, + dv, is

M

= T)1/2671\/1v2/2kBTdvm
TRB

dn(vg) = n(
The molecules colliding against the unit surface in a second are

= - — L 1/2 ksT —Muv2/2kgT OO_ kT 1/2
nc—/o den(vw)—n(%TkBT) ( i )le = n( )

0 2T M
The average velocity is

1 [ 1 [ M 2
<v>= E/o vdn(v) = —/O U[4ﬂn(W)3/2v26M” /QkBT] dv =
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024

Numerically, for Ha, n. = 1.22 x 10> molecules/(s.cm?).

Problem F.I.12 Hydrogen atoms in the ground-state are irradiated at
the resonance frequency (E,—2 — E,=1)/h, with e.m. radiation having the
following polarization: a) linear; b) circular; ¢) unpolarized.

By considering only electric dipole transitions, discuss the polarization of
the fluorescent radiation emitted when the atoms return to the ground-state.

Solution:

a) The only possible transition is to the 2p, state, with z the polarization
axis (Am = 0). No radiation is re-emitted along z while it is emitted in the
xy plane, with polarization of the electric field along z.

b) Only transitions to 2p1; state are possible (Am = +£1). The fluores-
cent radiation when observed along the z direction is circularly polarized. By
turning the observation axis from the z axis to the xy plane, the fluorescent
radiation will progressively turn to the elliptical polarization, then to linearly
polarized when the observation axis is in the zy plane.

c¢) Any transition 1s — 2p41 ¢ is possible, with uniform distribution over
all the solid angle. The atom will be brought in the superposition state and the
fluorescent radiation will have random wave-vector orientation and no defined
polarization state.

Problem F.I.13 An electron is moving along the z-axis under a potential
energy V(x) = (1/2)kz?, with k = 5 x 10* dyne/cm. From the Sommerfield
quantization (see Prob. 1.4.4) obtain the amplitudes A of the motion in the
lowest quantum states.

Solution:

From z(t) = Asin[(\/k/m)t + ¢] the quantum condition in terms of the

period T = 27y/m/k reads

T T I T
j{midx = / mazdt = A2k/ cos?(\| —t — p)dt = A’k— =nh
0 0 m 2

Thus Ag = 0 (the zero-point energy is not considered here),
A; =147 x 10~ 8cm, Ay = 2.07 x 10~ 8cm.

Problem F.I1.14 The emission of radiation from intergalactic Hydro-
gen occurs at a wavelength A = 21 c¢m (see §5.2). The galaxy, that can be ide-
alized as a rigid disc with homogeneous distribution of Hydrogen, is rotating.
Estimate the Doppler broadening Av,..; of the radiation, assuming a period
of rotation of 10® years and a radius of the galaxy R = 10kps = 3.091 x 10'8
cm. Prove that Av,.; is much larger than the broadening Avr due to the
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thermal motion of the Hydrogen gas (assumed at a temperature T' = 100 K)

and larger than the shift due to the drift motion of the galaxy itself (at a
speed of approximately vg = 107 cm/s).

observation

Solution:
The Doppler shift at large distance along the y direction is

v(r,0) ~ vo(1+ %cos@)

with v, = X' /c. The mean-square average frequency is

1 R 27 w22 R 27 W2R2
P — d 2 9d9:2—0/ 3d/ 0d0 = vi(1+——5
Uy 7TR2/0 r 7‘/0 ve(r,0) I/O+C7TR2 ; rodr ; cos vy (1+ 12 )

Therefore

whi TR _3
AVrot = 1/0% = VOE >~ 1/0.10

From Problem F.I.7 one deduces the order of magnitude of the thermal broad-

ening:
2kgT N 2kgT
AVT:@A)\:@U B —:@\/ B ~ (4 x 1079)
N N myg ¢ c my

For the drift associated with the linear motion of the galaxy one can ap-
proximately estimate the frequency shift of the order of Avy = (vgq/c)vy ~
3.3 x 1041,
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Problem F.I1.15 In a description of the relativistic effects more detailed
than the Thomas-Frenkel model (§1.6) to derive the one-electron spin-orbit
Hamiltonian, the Darwin term
mh? 2 Ze? 4

Sm2c? Ze*s5(r) = ma? =—als(r)

H =
b 2(1()

(with a = e?/lic = 1/137.036 the fine structure constant) is found to be
present.

Discuss the effects of Hp in Hydrogenic atoms, numerically comparing the
corrections to the eigenvalues with the ones due to the spin-orbit Hamiltonian

gnl l.s.
Solution:

From
< builHplbu >= D / 651(£)3(E)dna (x)dr = D] (0)[2 |

with D = ma?Ze?a2 /2, one sees that no effects due to Hp are present for
non-s states (within the approximation of nuclear point-charge).
The shift for s states can be written (see Table 1.4.2)

Z2 2 2z2 Z2 2
AEp =29 (52 )= 2% po
n 2a9n? n '
with B9 = —Z2¢2 /2a¢gn? the unperturbed eigenvalues.

From
&l = (Ze2/2m2cz) <7173 >0m

and < 773 >, = Z3/[adn31(1 +1/2)(I + 1)] (see Table 1.4.3), (I #0)
_ Z¥(-EY)
Conl(l+ 3+ 1)

AEso GG+ —1+1)—3/4].

The relativistic corrections associated with the kinetic energy is

7202 {3 n ]

AEkin = —ES’ 4 l+ 1
2

n2

From AEp + AEso + AFEy;, the eigenvalues of the Dirac theory, namely

Z2a% (3 n

0

En,jifEn, n2 |:4]+1:|
2

are obtained (see Appendix V.1).
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Typical atoms

Topics

Effects on the outer electron from the inner core
Helium atom and the electron-electron interaction
Exchange interaction

Pauli principle and the antisymmetry requirement
Slater determinantal eigenfunctions

2.1 Alkali atoms

Li, Na, K, Rb, Cs and Fr are a particular group of atoms characterized by
one electron (often called optical being the one involved in optical spectra)
with expectation value of the distance from the nucleus < r > considerably
larger than the one of the remaining (N — 1) electrons, forming the internal
“core”. The alkali atoms are suited for analyzing the role of the core charge in
modifying the Coulomb potential (—Ze?/r) pertaining to Hydrogenic atoms
(81.4), as well as to illustrate the effect of the spin-orbit interaction (§1.6).

From spectroscopy one deduces the diagram of the energy levels for Li
atom reported in Fig. 2.1, in comparison to the one for Hydrogen.

In Fig. 2.2 the analogous level scheme for Na atom is shown, with the main
electric-dipole transitions yielding the emission spectrum.

The quantum numbers for the energy levels in Fig. 2.1 are the ones pertain-
ing to the outer electron. At first we shall neglect the fine structure related to
the spin-orbit interaction, which causes the splitting in doublets of the states
at [ # 0, as indicated for Na in Fig. 2.2.

A summarizing collection of the energy levels for alkali atoms is reported
in Fig. 2.3. It should be remarked that because of the different extent of
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Fig. 2.1. Energy level diagram (Grotrian diagram) of Li atom, in term of the
quantum numbers nl of the optical electron and comparison with the correspondent
levels (n > 1) for H atom. The quantum defect § (or Rydberg defect) indicated
for 2s and 3s states, is a measure of the additional (negative) energy of the state
in comparison to the correspondent state in Hydrogen. The wavelengths (in A) for
some transitions are reported.

penetration in the core (as explained in the following) an inversion of the order
of the energy levels in terms of the quantum number n (namely |E,,| > |E,_1|)
can occur.

From the Grotrian diagrams one deduces the following:

i) the sequence of the energy levels is similar to the one for H, with more
bound and no more /-degenerate states;

ii) the quantum defect § for a given n-state (see Fig. 2.1) increases on
decreasing the quantum number [;

iii) the ground state for Li is 2s (3s for Na, etc...), with L = [ (and not
the 1s state);
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Fig. 2.2. Energy levels for Na atom with the electric dipole transitions (Al = £1)
generating some spectral lines and correspondent wavelengths (in A). The doublets
related to spin-orbit interaction and resulting in states at different j = J, are indi-
cated (not in scale). The yellow emission line (a doublet) is due to the transition
from the 2P3/2 and 2P1/2 states to the ground state 251/2 with the optical electron
in the 3s state.

iv) the transitions yielding the spectral lines obey the selection rule
Al = £1.

These remarkable differences with respect to Hydrogen are related to an
effective charge Z.;s(r) for the optical electron (see §1.2) different from unit
over a sizeable range of distance r from the nucleus.

In order to give a simple quantitative description of these effects we shall
assume an ad hoc effective charge, of the form Z.;y = (1+b/r),
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Fig. 2.3. Energy levels (neglecting the fine structure) for some alkali atoms, again
compared with the states for Hydrogen at n > 1. The 4s state is more bound than
the 3d state (see arrows), typical inversion of the order of the energies due to the
extent of penetration of the s-electrons in the core, where the screening is not fully
effective (see text and Fig. 2.6)

depicted in Fig. 2.4. The characteristic length b depends from the particular
atom, it can be assumed constant over a large range of distance while for
r — 0 it must be such that Z.s(r) — Z.

As a consequence of that choice for Z. s (r) the radial part of the Schrodinger
equation for the optical electron takes a form strictly similar to the one in Hy-
drogen (see §1.4):

%_ [A_f-i-rc;]r}%(r)zo (2.1)

where B = 2/ag and C = [(l + 1) — Bb. It is remarked that for b = 0 the
eigenvalues associated with Eq. 2.1 are E,, = —Rghc/n? (Eq. 1.13, for Z = 1).
If an effective quantum number [* such that
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r

Fig. 2.4. Sketchy behavior of a plausible effective charge for the optical electron
in Li atom. The dashed part of the Figure (not in scale) corresponds to the region
of r not taken into account in the derivation of the energy levels. For Na, K, etc...
atoms Z.ys(r — 0) — Z. A similar form of effective charge experimented by one
electron because of the partial screening of the nuclear charge by the second electron
is derived in Problem I1.2.3 for He atom.

2
l*(l*+1):0:l(l+1)72n;2 b — i+ 1) - B

is introduced, then in the light of the formal treatment for Hydrogen, from
Eq. 2.1 one derives the eigenvalues
RHhC
(n*)?’

E, = (2.2)
with n* not integer. To evidence in these energy levels the numbers n and
[ pertaining to Hydrogen atom, we write n* = n — §l, with 6l = I* — [, thus
obtaining

RHhC
En=—7F—77 .
! (n —dl)?
By neglecting the term in §12
RHhC o RHhC
En,l:_( — )2:_(n—5 R (2.3)
KT TSy ot

The eigenvalues are [-dependent, through a term that is atom-dependent
(via b) and that decreases on increasing [, in agreement with the phenomeno-
logical findings.

The physical interpretation of the result described by Eq. 2.3 involves the
amount of penetration of the optical electron within the core. In Fig. 2.5 it
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is shown that for r < aq the electron described by the 2s orbital has a radial
probability of presence sizeably larger than the one for the 2p electron. This
implies a reduced screening of the nuclear charge and then more bound state.

0.30 -—
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\
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\ 2S
0204 \ p
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'E J \ _2
x \
ﬁQ 0.15 - AN N
\ L [
S \ 2
& 0104 S~o
________________ 1
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0.00 A 0
0 1 2 3 4 5 6 7
r/a

Fig. 2.5. Radial probability of presence for 2s and 2p electrons in Hydrogen and
sketchy behavior of the effective charge for Li (see Fig. 2.4).

As a general rule one can state that the penetration within the core in-
creases on decreasing [. In Fig. 2.6 it is shown how it is possible to have a more
penetrating state for n = 4 rather than for n = 3, in spite of the fact that on
the average the 3d electron is closer to the nucleus than the 4s electron. This
effect is responsible of the inversion of the energy levels, with |E4s| > |E34l,
as already mentioned.

At the sake of illustration we give some quantum defects 6, ; to be included
in Eq. 2.3, for Na atom:

035 = 1.373|d3, = 0.883| 034 = 0.01
045 = 1.357|04p = 0.867|d4q = 0.011
(54f ~0

These values for the quantum defects can be evaluated from the energy
levels reported in Fig. 2.2 (see also Problem II.1.1).

Finally a comment on the selection rule Al = £1 is in order. This rule is
consistent with the statement that each electron makes the transition indepen-
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N
E&‘
= 3d

Fig. 2.6. Radial probability of presence for 3d and 4s electrons in Hydrogen. From
the dashed area it is noted how the bump in P(r) for r < 2ag grant a presence of
the 4s electron in the vicinity of the nucleus larger than the one pertaining to the
3d state.

dently from the others, with the one-electron selection rule given in Appendix
[.3. In fact, the total wavefunction for the alkali atom, within the central field
approximation, can be written

¢(r17 ra,..., rN) = ¢co’re¢optical .

The electric dipole matrix element associated to a given 1 « 2 transition
becomes

R, = fe/(gbgi)re)*(rl, ro, ) (P ()1 + 12+ .ty 4 ...+ ]
xgzﬁg)w(rl, ro, ...)¢(1)(I‘n)dTldTQ...dTN

Because of the orthogonality conditions the above integral is different from

. . . . 2 1
zero in correspondence to a given term involving r, only when ¢£02"e = Eo)re,

while

/ (6 (1))" [enld V) (x) 7

yields the selection rule (Al),, = £1 and (Am),, =0, £1.
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Now we take into account the doublet structure of each of the states at
1 # 0 (see the illustrative diagram in Fig. 2.2). The doublets result from spin-
orbit interaction, as discussed at §1.6. The splitting of the np states of the
optical electron turns out

Li {[Na| K |Rb| Cs
2p | 3p | 4p | bp | 6p
0.337[17.2|57.7| 238 | 554 |cm !
0.042] 2.1 | 7.2 {29.5/68.7| meV

supporting the energy corrections derived in terms of the spin-orbit constant
&ni (see for instance Prob. I1.1.2). It can be observed that because of the
selection rule Aj = 0,+1 (0 <> 0 forbidden) (see App. 1.3) the spectral lines
involving transitions between two non-S states in alkali atoms can display a
fine structure in the form of three components (compound doublets).

Problems I1.1

Problem II.1.1 The empirical values of the quantum defects d,,; (see Eq.
2.3) for the optical electron in the Na atom are

Termn =3n=4|n=5[n==6
=0 s [1.373]1.357|1.352(1.349

= p [0.883]0.867|0.862|0.859
=2| d |(0.010/0.011/0.013|0.011
=3 f - 10.000(-0.001{-0.008

By neglecting spin-orbit fine structure, indicate how the main spectral se-
ries can be derived (see Fig. 2.2).

Solution:
The main spectral series are
principal (transitions from p to s terms), at wave numbers

1 B 1
[no = 6(no, 0)* [0 —d(n, )]? ]

vy = Ry n > ng, ng = 3;

sharp (transitions from s to p electron terms)
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1
Vg = — > 1;
O eyl e IR
diffuse ( transitions from d to p electron terms)
vg=R - ! n > no;
R T T V) TR R

fundamental (transitions from f to d terms):

1
[0 —8(no,2)12 [0 —8(n, 3)]?

l/fZRH|: :|,n2n0—|—1.

Problem II.1.2 The spin-orbit splitting of the 62P; /5 and 6Py, states
in Cesium atom causes a separation of the correspondent spectral line (tran-

sition to the 251/2 ground-state) of 422 A, at wavelength around 8520 A.
Evaluate the spin-orbit constant &g, and the effective magnetic field acting on
the electron in the 6p state.

Solution: )

From N/ — XN = AN=422 A and wvd\ = —\dv one writes

AE =hAv ~ h-—5 - A\~ 0.0TeV.
A/
From ¢
ABso = =P{j(i+1) =il +1) = s(s + 1)}

one has ¢ 5 3 5

_Sop |10 o 2

AE =73 {4 4] 550

and then

2
Sop = AE = 0.045¢V .
The field (operator, Eq. 1.33) is

_ v
" 2emer dr

with the spin-orbit hamiltonian
Hspin—orbit = —Hs- Hnl = £6p1 °S.
Thus

0.045eV 1|

~56-10°0e = 560 Tesla
2up

|H6p| =
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Problem II1.1.3 In a maser 3° Rb atoms in the 63 2P3/2 state are driven to
the transition at the 61 2D5/2 state. The quantum defects d,,; for the states
are 2.64 and 1.34 respectively. Evaluate the transition frequency and compare
it to the one deduced from the classical analogy for Rydberg atoms (§1.5).
Estimate the isotopic shift for 87 Rb.

Solution:

From

1
En = —R*he—
n*

where R* is the Rydberg constant and n* = n — d,,;, the transition frequency
turns out
1 1

v=—R'c — ~ 21.3 GHz
[ni = 8(ni, ;)2 [ngy —d(ng,lf)]?

The classical analogy (see Problem 1.5.2) yields

. 2An* 6 2

The wavelengths are inversely proportional to the Rydberg constant:

PY 1 1 .
287 _ ~ (14— 1+ —— ) ~1-147-1077 .
Ass  Ri * 57 1s36) / \M 51836

Therefore the isotopic shift results Av ~ 3.16 kHz or A\ ~ —20.6 A.

Problem II.1.4 By considering Li as a Hydrogenic atom estimate the
ionization energy. Discuss the result in the light of the real value (5.39 eV) in
terms of percent of penetration of the optical electron in the (1s)? core.

Solution:

By neglecting the core charge one would have Fpy = —13.56 Z2/n? =
—30.6 eV, while for total screening (i.e. zero penetration and Z = 1) Ey, =
—13.56eV/4 = —-34 eV.

Then the effective charge experimented by the 2s electron can be consid-
ered Z sy ~ 1.27, corresponding to about 15 % of penetration.



2.2 Helium atom 73

2.2 Helium atom

2.2.1 Generalities and ground state

The Helium atom represents a fruitful prototype to enlighten the effects due
to the inter-electron interaction and then the arise of the central field potential
V(r), (see §1.1), the effects related to the exchange symmetry for indistinguish-
able electrons and to discuss the role of the spins and the antisymmetry of
the total wavefunction.

First we shall start with the phenomenological examination of the energy
levels diagram vis-a-vis to the one pertaining to Hydrogen atom (Fig. 2.7).
A variety of comments is in order. It is noted that in He the state corre-
sponding to the electronic configuration (1s)(nl) when compared to the n
state in Hydrogen shows the removal of the accidental degeneracy in [. This
could be expected, being the analogous of the effect for the optical electron
in alkali atoms (§2.1). A somewhat unexpected result is the occurrence of a
double series of levels, in correspondence to the same electronic configura-
tion (1s)(nl). The first series includes the ground state, with first ionization
energy 24.58 eV. It is labelled as the group of parahelium states and all the
levels are singlets (classification 19,1 P, etc..., see §1.7). The second series has
the lowest energy state at 19.82 eV above the ground-state and identifies the
orthohelium states. These states are all triplets, namely characterized by
a fine structure (detailed in the inset of the Figure for the 23P state). Each
level has to be thought as the superposition of almost degenerate levels, the
degeneracy being removed by the spin-orbit interaction (§1.6). The orthohe-
lium states are classified 25, 3P, etc.... Among the levels of a given series the
transition yielding the spectral lines correspond to the rule AL = 41, with
an almost complete inhibition of the transitions from parahelium to orthohe-
lium (i.e. almost no singlets« triplets transitions). Finally it can be remarked
that while (1s)2, at S = 0, is the ground state, the corresponding (1s)? triplet
state is absent (as well as other states to be mentioned in the following).

In the assumption of infinite nuclear mass and by taking into account the
Coulomb interaction only, the Schrodinger equation is

Ze2  Ze? e2
= e —E 2.4
2m(v1 +V3) o r2 + _ P(r1,r2) = E¢(ry,r2) (2.4)

and it can be the starting point to explain the energy diagram. In Eq. 2.4
Z = 2 for the neutral atom.

Let us first assume that the inter-electron term e2 /12 can be consider a
perturbation of the hydrogenic-like Hamiltonian for two independent electrons
(independent electron approximation). Then the unperturbed eigenfunc-
tion is

Gntr o1 (v1,T2) = Gy (T1)Prrp (12) (2.5)

and
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Parahelium (S=0) Ortohelium (5=1)
1 1 3 3
S P S °P H atom

O 1 | 1 | 1 | 1 |

T 1 1 3 3 - — B
E(EV) s 4'p 4D &S £p 4D e
1 3 3
oo 3P . 3D .............. 3P 3D ....... n=3_________..1L
3s 3Fs

2 n
3 . n
| ST 2P e b = LE y———
4 4 2's— 2362315 i -

3,

—— P
B 23S 0 -
-5 19.82 eV above -3.623201 ' R
the ground-state ) .
:; / 0.988 cm :5
3.623251 2%

24 4 X ) *p 0.077cm™| [~

almost no transition from , ..  —
4{1's singlet to triplets 3623301 _P?I T

-25 L] I L} I L} I L} I

Fig. 2.7. Diagram of some energy levels for Helium atom and comparison with
the correspondent levels for Hydrogen. The electron configuration of the states is
(1s)(nl). E = 0 corresponds to the first ionization threshold. The double-excited
states (at weak transition probabilities and called autoionizing states) are un-
stable with respect to self-ionization (Auger effect) being at E > 0, within the
continuum (Problem F.IL.6). In the inset the fine structure of the 2 ®P state is re-
ported, to be compared with the separation, about 9000 cm ™!, between the 2 3
and the 2 3P states. Note that this fine structure does not follow the multiplet rules
described at §3.2.

(E®) s o = Z2EH, + Z22EH,, (2.6)

EH being the eigenvalues for Hydrogen (degenerate in [).
For the ground state (1s)? one has

Z3 _ Z(r1+7r2)

P15,15(r1,T2) = rage @0 (2.7)

and
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2

EY, .. =22°Ef; = —8%0 ~ —108.80 ¢V (2.8)

In this oversimplified picture the first ionization energy would be 54.4 eV,
evidently far from the experimental datum (see Fig. 2.7). This discrepancy
had to be expected since the effect of the electron-electron repulsion had not
yet been evaluated.

At the first order in the perturbative approach the repulsion reads

2 2
Eii)ls = //Qﬁs 15(1‘1,1‘2)i¢1s 1s(r1,r2)d7'1d72 =< 18,18‘i|18, 1s >= .[15 1s
’ ' rig 712 '

(2.9)
115,15 is called Coulomb integral in view of its classical counterpart, depicted
in Fig. 2.8.

“charge” e| ¢, (r,)Pdt, Ej

X

“charge” e| ¢, (r,)|*dt,

r

nucleus/O

Ze

Fig. 2.8. Illustrative plot sketching the classical analogy of the first order pertur-
bation term < e?/ria > for the ground-state, in terms of electrostatic repulsion of
two electronic clouds.

The estimate of the Coulomb integral can be carried out by expanding
rﬁl in term of the associated Legendre polynomials (see Problem I1.2.1). For
the particular case of 1s electrons, the Coulomb integral I;5 15 can be worked
out in a straightforward way on the basis of the classical analogy for the
electrostatic repulsion. The result is

5
4

Z(—-Ef) = 5e (2.10)

Ils 1s =
’ 8(10
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The ground state energy corrected to the first order turns out
5
Ergis = B, + Lo = (22° - T2)Ef = 48 oV (2.11)

to be compared with the experimental value —78.62 eV.
The energy required to remove one electron is

5
[(22% — 1Z) — 7Z?].13.6eV ~ 20.4 eV

This estimate is not far from the value indicated in Fig. 2.7, in spite of the
crudeness of the assumption for the unperturbed one-electron wavefunctions.
An immediate refinement could be achieved by adjusting the hydrogen-like
wave functions: in this way a good agreement with the experimental ionization
energy would be obtained.

Another way to improve the description is to derive variationally an effec-
tive nuclear charge Z*, which in indirect way takes into account the mutual
screening of one electron by the other and the related correction in the wave-
functions. As shown in Problem I1.2.2, this procedure yields Z* = Z — (5/16),
implying for the ground state

2
Bro1s =2(Z — %)?(i) = 775 eV
One can remark how the perturbative approach, without modification of the
eigenfunctions, is rather satisfactory, in spite of the relatively large value of
the first order energy correction.

The ground state energy for He turns out about 94.6% of the “exact” one
(numerically obtained via elaborate trial functions, see §3.4) with the first-
order perturbative correction and 98% with the variationally-derived effective
charge. The agreement is even better for atoms with Z > 3, as Lit or Be?™.
At variance the analogous procedure fails for H~ (see Problem II1.2.4).

2.2.2 Excited states and the exchange interaction

The perturbative approach used for the ground state could be naively at-
tempted for the excited states with an electron on a given nl state. For a trial
wavefunction of the form

¢(r17r2) = ¢1s(r1)¢nl(r2) (212)

the energy

2
Els,nl =EY + < 1S,nl|e—|ls,nl >
T12

1s,nl

would not account for the experimental data, numerically falling approxi-
mately in the middle of the singlet and triplet (1s,nl) energy levels. The



2.2 Helium atom 7

striking discrepancy is evidently the impossibility to infer two energy levels
in correspondence to the same electronic configuration from the wavefunction
in Eq. 2.12. The obvious inadequacy of the tentative wavefunction is that it
disregards the exchange symmetry (discussed at §1.3). At variance with
Eq. 2.12 one has to write the functions

Pram(ri,r2) = % [¢1s(r1)¢nz(rz) + b (rl)qbls(rg)] (2.13)
Pinti(r,ra) = NG [¢1s(r1)¢nl(l‘2) - ¢nl(r1)¢1s(1‘2)] (2.14)

granting indistinguishable electrons, the same weights being attributed to the
configurations 1s(1)nl(2) and 1s(2)ni(1). The labels sym and ant correspond
to the symmetrical and antisymmetrical character of the wavefunctions
upon exchange of the electrons.

On the basis of the functions 2.13 and 2.14, along the same perturbative
procedure used for the ground state, instead of Eq.2.11 one obtains

Eiym — ZZEg + ZZEfl + Ils,nl + Kls,nl (215)
and

Eint — ZQE:{"IS + Z2E1I;Il + Ils,nl _ Kls,nl (216)
where

2
Kiomi = / / Or ()07 (02) G (r)ou(e)dndr (217)

is the exchange integral, essentially positive and without any classical
interpretation, at variance with the Coulomb integral I, ,,;. Thus double series
of levels is justified by the quantum effect of exchange symmetry.

The wavefunctions 2.13 and 2.14 are not complete, spin variables having
not yet been considered. In view of the weakness of the spin-orbit interaction,
as already stated (§1.6), one can factorize the spatial and spin parts. Then,
again by taking into account indistinguishable electrons, the spin functions
are

@(1)8(2) + a(2)B(1)]  for S=1

[@(1)B(2) — a(2)B(1)]  for S =0 (2.18)

Sl Sl

The first group can be labelled x ¢’} and it includes the three eigenfunc-
tions corresponding to S = 1. The fourth eigenfunction is the one pertaining

to S = 0. x4, is antisymmetrical upon the exchange of the electrons, while

X are symmetrical.
Therefore the complete eigenfunctions describing the excited states of the

Helium atom are of the form ¢:ot = ¢15,m xs and in principle in this way
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one would obtain 8 spin-orbitals. However, from the comparison with the
experimental findings (such as the spectral lines from which the diagram in
Fig. 2.7 is derived) one is lead to conclude that only four states are actually
found in reality. These states are the ones for which the total (spatial and spin)
wavefunctions are antisymmetrical upon the exchange of the two electrons.
This requirement of antisymmetry is also known as Pauli principle and
we shall see that it corresponds to require that the electrons differ at least
in one of the four quantum numbers n, [, m and m,. For instance, the lack of
the triplet (1s)? is evidently related to the fact that in this hypothetical state
the two electrons would have the same quantum numbers, meantime having
a wavefunction of symmetric character ¢ror = ¢1s¢15X5n;. Thus ¢5¥™x &M,
describes the singlet states, while ¢\ ¢’"} describes the triplet states.
Accordingly, one can give the following pictorial description

when| S| x| &(r) | b1t | Energy
T 0 |ant| sym | ant on
T | 1 |sym| ant | ant E_

In other words, because of the exchange symmetry a kind of relationship,
arising from electron-electron repulsion, between the mutual “direction” of
the spin momenta and the energy correction does occur. For “parallel spins”
one has F_ < E, the repulsion is decreased as the electron should move, on
the average, more apart.

The dependence of the energy from the spin orientation can be related to
an exchange pseudo-spin interaction, in other words to an Hamiltonian
operator of the form !

H = 72KSl.SQ (219)

In fact if we extend the vectorial picture to spin operators (in a way analogous
to the definition of the j angular momentum for the electron (see §1.6)) and
write

S =81 +s9, (2.20)
by “squaring” this sum one deduces s;.55 = (1/2)[S? —s,% —s,?]
the Heisenberg Hamiltonian 2.19 the two energy values

. Thus, from

E = —2K(1/2)[S(S +1) — 2(1/2)(1 + 1/2)] = —K/2

for S =1 and
E” =3K/2

! This Hamiltonian, known as Heisenberg Hamiltonian, is often assumed as
starting point for quantum magnetism in bulk matter. Below a given temperature,
in a three-dimensional array of atoms, this Hamiltonian implies a spontaneous
ordered state, with magnetic moments cooperatively aligned along a common
direction (see §4.4 for a comment).
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for S = 0 are obtained. In other words, from the Hamiltonian 2.19, for a given
1snl configuration, the singlet and the triplet states with energy separation
and classification consistent with Eq. 2.15 and 2.16, are deduced.

Now it is possible to justify the weak singlet«>triplet transition probabil-
ity indicated by the optical spectra. The electric dipole transition element
connecting parahelium to ortohelium states can be written

RS:O<—>S:1 x< Xant‘Xsym > //¢:ym[r1 + r2]¢antd7—1d7—2 . (221)

This matrix element is zero, both for the orthogonality of the spin states and
because the function in the integral changes sign upon exchange of the indexes
1 and 2, then requiring zero as physically acceptable result. Thus one under-
stands why orthohelium cannot be converted to parahelium and vice-versa.
This selection rule would seem to prevent any transitions (including the ones
related to magnetic dipole or electric quadrupole mechanisms) and then do
not admit any violation. The weak singlet-triplet transitions actually observed
in the spectrum are related to the non-total validity of the factorization in
the form ¢ = @(r1,r2)Xspin- The spin-orbit interaction, by coupling spin
and positional variables, partially invalidates that form of the wavefunctions.
This consideration is supported by looking at the transitions in an atom sim-
ilar to Helium, with two electrons outside the core. Calcium has the ground
state electronic configuration (1s)2...(4s)? and the diagram of the energy lev-
els is strictly similar to the one in Fig. 2.7. At variance with Helium, because
of the increased strength of the spin-orbit interaction, the lines related to
S =0« S =1 transitions are very strong. Analogous case is Hg atom (see
Fig. 3.9).

Problems I1.2

Problem II.2.1 Evaluate the Coulomb integral for the ground state of
the Helium atom.

Solution:
In the expectation value
1 A
< — >= 72/ —22(rtr2) — dl‘ldl‘g
12 s T12

1/r12 is expanded in Legendre polynomials

1

r
12 1—0

Z( )Plcose) T < To

(m) Py(cosb), 1> Ty

1
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2

where 6 is the angle between the vectors r; and rs and
cos 0 = cos 01 cos 2 + sin 61 sin O cos(P1 — ¢2)

In compact form

Z l+1 (cos )

r
12 l:O

where r. is the smallest and 7~ the largest between r; and ro. From the
addition theorem one writes

l)+1 )/lm (917 ¢1)Ylm (02a ¢2)

7‘12

1
2.

The function exp[—2Z(ry 4 r3)] is spherically symmetric and Yyo = (47)
By integrating over the polar angles one has

= ot [ apre2ziosirg ()
Ig1s= Z drlrf/o dror3e=22(m+ z)( S
-61,00m,0-

All terms in the sum vanish, except the one for [ = m = 0. Then

oo oo 1
I, s = 1626/ drlr%/ dror2e=22(rtr2)
' 0 0 r>

[o'e] 1 T1
= 16Z6/ dryrie=2%n [/ dror3e=22m2
0 1 Jo

+/ d7’27”2€_2ZT2:| = gZ

T1

and including ap and e in the complete form of the ¢’s I15,15s = 2262/2a0.
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For spherically symmetric wavefunctions one can evaluate the Coulomb
integral from the classical electrostatic energy:

72 e Prg—P2
Ils,ls =

dmdr
32m2ag P12 i
where
227‘172 2Z7“12
P12 = —, P12 =
ap ap
and

drip = Pig sin 01,2 dp1,2 df1 2 der 2.
The electric potential from the shell dp; at p; is

1
do(r) = 47rp§e_pldplg for r < py,

1
4rplePrdp,— for r > py.
r
Then the total potential turns out

47 (T > 4
= 7/0 e P p2dp, +47‘r/ e Ppidp, = 7{Zfefr(rJrZ)}

and therefore

&(r)

Ze? Ze? [ Ze? 5
N1 = —— | @ —P2re = 2 _ e P2 Ne P2 p2dp, = hay
1s,1 327T20,0 / (P2)€ T2 ao Jo [ € (ﬂQ + )}6 Poap2 2a0 4

Problem II1.2.2 By resorting to the variational principle, evaluate the

effective nuclear charge Z* for the ground state of the Helium atom
Solution:

The energy functional is

Blg = <210 >

< ¢lg>
where
Z*3 .
Blri ) = o7 w4
with Z* variational parameter (ag is omitted).
Then 7 g )
EM=<¢H+D——+@
T Tr2 T2

and
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(GIT6) = WL 1ML = 5272,
(GIT216) = (9I71]6),

while . . )
<¢> — ¢> = <w1; ’wf> =7" = <¢ — ¢>

1 1 ]

Since ) .
(#frale) =57

one has 5

El¢| = E(Z*) = Z** = 227" + 2
From

OF 5
—27" 27+ 2 =0
2z *3

one deduces Z* = Z — 5/16.

Problem I1.2.3 In the light of the interpretation of the Coulomb integral
in terms of repulsion between two spherically symmetric charge distributions,
evaluate the effective potential energy for a given electron in the ground state
of He atom and the effective charge Z.z¢(r).

Solution:

The electric potential due to a spherical shell of radius R (thickness dR
and density —ep(R)) at distance r from the center of the sphere is

1
—Tmcw(r) = R%(R)% for r < R,
R2,0(R)@ for r > R.
r

By integrating over R and taking into account that

2Zr

o(r) = [rs(r)? = (Z) ¢

Qg s

one has

Jy ARR2e™5" 4 [ dRRe™ 0 |
=i+ (%) [L fou drz’e™ + [ dzze™?]
L (é) L2 — e v(u+2)),

where u = % Therefore
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o(r) = —g [1 e (fg + 1)]

and from

for Z = 2 one finds

plotted below.
Z1)

0.0 T T T T T 1
0.0 0.5 1.0 15 2.0 25 3.0

Problem I1.2.4 The electron affinity (energy gain when an electron
is acquired) for Hydrogen atom is 0.76 eV. Try to derive this result in the
framework of a perturbative approach for the ground state of H™, as well as
by considering a reduced nuclear charge Z*.

Comment the results in the light of the almost-exact value which, at vari-
ance, is obtained only by means of a variational procedure with elaborate trial
wavefunctions.

Solution:

For H™, by resorting to the results for He and setting Z = 1, in the
perturbative approach one would obtain

/ 5 3
EH* = —QZQRHhC—f— ZZRHhC = _ZRHhC

to be compared with —Rghc for H. With the variational effective charge
Zepr=(1-75)

By = —2(0.473)Ryrhe
again less bound than the ground-state for neutral Hydrogen.

Only more elaborate calculations yield the correct value, the reason being
that for small Z the perturbation is too large with respect to the unperturbed
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energy. By repeating the estimate for Z = 3 (Lit), for Z = 4 (Be?") and for
Z =5 (B3T) a convergence is noted towards the “exact” values of the ground
state energy (namely 198.1 eV, 371.7 eV and 606.8 eV, respectively) obtained
from the variational procedure with elaborate trial functions. It should be
remarked that the real experimental eigenvalues cannot be derived simply
on the basis of the Hamiltonian in Eq. 2.4 which does not include the finite
nuclear mass, the relativistic and the radiative terms (see for the Hydrogen
atom the recall in Appendix V.1).

2.3 Pauli principle, determinantal eigenfunctions and
superselection rule

In the light of the analysis of the properties of the electronic states in Helium
atom, one can state the Pauli principle: the total wavefunction (spatial
and spin) of electrons, particles at half integer spin, must be antisymmet-
rical upon exchange of two particles. This statement is equivalent to the one
inhibiting a given set of the four quantum numbers (nlmmg) to more than one
electron. For instance, this could be realized by considering an hypothetical
triplet ground state (1s)? for orthohelium, for which the wavefunction would
be 1, (r1)o1s(r2)a(1)a(2) (or BLBE) or (1/v2)[a(1)3(2) +a(2)B(L)]); and
the quantum numbers n, !, m, ms; would be the same for both electrons. At
variance, one only finds the singlet ground state, for which mg = £1/2.

From the specific case of Helium now we go back to the general prop-
erties of multi-electron atoms (see §1.1 and §1.3). Because of the exchange
degeneracy and of the requirement of antisymmetrical wavefunction, the total
eigenfunction, instead of Eq. 1.10 must be written

ror = \/% ;P<—1>Psoa<1)soﬁ<2)...%<zv> (2.22)

where «, (3, ... here indicate the group of quantum numbers (nlmmg) and
the numbers 1,2, 3,...N include spatial and spin variables. P is an operator
exchanging the electron ¢ with the electron j and the wavefunction changes
(does not change) sign according to an odd (even) number of permutations.
The sum includes all possible permutations.

A total eigenfunction complying with exchange degeneracy and antisym-
metry is the determinantal wavefunction devised by Slater 2

Pa(l) @a(2) .. @a(N)
= p(1) 95(2) o ws(N)
ou(1) wu(2) ... @u(N)

2 This form is the basis for the multiplet theory in the perturbation approach
dealing with operators r; ' and ri_jl (see §3.4).
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accounting for all the possible index permutations with change of sign when
two columns are exchanged. On the other hand the determinant goes to zero
when two groups of quantum numbers (and then two rows) are the same.

Now it can be proved that no transition, by any mechanism, is possible
between globally antisymmetric and symmetric states (in the assumption that
they exist), sometimes known as superselection rule. In fact such a transi-
tion would be controlled by matrix elements of the form

Rantosym /¢§y1v1 [O1 4 Oz + ..]¢panTdTgen (2.23)

that must be zero in order to avoid the unacceptable result of having a change
of sign upon exchange of indexes, since the integrand is globally antisymmet-
ric.

In the light of what has been learned from the analysis of alkali atoms and
of Helium atom, now we can move to a useful description of multi-electrons
atoms which allows us to derive the structure of the eigenvalues and their
classification in terms of proper quantum numbers (The vectorial model,
Chapter 3). Other typical atoms, such as N, C and transition metals (Fe, Co,
etc...) shall be discussed in that framework.

Problems F.II

Problem F.II.1 By means of the perturbation approach for independent
electrons derive the energy levels for the first excited states of Helium atom,
in terms of Coulomb and exchange integrals, writing the eigenfunctions and
plotting the energy diagram.

Solution:

The first excited 1s2[ states are

ur = 1s(1)2s(2) us = 1s(1)2p,(2)
ug = 15(2)2s(1) ue = 15(2)2p,(1)
uz = 1s(1)2p,(2) ur = 1s(1)2p.(2)
ug = 18(2)2p, (1) ug = 15(2)2p.(1)

From the unperturbed Hamiltonian without the electron-electron interac-
tion, by setting i = 2m = e = 1, one finds

Hou;(1,2) = —4(1 + i)ui(lﬂ) = —5u;(1,2)

The secular equation involves the integrals
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I, = <1s(1)25(2) L 13(1)23(2)>
I, = <15(1)2p(2) * 15(1)2p(2)>
K, = <1s(1)25(2) ’%‘ 15(2)23(1)>
Ky = (1s(1)20(2) | [ 15(2)2p(1))

(p here represents p,, p, or p,) and it reads

I, — FE
K,

K,
I,— E
0
0
0

0
I,-E K,
K, I,-F
0
0

0 0
0 0
’ = O
I,-E K, 0
K, I,—E
0 I,-E K,
K, I,-E

From the first block E' = I, + K, with the associated eigenfunctions

®1,2 7

= L s(1)25(2) £ 15(2)25(1)] .

From the second block E” = I, + K,,, with eigenfunctions

P34 =

5 [15(120:(2) £ 1(2)2p.(1)

and the analogous for y and z. Thus the following diagram is derived (I and

K >0 and I, > I).
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(1s)(2p)

I 2K 1s,2p

I 1s,2p

(I9)2s) |

Problem F.II.2 For the optical electron in Li atom consider the hybrid
orbital

@ = (1+A2) 72 o + A2y, ]

¢2s and ¢op,, being normalized hydrogen-like wavefunctions, with effective
nuclear charge Z. Find the pseudo-dipole moment p = e(z) and the value of A
yielding the maximum of p (relevant connections for situations where hybrid
orbitals are actually induced are to be found at §4.2 and §9.2).

Solution:

The pseudo-dipole moment turns out

W= e/@*z@dT:

= ﬁ [/ B3, (r)zdr + )\Q/qbgpz (r)zdr + 2)\/¢2s(7“)¢2pz (T)ZdT] )

where the first two integrals are 0. From Table 1.4.2 (setting for simplicity
e=ap=1)

2\ (Z>3 1 /27r ™ ) ) oo A _
= =] — d¢/ cos 951n9d9/ Zr*(Zr —2)e”?"dr =
1+x\2) 4r J, o o

X Z3[ZzPs 2z4) 0 A 6
14 X212 | zS6 Z5 | 14+XZ7

i.e. p= (6eap/Z)\/(1 + A?) in complete form.
From
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dp 6 (1+X=2)) 6 (1-)?) 0
d\  Z  (1+X2)2 Z(1+A2)2

the maximum is found for A = 1, as it could be expected.

Problem F.I1.3 Prove that the two-particles spin-orbital
vant = —={a(DBR)B.(D6(2)] ~ 2B 20 D))

represents an eigenstate for the z-component of the total spin at zero eigen-
value. Then evaluate the expectation value of S2.

Solution:
From
11 1
Sitant = 5 7= (0(AR1AR)] + @121} = FUsvr
and 1
S3anT = _inYM
Thus
S*pant = (ST + S5)pant =0
Since 1
STS3aANT = _ZwANT

while

STS50anT = 100 D0(2)] ~ DB )HE]) = Van

and

< Yant| VN >= —|/¢Z(r)¢b(r)d7 2=_

(with the same result for the y component). By taking into account that
(S)? = (S1)? + (S2)* + 2S1.S2, then

T xT ]'
<PanT|(STY + S5 [Yant >= 5{1 - A}

and
< ant|(S)|hant >=1—A .

Problem F.I1.4 At Chapter 5 it will be shown that between one elec-
tron and one proton an hyperfine interaction of the form AI.SJ(r) occurs,
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where I is the nuclear spin (Fermi contact interaction). An analogous
term, i.e. H, = As1.820(r12) (with r13 = r; — ry) describes a relativistic in-
teraction between the two electrons in the Helium atom. In this case A turns
out A= —(87/3)(efi/mc)?. Discuss the first-order perturbation effect of H,
on the lowest energy states of orthohelium and parahelium, showing that only
a small shift of the ground-state level of the latter occurs (return to Prob.
F.1.15 for similarities) .

Solution:

For orthohelium the lowest energy states is described by the spin-orbital

bror(1,2) = Xeym |:¢ls(rl)¢25(r2) P2s(r1)p1s(r2)

The evaluation of the expectation value of H, yields zero since two electrons
at parallel spin cannot have the same spatial coordinates. For the ground state
of parahelium since s;.s5 = —3/4 (see Eq. 2.20), by using hydrogenic wave
functions ¢14(r1) and ¢15(r2) one estimates

3A Z6 LIEEI
< 1s,1s[Hp|ls,1s >= — // T d(ri2)dmdry =

4 7248
3A Z6 —47 eh Z
| a0 r2dpr = ~ 107 3eV,
4 m2af 7T/0 ¢ Trar= 32(mc) ad

a small shift compared to -78.62 eV.

Problem F.II.5 The spin-orbit constant &gy, for the 2p electron in Lithium
turns out &z, = 0.34cm™'. Evaluate the magnetic field causing the first cross-
ing between P3/, and Py levels, in the assumption that the field does not
correct the structure of the doublet.

Solution:

=32

(3/2)g"ugH

N

J=172 ‘:\(1/2)g’unH
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The first crossing takes place when

3 1
(59" + 59 )upH = AE
2 2
Since ¢’ = 2/3 and g” = 4/3 the crossing occurs for H = AE/(Tug/3).
The correction associated with the spin-orbit interaction is

f%[j(j +1)—Il(l4+1)—s(s+1)]
Then AE = (3/2){2, and H ~ 4370 Oe.

When the weak field condition is released and the perturbation theory
for the full Hamiltonian &,;1.s + pgH.(1 + 2s) is applied, the crossing is found
at a slightly different field. Try to estimate it after having read Chapter 4 (or
see Prob. 1.1.20 in the book by Balzarotti, Cini and Fanfoni quoted in the
Preface).

Problem F.I1.6 Refer to the double-excited electron state 2s4p of the He-
lium atom. In the assumption that the 2s electron in practice is not screened
by the 4p electron, which in turn feels just the residual charge Z(r) ~ 1
(see §2.1), evaluate the wavelength of the radiation required to promote the
transition from the ground state to that double-excited state. After the au-
toionization of the atom, and decay to the ground-state of He™, one electron
is ejected. Estimate the velocity of this electron.

Solution:

E(2s,4p) = —14.5 eV, then A = ¢/v = 192 A and v = 3.75 x 10% cm/s.
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The shell vectorial model

Topics

“Aufbau” of the electronic structure and closed shells
Coupling of angular momenta (LS and jj schemes)
Rules for the ground state

Low energy states of C and N atoms

Effective magnetic moments and gyromagnetic ratio
Approximate form of the radial wavefunctions
Hartree-Fock-Slater theory for multiplets

Selection rules

3.1 Introductory aspects

By resorting to the principles of quantum mechanics and after having dealt
with specific atoms, one can now proceed to the description of the electronic
structure in generic multi-electron atoms. We shall see that the sequence of
electron states accounts for the microscopic origin of the periodic Table of the
elements.

First the one-electron states, described by orbitals of the form
Gnim = RnYim, have to be placed in the proper energy scale (diagram).
Then the atom can be thought to result from the progressive accommodation
of the electrons on the various levels, with the related eigenfunctions. This
build-up principle (called aufbau from the German) has to be carried out by
taking into account the Pauli principle (§2.3). Therefore a limited number
of electrons can be accommodated on a given level and each electron has
associated one (and only one) spin-orbital eigenfunction, differing in one or
more of the quantum numbers n, [, m, m, from the others.

The maximum number of electrons characterized by a given value of n is
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n—1 n—1
n(n —1)
2120 +1) =2 4 =2 44—
;:o 2l +1)=2n+4) n+ 3

=0

(3.1)

When this maximum number is attained one has a closed shell. A closed sub-
shell, often called nl shell, occurs when a given nl state (which defines the
energy in the absence of spin-orbit and exchange interactions) accommodates
2(20 4 1) electrons, in correspondence to the degeneracy in the z-component
of the orbital momentum and of the spin degeneracy.

A complete sub-shell (or shell) implies electron charge distribution at
spherical symmetry! and the quantum numbers L (for the total orbital
momentum) and S (total spin) are zero, obviously implying J = 0 and spec-
tral notation (see §1.7) 1S.

For the electrons outside the closed nl shells one has to take into account
the spin-orbit interaction yielding j = (14 s) and the electron-electron inter-
action leading to the Coulomb and exchange integrals, as it has been discussed
for alkali atoms (§2.1) and for Helium atom (§2.2). As a consequence, a vari-
ety of “couplings” is possible and a complex distribution of the energy levels
occurs, the detailed structure depending on the relative strengths of the cou-
plings. For instance, the sequence of levels seen for Helium (§2.2), with spin-
orbit terms much weaker than the Coulomb and exchange integrals, can be
considerably modified on increasing the atomic number, when the spin-orbit
interaction is stronger than the inter-electron effects.

In order to take into account the various couplings and to derive the qual-
itative sequence of the eigenvalues (with the proper classification in terms of
good quantum numbers corresponding to constants of motion) one can abide
by the so-called vectorial model. Initiated by Heisenberg and by Dirac,
this model leads to the structure of the energy levels and to their classification
in agreement with more elaborate theories for the multiplets, although it does
not provide the quantitative estimate of the energy separation of the levels.

In the vectorial model the angular momenta and the associated magnetic
moments are thought as classical vectors, as seen in the ad hoc definition of
J and of L and S at §1.6, 1.7 and 2.2.2. Furthermore, somewhat classical
equations of motion are used (for instance the precessional motion is often
recalled). Moreover constraints are taken into account in the couplings, so
that the final results do have characteristics in agreement with the quantum
conditions. For example, the angular momenta of two p electrons are coupled
and pictorially sketched as shown in Fig. 3.1

The interactions are written in the form

a)  aplisg b) bl ¢)  CikSi-Sk (3.2)

where a) can be considered a generalization of the spin-orbit interaction (a;; >
0, as proved at §1.6); b) is the analogous for the orbital couplings, while ¢) is the

! The rule Z:;l:_l Y (0,0)Y1m(0,¢) = (20 + 1)/47 is known as the Unsold
theorem (See Problem 1.4.9 for a particular case).
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Ti L=0
N, TL=1

Fig. 3.1. Illustrative coupling of the angular momenta for two p electrons to yield
the L = 0,L = 1 and L = 2 states. It is noted that the effective “lengths” of the
“vectors” must be considered /(I + 1) and /L(L + 1).

extension of the exchange interaction discussed in Helium (cj; = —2K < 0).
In these coupling forms the constants a,b and ¢ have usually the dimensions
of energy, the angular momenta thus being in A units.

On the basis of Eqgs. 3.2 the energy levels are derived by coupling the
electrons outside the closed shells and the states are classified in terms of
good quantum numbers. The values of a,b and c are left to be estimated on
the basis of the experimental findings, for instance from the levels resulting
from the optical spectra.

In spite of these simplifying assumptions the many-body character of the
problem prevents suitable solutions when a,b and ¢ are of the same order of
magnitude. Two limiting cases have to be considered:

i) “small” atoms (nuclear charge Z not too large) so that the spin-orbit
interaction is smaller than other coupling terms and the condition a < ¢ can
be assumed. This assumption leads to the so-called LS scheme;

ii) “heavy” atoms at large Z, where the strong spin-orbit interaction im-
plies a > ¢ (jj scheme).

3.2 Coupling of angular momenta

3.2.1 LS coupling model

Within this scheme one couples s; to obtain S and 1; for L (in a way to account
for the quantum prescriptions). For

S=>'s; and L=> 1 (3.3)

the total spin number S = 0,1/2,1,3/2, ... and the total orbital momentum
number L = 0,1,2,... are defined. Then the spin orbit interaction is taken
into account with an Hamiltonian of the form
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Hso =&rs L.S, (3.4)

an extension of the Hamiltonian derived at §1.6 (see §3.2.2 in order to under-
stand that the precessions of 1; yield an average orbital momentum along L,
while the average spin momentum is along S: then Eq. 3.4 follows).

() ——

112 [ 1-1/2[0,172 |0-172 |-1,12 [-1-172
m\mg
1,12 NO MM
] S
1-12 *go\No
0,172 0 NO
0,-172 1 NO

1,122 *@1\ > EKNO
-1,-172 BO\‘K-O N \O\NO

'S ; D,
P10
Table III.2.1 Derivation of the electronic states compatible with the Pauli
principle for two equivalent p electrons. It is noted that the group 2D cannot exists
since states with M = 2 and M, = 1 are not found. The values M, = 0 and with
M running from —2 to +2 are present and they correspond to ' D states at S = 0,
implying J = 2. The states at M = 1 and Ms = 1 are all found and then the
multiplet S = 1 and L = 1 does exist, implying the values J = 2,1,0. Finally the

last case corresponds to the singlet state at S = 0 and L = 0. The total number of
original states is 36 (corresponding to 2 x 2 x (213 + 1) x (2l2 + 1)) and only 15 of
them are allowed. Six states are eliminated because they violate Pauli principle. Of
the remaining 30 states, only half are distinguishable.

When the electrons to be coupled are equivalent, namely with the same
quantum numbers n and [, one has to reject the coupling configurations that
would invalidate the Pauli principle. In other words, one has to take into
account the antisymmetry requirement for the total wavefunction and this
corresponds to the problem of the Clebsch-Gordan coefficients. A simple
method to rule out unacceptable states is shown in Table II1.2.1 for two np
electrons. All the possible values for m and mg are summed up to give M and
M. Then the states along the diagonal are disregarded, since they correspond
to four equal quantum numbers. The states above the diagonal are also to be
left out, since they correspond to the exchange of equivalent electrons, the
exchange degeneracy being taken into account by the spin-spin interaction.
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Finally the electronic states compatible with the values of M and M, are
found by inspection. This method corresponds to a brute-force counting of
the states, as it is shown in the Problems for the low-energy electronic states
in C and in N atoms (Problems III.2.1 and II1.2.2).

When the electrons are inequivalent (differing in n or in ) no restrictions
to the possible sums has to be considered (see Problem III.2.3).

Once that L and S are found and the structure of the levels expected from
the couplings 3.2 is derived, then in the LS scheme one defines

J=L+S, (3.5)

characterized by the quantum number J. The spin-orbit interaction is taken
into account according to Eq. 3.4 in order to derive the multiplets. Pictorially

J=L+S A

S J=L-S

—

J

with coupling energy Fso = £15|L|.|S|cosf (6 angle between L and S).

It is reminded that according to the classical equation of motion, a mag-
netic moment p; < —L in magnetic field precesses with angular frequency
wr, = vH, with y the gyromagnetic ratio given by v = /L (Problem I11.2.4).
In terms of L and S and of the related torque of modulus —0Eso /00, a pre-
cession of each of them around the direction of J has to be expected. To show
this one writes

dL
% = ELSS X L (36)
ds
E == gLSL X S (37)

and since SxS=LxL=0
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dL

— = JxL
7 &rsd x
ds

P sI xS
7 §rsd xS,

implying the precessional motions of L and S around an effective magnetic
field along the direction of J, the angular frequency being proportional to &g
(see Problem II1.2.4).

Therefore J and M; are good quantum numbers while L, and S, are
no longer constant of motion (z is here an arbitrary direction). Then the
energies of the multiplet are derived by adding the corrections due to the
spin-orbit Hamiltonian (in the form 3.4) to the energy E°(L,S) resulting
from the couplings between s; and between 1; (see examples in subsequent
Figures). From the definition of J (Eq. 3.5), again by the usual “squaring”,
one obtains

E(L,S,J) = E°(L,S) + %gLS J(J+1)—L(L+1)—S(S+1) (3.8)

An empirical rule for &g is €rs ~ ££,/2, with the sign + when the
number of the electrons in the sub-shell in less then half of the maximun
number that can be accommodated and - in the opposite case (according to
§1.6 & = a11 in Eq. 3.1). For sign + the multiplet is called regular, namely
the state at lowest energy is the one corresponding to J minimum (pictorially
with L and S antiparallel). For sign - the multiplet is inverted, the state at
lowest energy being the one with maximum value for J (i.e. L and S parallel).

For regular multiplets one immediately derives the interval rule, giving
the energy separation between the states at J and (J 4 1). From Eq. 3.8

AJJ_H = (J -+ 1)5[,5 (39)

implying, for example for L = 2 and S = 1, the structure of the levels shown
in Fig. 3.2. This rule can be used as a test to check the validity of the LS
coupling scheme. It is noted that the “center of gravity” of the levels, namely
the mean perturbation of all the states of a given term, is not affected by the
spin-orbit interaction. In fact

L+S
<AE-E")>= > §L—S(2J+1) {J(J+1) —L(L4+1)-S(S+1)| =0
J=|L—S] 2
(3.10)
(see Figs. 3.2, 3.4 and Problem F.IIL5).

When more than two electrons are involved in the coupling, the procedure
outlined above has to be applied by combining the third electron with the
results of coupling the first two and so on. Examples (Problems I11.2.2) will
clarify how to deal with more than two electrons.
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L S
A
J= - T degeneracy 7
3¢S A
7S N average perturbation
) J=2 / I é:Ls
X 44444444444444444444444444444444444444444444 degeneracy 5
'3fLS 25
LS A 35
v v b
JRUT. A degeneracy 3
J=1

Fig. 3.2. Ilustration of the interval rule for the multiplet arising from the L = 2
and S =1 state.

3.2.2 The effective magnetic moment

At §1.6 the effect of an external magnetic field on one single electron has been
considered. The quantum description for multi-electrons atom shall be given
at Chapter 4. Here we derive the atomic magnetic moment that effectively
interacts with the external field in the framework of the vectorial model and
of the LS scheme.

The magnetic field, acting on gy, and pg, induces torques on L and on
S while they are coupled by the spin-orbit interaction. A general solution for
the motions of the momenta and for the energy corrections in the presence of
the field can hardly be obtained. Rigorous results are derived in the limiting
cases of strong and of weak magnetic field, namely for situations such that
prsH> &g and pr s H < €15, respectively. Let us first discuss the case
of weak magnetic field (Fig. 3.3)

In view of the meaning of L.J and of S.J, the angles between L and J and
S and J can be written

— LL+1)+J(T+1) - S(S+1)
e N e S NATOESY (8-11)
ouGT _ SEFD + I 1)~ LL+1) 5.12)

2¢/S(S+1)\/J(J+1)

Then the magnetic moment along the J direction, after averaging out the
transverse components of L and S (due to fast precession induced by spin
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.............. Transverse components
average out

= -upgliy
.’ o HsT -2upS

U w=ptpg

Fig. 3.3. Vectorial description of angular and magnetic moments in magnetic field,
within the LS model. The interaction with the field is weak in comparison to the
spin-orbit interaction and fast precessions of L and S around J occur, controlled by
&rs. Only the “result” of the precessional motion can effectively interact with the
field: the precession of J at the Larmor frequency wy, = vH is induced. wy, is much
smaller than the precessional frequency of L and S around J (see Problem I11.2.4).

orbit interaction) is 2

ny = —2uBScos§:] — uBLcosﬁ .
Therefore the effective magnetic moment turns out
Hy = —ppgd (3.13)
where g, called the Landé factor, is

J(J+1) +S(S+1) = L(L+1)
g =1+ et SR (3.14)

2 The formal proof is based on the Wigner-Eckart theorem (sce §4.3)



3.2 Coupling of angular momenta 99

Hence the energy corrections associated with the magnetic Hamiltonian are
AE = —p; H = —p5H = gupHMj;. Thus the magnetic field removes the
degeneracy in M; and the energy levels, in weak magnetic field, turn out

E(L,S,J,M;) = E°(L,S,J) + ppgHM;. (3.15)

In the opposite limit when the magnetic field is strong enough that the
Hamiltonians p;.H and pg.H prevail over the spin-orbit interaction, one
can first disregard this latter and the energy levels are derived in terms of
the quantum magnetic numbers M and Mg. Vectorially this corresponds to
the decoupling of the orbital and spin momenta and to their independent
quantization along the axis of the magnetic field, around which they precess at
high angular frequency. The magnetic moment is the sum of the independent
components and therefore the energy correction is written

AE = —[ui H + pgH| = pp MH + 2up M H (3.16)

The spin-orbit interaction can be taken into account subsequently, as pertur-
bation of the states labelled by the quantum magnetic numbers M and Mg.
This will be described at Chapter 4 as the so-called Paschen-Back regime.

3.2.3 Illustrative examples and the Hund rules for the ground
state

In the framework of the LS scheme, by taking into account the signs of the
coupling constants for the spin-orbit interaction (§1.6) and for the spin-spin
interaction (§2.2.2), one can figure out simple rules to predict the configuration
pertaining to the ground state of the atom. This is an important step for the
description of the magnetic properties of matter. The rules, first empirically
devised by Hund, are the following:

i) maximize the quantum number S. The reason for this is related to the
sign of the exchange integral, since in the spin-spin coupling c;2 plays the role
of —2K, as already observed;

ii ) maximize L, in a way compatible with Pauli principle;

iii ) minimize J for regular multiplets while maximize it for inverted
multiplets. This rule follows from the sign of &,; and then of {15 (see Eq.
3.8).

As illustrative examples let us consider one atom of the transition elements,
with incomplete 3d shell (Fe) and one of the rare earth group, with incomplete
4f shell (Sm). The electronic configuration of iron is (1s)2(2s)2(2p)%(3s)?(3p)°
(3d)%(4s)%. Maximization of S implies the spin vectorial coupling in the form
111171 yielding S = 2. The coupling of five of the six orbital momenta must
be zero, since the m numbers must be all different (from -2 to +2) in order to
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a) M

g

Magnetic field

oS —o— oo~

i
g
©»

'

Degeneracy
3

b) Tab,,

VbI_Z_

2.2.(21+1)(21,+1)
Total degeneracy 60

w w3 W W =

~ ©

5

60

Fig. 3.4. Diagram of the energy levels and labeling of the electronic states within
the LS scheme for: a) one s and one p electron; b) one p and one d electron
(outside closed shells). For case a) it is shown how a magnetic field removes all the
degeneracies, while in case b) the number of degenerate states are indicated on the
right (£ Ls has been taken negative).

preserve Pauli principle. Then for the sixth electron we take the maximum,
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namely L = 2. The multiplet is inverted, because the maximum number of
electrons that can be accommodated in the 3d sub-shell is 10. Then J = 4.
Thus the ground state for iron is °Dy.

Samarium has the electronic configuration ending with (4f)%(6s)?. Maxi-
mizing S yields S = 3. To complete half of the shell (that would give L = 0)
one electron is missing. Then by taking the maximum possible value one has
L = 3. The multiplet is regular and therefore the ground state is the one with
J =0, namely "Fy. Other ground states are derived in Problem II1.2.5.

In Table II1.2.2 the ground state of some 4f magnetic ions often in-
volved in paramagnetic crystals, with their effective magnetic moment |u| =
g/ J(J + 1) are reported. As illustrative examples of the structure and classi-
fication of the energy levels in the LS scheme according to the prescriptions
described above, in Fig. 3.4 the cases of atoms with one s and one p electron
and with one p and one d electron outside the closed shells are shown.

Ion Shell S L J Atomic [p|
Configu ration (in Bohr magneton)

Ce™* 4f 1/2 3 5/2 Fs), 2.54
pri 4f 1 5 4 °H, 3.58
Nd* 4f 32 6 9/2 Top 3.62
Pm’ 4f* 2 6 4 3L 2.68
Sm** 4f° 5/2 5 5/2 SHs) 0.85
Eu* 41 3 3 0 "F, 0

Gd** af 72 0 72 83 7.94
o™ 4 3 3 6 Fe 9.72
Dy** 41 52 5 15/2 Hysp 10.65
Ho™ 41 2 6 8 I 10.61
Er’* af"! 3/2 6 15/2 Lisn 9.58
Tm®* 42 1 5 6 3Hg 7.56
Yb* 4t 1/2 3 7/2 F,, 4.54
Lo 4£ 0 0 0 'S, 0

Table ITI.2.2 Ground state of some magnetic ions of the 4 f sub-shell, accord-
ing to Hund’s rules, and correspondent values of the effective magnetic moments. It
should be remarked that these data refer to free ions, while the magnetic properties
can change when the crystalline electric field is acting (see §13.3).
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In Fig. 3.5 the energy levels of the p? configuration are reported and the
transitions to the sp configuration (see Fig. 3.4a), driven by electric dipole
mechanism, are indicated (see §3.5).

1
S 7y J=0
1
np? D | J=2
3 P Y X J=2
24 X J=1
4 J=0
1
P v ¥ J=1
ns n
3p J=2
A ; A, A le
J=0

Fig. 3.5. Multiplet structure in the LS scheme for the nsnp and the np? configu-
rations and transitions allowed by the electric dipole mechanism (see §3.5).
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Problems II1.2

Problem III.2.1 Derive, with proper labeling, the first low-energy states
of the carbon atom (ground state configuration (1s)? (2s)? (2p)?) by taking
into account the inter-electronic interactions, first disregarding the spin-orbit
interaction.

Solution:

The method to rule out unacceptable states for equivalent 2p electrons is
shown in Table II1.2.1. Equivalently, by indicating |m = 1,ms =
a, ‘077% >= dv |1a7% >= ba | - 17% >= e, |Oa% >= ¢, | - 17*%
one has the possibilities listed below:

\/t\)\»—t
Il
~ Il

Myp Mg
ab 2 0 {
ac 1 1 e
ad 1 0 ¢4
ae 0 1 e
al 0 0 &
bc 1 0 e
bd 1 -1 e
be 0 0 e
bf 0 -1 e
cd O O
ce -1 1 e
c -1 0 ¢
de -1 0 e
df -1 -1 e
ef -2 0 ¢

f terms correspond to L =2 and S =0, e to L =1 and S = 1, while { to
L =0and S =0 (see Table III.2.1).

The first low-energy states are 1Sy, 1Dy and 3Py 2, according to the
vectorial picture and to the Hund rules:

7011 'S L=0S=0

1 11 Do L=2S=0

N17 3Ppa2 L=18S=1

The correspondent energy diagram, including the experimentally detected
splitting of the lowest energy 3P state due to spin-orbit interaction is
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15225%2p?

3 The shell vectorial model

20,50, ... S0 20649 e
520D 2 05 e
i‘lzz 43 et
3P oo
3 —
J‘/ 1 16 cm!
0 - ground state
P, J=0

An extended energy levels diagram of the atom (with spin-orbit splitting

not detailed) is

Singlet (S=0)
1 S 1P

' | '

Triplet (S=1)

4's

4

3P
25°2p3p

1

3P
25°2p3s

2's
2s°2p”

1,

2D
2522p2

10195 cm™
2°p

2522p2

T T T T " T " T T T T T 7717

Problem III.2.2 Derive the first low-energy states for the N atom (elec-
tronic configuration (1s)? (2s)? (2p)?) by taking into account the inter-electron
couplings, labelling the states with the good quantum numbers. By assuming
a spin-spin interaction of the form Z: j As;.s; evaluate the shift of the ground

state.
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Solution:
According to the notation used in Problem III.2.1, the possible one-electron
states area bcde f.

The complete states, in agreement with the Pauli principle, are

ML Ms ML MS
abc 2 1/2 bed 1 -1/2
abd 2 -1/2| bce 0 1/2

TE TE TE e

abe 1 1/2 bef 0 -1/2
abf 1 -1/2| bde 0 -1/2
acd 1 1/2|§ cde -1 1/2
ace 0 3/2(f# cdf -1 -1/2
acf 0 1/2|f def -2 -1/2
£ ade 0 1/2 bef -1 -1/2

g adf 0 -1/2|f cef -2 1/2
aef -1 1/2| bdf 0 -3/2

(4 terms corresponding to L = 2, S = 1/2, i.e 2Dy 5 39, etc...).
Thus the three low-energy states are

2Ps 1 ?Ds s 49
272 272 2
correspondent to the vectorial picture
NS =T 2P%,% L-lS_%
TT— 111 QD%,% LZQS:%

Tle 111

IS
nn
(S
~
Il
o
n
Il
[SIY
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The diagram is

Doublet (5=1/2) Quartet (S=3/2)

0 L | L
E(eV) ; — = | — _

51

4] —_—
5
6
7]
8
9]
2104
] 7P
11 4
12 2°D

13

144 14536V s,
-15 : : : : : , : ,

The shift of the ground state due to the spin-spin interaction is 34/4. In
fact
S? = s2 452 + 52 + 2[s1.82 + S2.53 + 51.583)

and then
S?2-s?—s2-s2 3
[51.52 + S9.83 + 51.53} = 5 = 1

The same structure and classification of the electronic states hold for
phosphorous atom, in view of the same configuration s?p?® outside the closed
shells. On increasing the atomic number along the V group of the periodic
Table, the increase in the spin-orbit interaction can be expected to invalidate
the LS scheme (see §3.3). However, for three electrons in the p sub-shell,
since {15 is almost zero (see Eq. 3.8), the >P; /5 and 2Py 5 states, for instance,
have approximately the same energy (AEgo ~ 3.1 meV).
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Problem III.2.3 Reformulate the vectorial coupling for two inequivalent
p electrons in the LS scheme, indicating the states that would not occur for
equivalent electrons.

Solution:
il — L states
‘H I 2 D
Vo r
Theo s
s S multiplets
1
o 1 .
tv 20 1
J=L+S D J=3,2,1 for S=1
J=2 for §=0
P J=2,10 for S=1
J=1 for §=0
S J=5=1,0 .

For equivalent electrons only 3P2’1,0, 1Dy and '8, are present (see Table
II1.2.1).
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Problem II1.2.4 By referring to a magnetic moment gy in magnetic
field H, derive the precessional motion of L with the Larmor frequency
wr, = vH, where v is the gyromagnetic ratio (see Problem 1.6.5).

Solution:

LA T
rh"‘--‘- b ";}
[
f
)
."_'.'
xI
The equation of motion is
dL
— = xH=-—LxH
dt 1229 Y
i.e. dL
=0 = L. = Lcosf = const
dt
Lo= —vLyH L,=~L.H
Then 21
x _2qy2
az - L

(and analogous for L), implying coherent rotation of the components in the
x — y plane with wy, = eH /2me.

The frequency of the precessional motion can be obtained by writing (see
Figure)
|AL| = Lsin 0wy, At
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A

so that
_JAL| 1 ppHsing

YL= A7 Temd -~ Lsme H

Problem III.2.5 Derive the ground states for Fett, VT++ Co, As, La,
Yb*tt+ and Eut", in the framework of the LS coupling scheme (a similar
Problem is F.IIL.3).

Solution:

The ion Fet* has six 3d electrons. According to the Pauli principle and
the Hund rules Then S=2 L=2 J=L+S=4 = state °Dy;

m spin

(el V]

1
N =
— — — —

VT has incomplete 3d shell (2 electrons):



110 3 The shell vectorial model

m spin
21
L7
0
-1
-2

Then S=1 L=3 J=L-S5=2 = state 3F.

Similarly
Co (3d)"(4s)? S=3 L=3 J=% = state ‘Fy;

As (3d)'°(4s)*(4p)® S=35 L=0 J=35 = state *Sg;
La (5d)!(6s)> S=1 L=2 J=2 = state 2D%;
Yot (4f)® S=4 L=3 J=L+S=] = state >Fz;

Eutt (4f)T S=1 L=0 J=S=I = state 5S:.

z
2

(see Table I11.2.2)

3.3 jj coupling scheme

The experimental findings indicate that the interval rule (Eq. 3.9), character-
istic of the LS scheme, no longer holds for heavy atoms. This can be expected
in view of the increase of the spin-orbit interaction upon increasing Z, thus
invalidating the condition a < ¢ at the basis of the LS coupling. In the oppo-
site limit of a > ¢ one first has to couple the single-electron orbital and spin
momenta to define j and then construct the total momentum J:

ji=L+s; with good quantum numbers j; and (m;); (3.17)

and
J= Zjl with good quantum numbers J and M; (3.18)
i

The final state is characterized by [, s, j of each electron and by J and M ; of
the whole atom. The vectorial picture is shown in Fig. 3.6. j; and j, are half
integer while J is always integer. To label the states, the individual j;’s are
usually written between parentheses while J is written as subscript.
In a way analogous to the couplings in Eqgs. 3.3 and 3.5, j;.j2 leads to
J(J+1)—ji1(j1 +1) = j2(ja + 1)

Jije = > (3.19)
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Fig. 3.6. Vectorial sketch of the jj coupling and of the precessional motions for two
electrons, leading to the total J and p; precessing around the external magnetic

field.

The structure of the levels and their labelling is evidently different from
the one derived within the LS scheme, as it appears from the example for
one s and one p electron in Fig. 3.7 (to be compared with Fig. 3.4a). In Fig.
3.8 the comparison of the LS and jj schemes for two equivalent p electrons is
shown. The jj coupling for two inequivalent p electrons is indicated below

J1
3/2
3/2
1/2
1/2

J2
3/2
1/2
1/2
3/2

J Notation Degeneracy
3,2,1,0((3/2,3/2)3,2,1,0 16

2,1 (3/2,1/2)2,1 8

1,0 (1/2,1/2)1,0 4

2,1 (1/2,3/2)2,1 8

Total number of states 36

For equivalent p electrons the following cases are excluded

J1
3/2
3/2
1/2

J2
3/2
3/2
1/2

—_ =0

number of states excluded 13
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J=1
=112, j,=3/2 4 3/2,1/2
R NET T G 1,
T 3B/4
o)) J=2 3/2,1/2),
sp
without
interactions }
i with In the presence of
Ay le -j2 the magnetic field
{  with
P oapls, J=
: T 1/2,1/2),
AR /A /v S —
- - 3B/4
=172, j,=172 \
o 1/2,1/2),
J=0

Fig. 3.7. jj coupling for s and p electrons. It is noted that for the state j; = 1/2
and j» = 3/2 the energy constant B’ describing the coupling is equal and of opposite
sign of the one (B) for the j1 = 1/2 and j» = 1/2 state (this is proved in Problem
II1.3.1).

The first case implies parallel orbital momenta as well as parallel spins.
The third case corresponds to l; = ls = 0 and parallel spins. The middle term
is not pictorially evident (it is the analogous of the ! P states at Table I11.2.1)
and corresponds to a level for which no additional distinguishable states are
available.

The states allowed for equivalent p electrons are listed below, where the
M degeneracy can be removed by a magnetic field:

Ji | g2 | J |Spectroscopic notation|Degeneracy

3/213/2(2,0 (%7 %)2,0 6 .
3/2(1/2|2,1 (3, D) 8 see Fig. 3.8
1/2/1/2) 0 (3:3)o 1

Total 15
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IS »
(1J2)
(312,312)
......................................... —
D
D J:2 .............................
}’lp2 np2
=2
...................................................... -
N
........................................................................ o o

Fig. 3.8. Comparison of the structure and classification of the levels for two equiv-
alent p-electrons in the LS (left) and jj (right) coupling schemes.

It is noted that the state (2,1),; is indistinguishable from the (3,3)2
and this accounts for the other 8 states missing with respect to the original
36 states.

An example of heavy atom where a coupling intermediate between the LS
and the jj schemes is Mercury. The energy diagram (simplified) is shown in
Fig. 3.9.

Besides the violation of the interval rule one should remark that the
strongest lines in the spectral emission of a mercury lamp originate from
the intercombination of the 1Sy and 3P, states. At the sake of illustration,
since the line at 2537 A would be forbidden in the LS scheme (because of the
orthogonality of singlet and triplet states), one realizes the breakdown of LS
coupling.

In very heavy atoms pure jj coupling does occur. The tendency from LS
to jj coupling scheme is shown schematically in Fig. 3.10 for the sequence C,
Si, Ge, Sn, Pb, in terms of the (sp) outer electrons configuration.
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Singlets Triplets
ns's, np'P’ nd'D,
8
\03/ 6 1 .l'll
> /
&0 f
5 4 /
<] | f
m _r" _’__.r'”/
/ N |~
2 ] i ”4631/’ 2
/ o
0 ;:/’

Fig. 3.9. Energy diagram for Hg, emphasizing the strength of the intercombination
lines between singlets and triplet states (at variance with Fig. 2.7). In the triplet
63D3 — 6Dy — 62D the experimental measure of the separation 63D3 63D is 35
cmfl, while the separation for 63Dy - 63Dy is 60 cm™!. The ratio of the intervals
turns out 0.58, whereas in the LS scheme one would have 1.5 (Eq. 3.9).

(312, 1/2),
/ ——— (312, 1/2),

3pds germani um“::“q-__'—_\
4p5s tin -\
5p6s N\ (1/2, 1/2),
(1/2,1/2),

lead
6p7s

Fig. 3.10. Schematic view of the progressive changeover from LS scheme towards
jj scheme on increasing the atomic number for the two electrons energy levels. It
should be remarked that the LS scheme is often used to label the states eventhough
their structure is rather close to the one pertaining to the jj coupling scheme.

Problems II1.3

Problem III.3.1 Prove that for the jj coupling of one s and one p electrons
in the state at j3 = 1/2 and j2 = 3/2 the fine structure constant B’ is equal

to —B (see Fig. 3.7).
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Solution:
The couplings are
ar1ly - 81 + agsly - so + B(jl,jg)jl -jo with a1 and age > 0.

For s electron 1; =0 s1 = % g1 = %
For p electron Iy =1 s9 = % Jo = %%
corresponding to the configuration
J1je J
1321
1110

with B (3, 2) = B’ (a) and B (3, 1) = B (b).
For case (a)
Bj1 'jg = B'51 . (12 + Sz) = B/12 - 81 +B/S1 - So
———

negligible
while for case (b)

Bji - j2 = Bsy - (12 - 52) = Bly-s; —DBs;-sy
N——
negligible

Thus = - >0 and B =-B.

Problem III.3.2 For an electron in the Isjm; state, express the expecta-
tion values of s,, [, [2 and [2 (z is an arbitrary direction and x is perpendicular
to z).

Solution:

By using arguments strictly similar to the ones at §2.2.2 (see Eq. 3.12) and
taking into account that because of the spin-orbit precession s must be pro-
jected along j:

—

s; = |s|cos(sj) with
cos(s}) = [s<s )G -t 1)] /2 /AT DVIG D).
Then < s, >= S; m]/|]| = mjA,

with A= [s(s+1)+j(G+1) =1+ 1)]/2j(G +1)
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<l >=<j,>—<s,>=m;(1-A)

<P>=<(j,—s.)>=<j2>+<s>-2<j,5, >=

1 1
_ 2 2 2
—mj+1—2mj<sz>—mj+1—2mjfl

Since < I? >=< 12> 42 <2 > (<} >=< [} >) then

1 1
2 2
<z >= 3 l(l+1)—1—mj(1—2A)

The same result for < s, > is obtained from the Wigner-Eckart theorem
(Eq. 4.25): <1, s,7,mj|s,|l,s,5,m; >=<|(s-))j.| > /j(j+1) =

=mj <l|s-j|>/iG+1) =m; < |1+ >/2i( +1)

3.4 Quantum theory for multiplets. Slater radial
wavefunctions

From the perturbative Hamiltonian reported in Eq. 1.11 and on the basis of
the Slater determinantal eigenfunctions D(1,2, 3, ...) described at §2.3, one can
develop a quantum treatment at the aim of deriving the multiplet structure
discussed in the framework of the vectorial model. The perturbation theory
for degenerate states has to be used. A particular form of this approach is
described in Problem II.1 for the 1s2] states of Helium. At §2.2.2 a similar
treatment was practically given, without involving a priori the degenerate
eigenfunctions corresponding to a specific electronic configuration.

In general the direct solution of the secular equation is complicated and
the matrix elements include operators of the form r; L and ri_jl and the spin-
orbit term. Again two limiting cases of predominance of the spin-spin or of the
spin-orbit interaction have to be used in order to fix the quantum numbers
labelling the unperturbed states associated with the zero-order degenerate
eigenfunctions. The eigenvalues are obtained in terms of generalized Coulomb
and exchange integrals. First we shall limit ourselves to a schematic illustra-
tion of the results of the Slater theory for the electronic configuration (np)?,
to be compared with the results obtained at §3.2.3 in the framework of the
vectorial model.

For two non-equivalent p electrons (say 2p and 3p) the Slater multiplet
theory yields the following eigenvalues in the LS scheme, Iy 2 and Ky 2 being
Coulomb and exchange integrals for different one-electron states:

a) EGD)=Eg+Ip+ 2 - Ko— 52
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b) E(GP) = Ey+ 1o — 32 + Ko — 2%

¢) EGS) = Eo+ I + 122 — K, — 1952
d) EAD)=Eo+Io+ 2 + Ko+ £2

e) E('P) = E0+I(J—&—K( +5K2

f) E(1S) = Eo + Io + 92 + K + 19

(the indexes 0 and 2 result from the expansion of 1/r12 in terms of Leg-
endre polynomials). For equivalent 2p electrons only states b), d) and f)
occur, with energies (Fig. 3.11)

E(P)=FEo+ 1 — 32

E(D)=Ey+Io+ £

E(1S) = Eo+ Io + 19k

(the exchange integral formally coincides with the Coulomb integral here).

The quantitative estimate of the energy levels cannot be given unless nu-
merical computation of I and K in terms of one-electron eigenfunctions is
carried out.

Approximate analytical expressions for the radial parts of the one-electron
eigenfunction can be obtained as follows.

An effective potential energy of the form

—(Z —0)e®*  n*(n* —1)h?
+
r 2mr?

(3.20)

Vir)=

is assumed, with ¢ and n* parameters to be determined. This form is strictly
similar to the one for Hydrogenic atoms, with a screened Coulomb term and
a centrifugal term (see §1.4). Thus the associated eigenfunctions are

(Z—o)r

(bnlm(ra 97 30) = NYVLm(Ha @)rn*_167 n*ag (321)

with N normalization factor.

The eigenvalues are similar to the ones at §1.4 and depend on o and n*.
Then E(o,n*) is minimized to find the best approximate values for o and n*
and the radial part of the eigenfunctions is derived.

Empirical rules to assign the proper values to ¢ and n* are the following.
For quantum number n one has the correspondence

n=1,2,3,4,5 and 6
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________ - 1S0

D,

3P2

31)1
3P0

Fig. 3.11. Schematic diagram for equivalent p® electron configuration as derived
in the Slater theory, in terms of Coulomb and exchange generalized integrals. The
comparison with the results of the vectorial model (see Problem I11.2.1) clarifies that
the same structure and classification of the levels is obtained. Quantitative estimates
require the knowledge of the radial parts of the one-electron eigenfunctions.

n* =1,2,3 37, 4, and 4.2
while Table II1.4.1 gives the rules to derive (Z — o).

R S oo 4o __j____{_He_
I T S O O O I . 7 I
Li Be B N (0] F Ne
_ o Li_ | _Be__ - B_4_ C_4 N_, O _4 F _, Ne_
T T T 26906 | 36848 | 46795 | S677 | 66651 | 76579 | 86500 | 96421
2.7\ 12760 | L9120 | 25760 | 32166 | 38474 | 4d9l6 | 51276 | 57584 |
E2P_i_ o __ ] |_24214 | 3.1358 | 38340 | 44532 | 51000 | 57584
. Na |, Mg , Al Si P S Cl Ar
__j_ _Na_ | Mg, _Al_,_Si_, P_, S _, _C | Ar _
1.7 10.62597, 1160897, 1259107, 15,5753 | 145578 | 155900 | 165239 | 17,5075 |
© 27765704, 73920 | §2136 | 90200 | 0.8350 | 10,6288 | 114304 | 122303 |
27| 68018, 78258 | 89634 | 9.9450 | 109612 | 119770 | 12,0932 | 140082 |
37\ 25074 7| 3075 | 4172 | 49052 | S6H18 | 63669 | 70683 | 77568 |
D Tdess | 4285y | assed | 54819 L 61iol | 6764l |

Table I11.4.1 The Clementi-Raimondi values for Z — o (ground states). It
can be noted that for He atom, since n* = n = 1 the value of Z — o must coincide
with Z* variationally derived at Prob. I1.2.2.

The best atomic orbitals are actually obtained by the numerical solu-
tions along the lines devised by Hartree with the improvement by Fock and
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Slater to include the electron exchange interaction. The so-called Hartree-
Fock equations for the one-electron eigenfunctions can be derived, by means
of a rather lengthy procedure, applying the variational principle to the energy
function, for a variation that leaves the determinantal Slater eigenfunctions
normalized. The Hartree-Fock equation for the orbital ¢, (r;) of the i-th elec-
tron can be written in the form

{Hi+ ) [215 — Kpl}a(ri) = Eida(r) (3.22)
3

H; is the one-electron core Hamiltonian (T; — Z*e?/r;, with Z* = Z if
no screening effects are considered), while Iz and K3 are the Coulomb and
exchange operators that generalize the correspondent terms derived at §2.3
for He:

2

Lna(r:) = [asz(rj);m(rj)drj] Balrs)
62
Kaalrs) = [asz(rj)w%(rj)dw] b5(r3) (3.23)

E, in Eq. 3.22 is the one-electron energy. After an iterative numerical proce-
dure, once the best self-consistent ¢’s are obtained, by multiplying both sides
of Eq. 3.22 by ¢%(r;) and integrating, one obtains for the i-th electron

Bo=E2+ Y (2Ias — Kap) (3.24)
B

with B =< a|H;la > and I,3 and K,g are the Coulomb and exchange
integrals, respectively (with Igs = Kgg). A sum over all the energies E,, would
count all the interelectron interactions twice. Thus, by taking into account
that each orbital in a closed shell configuration is double occupied, the total
energy of the atom is written

Er =2 ZEa - Z(Qjaﬁ - Kaﬂ) (3'25)
a a,B

Although the eigenvalues obtained along the procedure outlined above are
generally very close to the experimental data for the ground-state (for light
atoms within 0.1 percent) still one could remark that any approach based on
the model of independent electrons necessarily does not entirely account for
the correlation effects.

Suppose that an electron is removed and that the other electrons do not
readjust their configurations. Then the one-electron energy E, corresponds
to the energy required to remove a given electron from its orbital. This is the
physical content of the Koopmans theorem, which identifies |E, | with the
ionization energy. Its validity rests on the assumption that the orbitals of the
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ion do not differ sizeably from the ones of the atom from which the electron
has been removed.

The Hartree-Fock procedure outlined here for multi-electron atoms is
widely used also for molecules and crystals, by taking advantage of the fast
computers available nowadays which allow one to manipulate the Hartree-Fock
equations. When the spherical symmetry of the central field approximation
has to be abandoned numerical solutions along Hartree-Fock approach are
anyway hard to be carried out. Thus particular manipulations of the equa-
tions have been devised, as the widely used Roothaan’s one. Alternative
methods are based on the density functional theory (DFT), implemented
by the local density approximation (LDA). Correlation and relativistic
effects are to be taken into account when detailed calculations are aimed,
particularly for heavy atoms. Chapter 9 of the book by Atkins and Fried-
man (quoted in the preface) adequately deals with the basic aspects of the
computational derivation of the electronic structure.

Finally we mention that for atoms with a rather high number of electrons
and when dealing in particular with the radial distribution function of the
electron charge in the ground-state (and therefore to the expectation values),
the semiclassical method devised by Thomas and Fermi can be used. This
approach is based on the statistical properties of the so-called Fermi gas of
independent non-interacting particles obeying to Pauli principle, that we shall
encounter in a model of solid suited to describe the metals (§12.7.1). The
Thomas-Fermi approach is often used as a first step in the self-consistent
numerical procedure that leads to the Hartree-Fock equations.

3.5 Selection rules

Here the selection rules that control the transitions among the electronic levels
in the LS and in the jj coupling schemes are recalled. Their formal deriva-
tion (the extension of the treatment in Appendix 1.3) requires the use of the
Wigner-Eckart theorem and of the properties of the Clebsch-Gordan co-
efficients. We will give the rules for electric dipole, magnetic dipole and elec-
tric quadrupole transition mechanisms, again in the assumption that one elec-
tron at a time makes the transition. This is the process having the strongest
probability with respect to the one involving two electrons at the same time,
that would imply the breakdown of the factorization of the total wavefunction,
at variance to what has been assumed, for instance, at §2.1.

A) Electric dipole transition

LS coupling
AL =0,+1 and AS = 0, non rigorous (L =0 — L' = 0 forbidden)
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AJ =0, 1, transition 0 < 0 forbidden 3;

AM; = 0,41 for AJ = 0 the transition M; = 0 — M/ = 0 forbidden 3.

For the electron making the transition one has Al = %1, according to
parity arguments (see App.1.3).

jj coupling

For the atom as a whole

AJ = 0,41, transition 0 < 0 forbidden 3;

AMj; = 0,+1 for AJ = 0 the transition My = 0 — M, = 0 is
forbidden 3.

For the electron making the transition Al = +1, Aj =0, £1.

B) Magnetic dipole transitions

AJ =0,4£1 and AM; = 0,+1 (general validity)
LS scheme

AS =0, AL =0, AM = +1

C ) Electric quadrupole mechanism

AJ = 0,41, £2 (general validity),

LS scheme
AL =0,%1,+2
AS =0

Fig. 3.5 shows an example of the selection rules given in A).

Problems F.III

Problem F.IIL.1 A beam of Ag atoms (in the ground state 525 o) flows
with speed v = 10* cm/s, for a length I; = 5 cm, in a region of inhomogeneous
magnetic field, with dH /dz = 10* Gauss/cm. After the exit from this region
the beam is propagating freely for a length I = 10 cm and then collected on a
screen, where a separation of about 0.6 cm between the split beam is observed
(Stern-Gerlach experiment). From these data obtain the magnetic moment
of Ag atom .

Solution:

3 Rules of general validity in both schemes.
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In the first path [y the acceleration is

_ P pe dH
_MAg_MAgdZ

a

and the divergence of the atomic beam along z turns out

1 (Y
d_2a(v

In the second path Iy, with v, = aly /v and then d” = alyly/v?.
The splitting of the two beams with different z-component of the magnetic
moment (S = J = 1/2) turns out

d=2(d +d") = %(zf + 201)

Then )
o _ Magv'd ~0.93.10-20 _&
z %(l% + 21112) Gauss

Problem F.III.2 In the LS coupling scheme, derive the electronic states
for the configurations (ns,n’s) (i), (ns,n’p)(ii), (nd)?(iii) and (np)3(iv). Then
schematize the correlation diagram to the correspondent states in the jj
scheme, for the nd? and for the np? configurations.

Solution:

i)S=1 L=0 39

S=0 L=0 !9,

.o 1 3
ii) 'Py ;° Po12
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iii)

2 2 1 1 0 0 -1 -1 -2 -2 m

1 _1 1 _1 1 _1 1 _1 1 _1,.
2 2 2 2 2 2 2 2 2 2 s

2 1

2 f% 4,0

1 113130

1 —11 303,120

0 21212011 10

0 —%| 2,02-11,0 1,-1 0,0

-1 4/ 111001 00 -1,1 -1,0

-1 —%| 1,01,-1 0,0 0,-1 -1,0-1,-1-2,0

2 110100-1,1-10-21-20-31 -3,0

-2 =11 0,00,-1-1,0-1,-1-2,0 -2,-1 -3,0 -3,-1 -4,0

m; Mms

1 3 1 3 1
then So, F)le,()7 D27 F4,3,27 G4

The total number of states is (12()) =45
iv) 45%, 2Py 5,°%D

25

(M)

3 5
272

The total number of states is (g) =20
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The correlation between the two schemes is given below for the p? and d?
configurations:

=372

2P3/2,1/2 (3/2,3/2,3/2)

P J=3/2,5/2

2D5/2,3/2 (1/2,3/2,3/2) p

i =32
32 ———(1/2,112,32)

LS coupling ij coupling

1§ 1S0 o
ID ~ 1D2
&> 1G 1G, (5/2,3/2) )
p
3F4
3F 3F \\\\
3 T, GR232)

Problem F.IIIL.3 By resorting to the Hund rules derive the effective mag-
netic moments for Dy™ ™+, Crt++ and Fett* (See Table I11.2.2).

Solution:
The ion Dy™T has incomplete 4 shell (9 electrons).
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According to the Pauli principle and the Hund rules

= N W
— —

S=2%2 L=5 J=L+S=% = state °H.

15
2

1

1
-1
2 1
307

The Landé factor is

JT+D)+SS+1)—LL+1) 4
g=1+ 27(J +1) g =133

thus

15 (1
p=-1— =g /I +1) =133 5<5+1>10.65
1B 2 \2

In similar way

Critt (3d) S=§ L=3 J=|L-8=§ = state ‘Fy
g=0.4and p=0.77
Fet™t (3d)) S=3 L=0 J=S=3 = state °Ss;

g=2and p=>5.92

125

Problem F.III.4 Derive the multiplets for the 3F and the 3D states and

sketch the transitions allowed by the electric dipole mechanism.
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Solution:
F EFJ
r
F
E
By
. K
.[ =3 a=1 ‘2;:: ———————————— _1__{_“-_ .
v .F3
4
4
1
%
LT EFQ
/..r 3.[-"3
ra
. /
L=2 5=1 {F———— ————————— Fr—
W Lom 5
\ 2
LY
b
LY ED],

Problem F.ITI.5 When accelerated protons collide on F nuclei an ex-
cited state of 2°Ne is induced and transition to the ground state yields ~y
emission. The emission spectrum, as a function of the energy of colliding
protons, displays a line centered at 873.5 keV, with full width at half inten-
sity of 4.8 keV. Derive the life time of the excited state of 20 Ne. Comment
about the difference with the emission spectrum of 5“Fe, where the transition
to the ground state from the first excited state yields a «-photon at 14.4 keV,
with life time 1077 s.

By referring to °“Fe, considering that the transition is due to a proton and
assuming as radius of the nucleus of 107!2 ¢cm, by means of order of magni-
tude estimates discuss the transition mechanism (electric dipole, electric
quadrupole, magnetic dipole) driving the 7 transition at 14.4 keV in ®7Fe.

Solution:

From

1.05- 10727 erg sec

h
~ o~ =1.37-10"9s.
TTAE T 48.10° 1.6-10Zerg s

for 29Ne, while for °"Fe

AFE ~

S S

=1.05-10" erg ~ 6.6 - 10~ ?keV
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The transition mechanism driving the v transition at 14.4 keV in °“Fe is
discussed as follows:

a) for electric dipole transition the spontaneous emission probability (see
App.l.3) is

327T3(E2 —E1)3
E _ 2 ~
Ay = T | <2leR|1 > |7 ~

992 - (14.4-103 - 1.6 - 1072 erg)?

. 2
8.1-1031.306.79 - 10—108 (eRn)

~1.1x 10" s~

Then one would expect
(AR~ 107 s

b) for the electric quadrupole mechanism
AR (AN L (6620773200 N1
A% " \Ry/ 47?2  \107'2.144-103-1.6-10712 ) 4x2’

9 ar?.19.10~1.9-10%s

Thus

¢) for the magnetic dipole mechanism

AR eRy 1% (48-10710.107"2 2~4100
AM 7009 pun | 5.10-24 -

v~ 7F 4100 ~ 41077 s.

On the basis of the experimental value it may be concluded that the tran-
sition is due to magnetic dipole mechanism.

Problem F.III.6 Estimate the order of magnitude of the ionization en-
ergy of 22U in the case that Pauli principle should not operate (assume that
the screened charge is Z/2) and compare it with the actual ionization energy

(4 eV).
Solution:
From 72,4 7
E=-E2° —_Z 1360V
2h*n? n?

and for n = 1 and Z = 46, the ionization energy would be

|E| = (46)? - 13.6eV ~ 3 - 10*eV.
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Problem F.IIL.7 The structure of the electronic states in the Oxygen
atom can be derived in a way similar to the one for Carbon (Problem III.2.1)
since the electronic configuration (1s)? (2s)? (2p)? has two “holes” in the 2p
shell, somewhat equivalent to the 2p two electrons. Discuss the electronic term
structure for oxygen along these lines.

Solution:

From Table II1.2.1 taking into account that for (2p)% one would have
M; = 0 and Mg = 0 the term 3P, 'D, 1S are found. Since one has four
electrons the spin-orbit constant changes sign, the multiplet is inverted and
the ground state is 2P instead of > Py (see Prob. I11.2.1).
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Atoms in electric and magnetic fields

Topics

Electric polarizability of the atom

Linear and quadratic field dependences of the atomic energies
Energy levels in strong and weak magnetic fields

Atomic paramagnetism and diamagnetism

Paramagnetism in the presence of mean field interactions

4.1 Introductory aspects

The analysis of the effects of magnetic or electric fields on atoms favors deeper
understanding of the quantum properties of matter. Furthermore, electric or
magnetic fields are tools currently used in several experimental studies.

In classical physics the prototype atom is often considered as an electron
rotating on circular orbit around the fixed nucleus. In the presence of electric
and magnetic fields (see Fig. 4.1), the equation of motion for the electron

becomes P2 ) p
r er e r
—=—— - —-—-|—xH 4.1

" e c<dt>< ) (41)

For a static magnetic field H only (then the external electric field € = 0)
from Eq. 4.1 it is found that the Lorentz force induces a precessional motion
of the charge around z, with angular frequency (see Problem IV.2.1)

eH e? eH e?
2 - ~ e 4.2
)+ mr3 + 2me wrt mr3 (4.2)

w==+ (ch
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n \ . E,=er'r’

Y

Fig. 4.1. Variables used to account for the effects of electric or magnetic field in
the classical atom (Eq. 4.1).

To give orders of magnitude, the orbital frequency in the plane of motion is
around 10'rad s=1, for field H = 10* Oe (1 Tesla).

The current related to the orbital motion corresponds to the magnetic mo-
ment p' = ppn (see Problem 1.6.2): its alignment along the field, contrasted
by thermal excitation, implies the temperature dependent paramagnetism.
The effective z component of the magnetic moment is expected of the order of
(1), ~ pp(ppH/kT) (formal description will be given at §4.4). Therefore
the paramagnetic susceptibility Xpara = N(1.)/H, for a number N = 10?2
of atoms per cubic cm, is of the order of xparq = NuQB/kBT ~ 6 x 107° (for
T ~ 100 K).

The current related to the precessional motion of the orbit is i = (—ewy, /27)
—e2 H /4mme, along a ring of area A = 7(rsinf)? (see Fig. 4.1). The associated
magnetic moment is

: 2
(W), = 1;4 = fiiiﬁwﬁsm%,
yielding a diamagnetic susceptibility x4, = Np’/H ~ —e*Nr?/4mc?,
as order of magnitude around —107% (again for N = 10?2 atoms per unit
volume).

On the ground of qualitative arguments the effect of an electric field € || 2

can be understood by referring to the displacement §z of the orbit along the
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field direction: the component of the Coulomb force €25z /r® equilibrates the
force e€ (see the sketch below).

oz

)

Then the dipole moment turns out edz = £r® and an atomic polariz-
ability given by a ~ e§z/€ ~ 13 ~ 1072* cm?® can be predicted.

In the quantum mechanical description the electric and magnetic forces
imply the one-electron Hamiltonian (see Eq. 1.26)

1
H=—(p+ A2+ V(r) + 2ups.rotA — e =
2m c
p2 A (& A A 62 2
== 2ups.rotA — ep+ — |(p. . _
o +V(r)+2ups.rot epto— {(P )+ ( p)} o Ho+Hp
(4.3)

Hp

Here the magnetic term related to the spin moment (Eq. 1.32) has been added,
while V(r) in Hy is the central field potential energy. ¢ and A in Eq. 4.3 are
the scalar and vector potentials describing the perturbation applied to the
atom.

For static and homogeneous electric field

A =0, and = —/ Edz = —zE (4.4)
0
while for static and homogeneous magnetic field

1
v =0, and A= §H X r (4.5)
The corrections to the energy levels can be evaluated on the basis of the eigen-
functions of the zero-field Hamiltonian Hy. In multi-electrons atoms this per-
turbative approach is generally hard to carry out, in view of the inter-electron
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couplings (as it can be realized by recalling the description in the framework
of the vectorial model (Chapter 3)). In the following we shall describe the
basic aspects of the effects due to the fields by deriving the corrections to the
atomic energy levels in some simplifying conditions.

4.2 Stark effect and atomic polarizability

Stark effect is usually called the modification to the energy levels in the
presence of the Hamiltonian Hp = >, ez, € (first studied in the Hydrogen
atom also by Lo Surdo). In the perturbative approach energy corrections
linear in the field in general are not expected, the matrix elements of the form
[ ¢*(ri)zi¢(r;)dr; being zero.

The second order correction can be put in the form

AE® = 7752 (4.6)

where, in the light of the classical analogy for the electric dipole *

_ QAE
He = 9

« defines the atomic polarizability. In fact, one can attribute to the atom
an induced electric dipole moment . = a€. The polarizability depends
in a complicated way from the atomic state, in terms of the quantum numbers
Jand My: o = a(J, My).

Let us first evaluate the atomic polarizability a;s for Hydrogen in the
ground state. Instead of carrying out the awkward sum of the second order
matrix elements we shall rather estimate the limits within which a4 falls.
From Eqgs. 4.3 and 4.4 one has

(4.7)

AE® = — ——a1,E? . (4.8)

E,—E; )

Z | <1s|Hplnlm > 1
n>1

| < 1s|Hp|nlm > |? is always positive and E, increases on increasing n.
Therefore one can set the limits of variability of ay4/2:

2 o2
€ 2 A1s 2
o g | < 1s|z|nim > |* < 5 < (EiE E | < 1s|z|nlm > |*. (4.9)

(note that the state n = 1 can be included in the sum, since < 1s|z|1s >=0).
On the other hand

4
Z < 1s|z|nim >< nlm|z|1s >=< 1s|2*|1s >= / T pte=2r/a0 gy = at .

! Note that the field-related energy is AE = — fo ped€', so that for p. = o€’ Eq.
4.6 follows.
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From E; = —e?/2ay while (E; — Ey) = 3¢?/8ag, one deduces

dad < s < ?ag .

It is recalled that the “brute-force” second order perturbative calculation
yields a5 = 4.66a3. Thus the electric polarizability turns out of the order of
magnitude of the “size” of the atom to the third power, as expected from the
qualitative argument at §4.1.

An approximate estimate of the polarizability of the ground state of the
Hydrogen atom can also be obtained by means of variational procedures, on
the basis of a trial function involving the mixture of the 1s and the 2p, states:

Dvar = C1P15 + C202p, - (410)

This form could be expected on the ground of physical arguments, as sketched
below in terms of atomic orbitals:

N z
E/lz
ua b
+ —
ls ¥
2p.
(see Problem F.I1.2).
The energy function is
. H vard
E(ci,c0) = J Fharardr (4.11)

f O ar PoardT

where H is the total Hamiltonian, while

Hi1 =< 1s|H|1s >, Haa =< 2p.[H|2p. >, Hi2 =< 1s|H|2p, >,
512 =< 1s|2pz >= 0,511 = 522 =1 (412)

From 0E/0c12 =0

ci(Hi1 — E)+coHi12 =0
ciHiz +c2(Hae — E) =0, (4.13)

with secular equation

Hii—E  Hiz
=0 4.14
( Ho1  Hao — E) (4.14)
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Since Hy1 = EY,, Hae = EY, /4, while from Table 1.4.2 for Z = 1
Hias =< 1s|Ho|2p. > + < 1s]2[2p. > e€ = e£2%a0/3°V2 = A, Eq. 4.14

becomes
BL-E A =0 (4.15)
of roots
5 1 [9(EY,)? 64A2
E.=-E{ 4+ - s/ (1 4.16
+ ) 1s 2\/ 16 ( + 9(E?5)2) ( )

By taking into account that A < EY,, from (14z)'/2? ~ 142/2 the lowest
energy level turns out

4 AQ 3
E =B, + 550 = B, - 2.96%52 :
1s

corresponding to the polarizability a;s = 2.96a3.

In the particular case of accidental degeneracy (see §1.4) Stark effect
linear in the field occurs. Let us consider the n=2 states of Hydrogen atom.
The zero-order wavefunction is

1= C§Z)¢2s + C;l)¢2p1 + Ci(’)l)QSQPO + Cfll)¢2p71 (4'17)
and the corrected eigenvalues are obtained from
< 28| —ez€|2s > —F

< 2py| —ez&|2p1 > —F .. —0 (4.18)

Again recalling the selection rules for the z-component of the electric dipole
(App.L.3), this determinant is reduced to

~E 0 B 0
0 -E 0 0
5 o g o |=0 (4.19)
0O 0 0 —-F

where B = —3agef.
From the roots Ry 2 = 0 and R34 = £B the structure of the n = 2 levels
in the presence of the field is deduced in the form depicted in Fig. 4.2.
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&=0 &£0
3agee l U =3age
< z
L]
W) =\
_I 1s [
2p. |

Fig. 4.2. Effect of the electric field on the n = 2 states of Hydrogen atom, illustrat-
ing how in the presence of accidental degeneracy a kind of pseudo-orientational
polarizability arises, with energy correction linear in the field £.

The first-order Stark effect is observed in Hydrogen and in F-centers in
crystals (where a vacancy of positive ion traps an electron and causes an effec-
tive potential of Coulombic character which yields the accidental degeneracy).

Finally in Fig. 4.3 the experimental observation of the Stark effect on the
D 5 doublet of Na atom (see Fig. 2.2) is depicted. It is noted that the degener-
acy in £M; = +m; is not removed, the energy correction being independent
from the versus of the field.

»p,, E#0
e
+— M=3/2
7'y M=£1/2
R R A
7'y
“ M=£1/2
Dl
DZ
Sin v A e e
v Vv v M=£1/2

Fig. 4.3. Ground state and first excited states of Na atom upon application of
electric field and modification of the D doublet. The energy shift of the ground
state is 40.56 kHz/(kV/cm)?, corresponding to an electric polarizability oo = 24.11 -
102*cm®. The shifts of the P states are about twice larger.
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Problems IV.2

Problem IV.2.1 Show how the classical equation for the electron in orbit
around the nucleus in the presence of static and homogeneous magnetic field
implies the precessional motion of the orbit with the Larmor frequency.

Solution:

From the force

r e
F=-¢"——--(vxH
3 C(v )
for H along z
dv, e e2x
-H — =0
7 + e + r3
dv, e ey
— —-H — =0.
Mg T + r3
By transforming to polar coordinates
z(t) =rcoswt = v,(t) = —rwsind

y(t) =rsinwt = wvy(t) =rwcosb

where w = df/dt (see Fig. 4.1), one writes

Boa
dt

dv .
= —rw?cosh; —L = —rw?sinb.

dt

By substitution into the equations of motion
ed e?
me mr
2
eH eH e2
w= [ ) + =
2me \/(2mc> o
Since, from order of magnitude estimates (see §4.1)

eH \? < e?
2me mrd "’

yielding

Eq. 4.2 follows.

Problem IV.2.2 By extending the procedure given at §4.2 for the Hydro-
gen states at n = 2 it can be shown that the linear Stark effect yields correction
energy of the form AE = (342)En(n; — ny), with ny and ny running from
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zero to (n-1). By neglecting the second order effect, evaluate the partition
function and then the induced dipole moment, in the high temperature limit.
Solution:
When the quantum numbers 71 » run from 0 to n—1 the partition function
turns out

n—1 _n2z n2e . 1. 2 2
7 _ Z o n(mi—n2)e _ 1—e 1—e _ sinh n°x
l1—e @ 1—enz sinh %mc

nl,’I’LQ:O

where . = BA\E (B8 = 1/kpT and A = 3eap/2).
The average thermal energy is

0 1
U= aﬁlogZ = —néA {ncoth( n x) — coth <2nx>] .

At low temperatures (kT < eap€)
U~ —-n(n—1)A+ O(e™™),

while at high temperatures
L o o 2,2
U:—gn (n® = 1)E*NP,

corresponding to the induced dipole moment < p, >~ %nz (n? —1)e?a3&p.

Problem IV.2.3 In the classical model for the atom and for the electro-
magnetic radiation source (Thomson and Lorentz models) the electron was
thought as an harmonic oscillator, oscillating around the center of a sphere
of uniform positive charge (see Problem 1.4.5). Show that the electric polariz-
ability was o = e?/k, with effective elastic constant k = 47pe/3, p being the
(uniform) positive charge density.

By resorting to the second-order perturbative derivation of the polariz-
ability for the quantum oscillator show that the same result is obtained and
that it is actually the exact result.

Solution:

The restoring force is F' = —(4mz3p/3)e/z? and then k = 4mpe /3, correspond-
ing for the electron to an oscillating frequency vy = (1/27)\/k/m ~ 2.53x10%°
s~!. From e€£ = F = kx and dipole moment ex = e2£/k, a = €2 /k follows.

From Eq. 4.8, with perturbation Hamiltonian H, = —efz and quantum
oscillator ground and excited states

_ 92 Z |<€$C|Z|f>\2.

_ RO
emc;éf exc E
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From the matrix elements < v|zlv — 1 >= /vhi/2mw (according to the
properties of Hermite polynomials) only the first excited state |ezc > has to
be taken into account. Then

282 | < fH+1zlf>]> 2% & e?
a=— =

72 wo TR 2mwg &

The proof that this is the exact result is achieved by rewriting the Hamil-
tonian of the linear oscillator to include the electric energy ez€ and observing
that a shift of the eigenvalues by —(e£)?/2k occurs (see the analogous Prob-
lem X.5.6 for the vibrational motion of molecules, where it is also shown that
a does not depend from the state |v > of the oscillator).

4.3 Hamiltonian in magnetic field

From Egs. 4.3 and 4.5, by including now the spin-orbit interaction, the per-
turbation of the central field Hamiltonian for multi-electron atoms is written

My =pupH Y U +2upH Y si+> €lis; . (4.20)
The term 2 42
(2) _ e~ A

HE = Z o~ (4.21)

has been left out: it shall be taken into account in discussing the diamagnetism
(§4.5). In writing Eq. 4.20 we have used the interaction in the form —p; ;. H,
as it has been proved possible at §1.6. The magnetic field is considered static,
homogeneous and applied along the z-direction.
One could emphasize that in the hypothetical absence of the spin Eq. 4.20
would reduce to
H\Y = jpHL, (4.22)

implying corrections to the energy levels in the form AE = ugM H. There-
fore, in the light of the selection rule AM = 0,41 (see §3.5), one realizes that
for a given emission line the magnetic field should induce a triplet, charac-
teristic of the so-called normal Zeeman effect (this terminology being due
to the fact that for such a triplet an explanation in terms of classical Lorentz
oscillators appeared possible, see Problem IV.3.1). The experimental observa-
tion that the effect of the magnetic field on the spectral lines is more complex,
as shown in the following, can be considered stringent evidence for the exis-
tence of the spin. The real Zeeman effect (at first erroneously considered as
“anomalous” ) in general does not consists in a triplet (see the case of the
Na doublet in the following). The triplet actually can occur, in principle, in
the presence of very strong field (Paschen-Back effect), as we shall see at
§4.3.2.
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4.3.1 Zeeman regime

In order to derive the energy of the atom from the Hamiltonian 4.20 one has
to consider the relative magnitude of the terms ppH (magnetic field energy)
and &, (spin-orbit energy). In the weak field regime, for upH < &,; and
in the LS coupling scheme, the Hamiltonian is considered in the form

HY = ppH - (L + 2S) (4.23)

and acting as a perturbation on the states |Ey, J, M; > resulting from the
central field Hamiltonian, with the coupling >°,1; and >, s; and the spin-
orbit interaction in the form £, sL.S.

M, Mg
31 5
7y
2 1/2 _
P, / = 23 g=4/3
A =12 - — 23
=3/2
y i
MJ
2 12 D D.
Pin “ [ S WY ! 2
12 4 A ‘ ‘ H=0
D, D M, Mg H#0
2 12 vv LAA 4 1
A\ 2 4 g=2
2 vy AAA 4 _
Sin in 1

il 9F TP 9T 9P
Fig. 4.4. Structure of the 25'1/2 ground-state and of the 2P doublet of Na atom in a
magnetic field and transitions allowed by the electric dipole selection rules AS = 0,
AJ =0,4+1 and AM; = 0,41. The D, line splits into four components, the D line
into six. Similar structure of the levels hold for the other alkali atoms. On increasing
the magnetic field strength the structure of the lines, here shown for the weak field
regime, progressively changes towards a central 7 line and two o™ and o~ doublets
(see Problem IV.3.5). 7 lines correspond to AM; = 0, while o lines to AM; = +£1.

The operator (L + 2S) has to be projected along J by using Wigner-
Eckart theorem

< EO?‘L M}|Lz+25z|EOaJ7 MJ >= g< EOaJa M}‘JZ|E07J7MJ >= gMJ(SM’,,Z\/IJ )
(4.24)

the constant g being obtained from the component of (L + 2S) along J:
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L+ 2S).
g =< Eo,J,L,S\(—ﬁTS)J

(L+8).J+8.J
2

|E07 J7La S >=

=< Ey,J,L, S| y |Eo, J, L, S >=
L JJ 41+ S(S+1) —L(L+1)
=1+ 27T +1) (4.25)

This result is in close agreement with the deduction of the Lande’ factor
within the vectorial coupling model (§3.2.2). Then the energy corrections are
given by

AE = MBHgMJ s (426)
the result that one would anticipate by assigning to the atom a magnetic
moment py; = —ppgJ and by writing the perturbation Hamiltonian as
HP = _IJ/J.H.

As a consequence of Eqgs. 4.25 and 4.26, in general the structure of the
atomic levels in the magnetic field, in the Zeeman regime, is more complicated
than the one for S = 0. The spectral lines are modified in a form considerably
different from a triplet. At the sake of illustration, the case of the Na doublet
D1 and D5 is schematically reported in Fig. 4.4. By taking into account the
selection rules AM; = 0,+1, for Na coinciding with the ones for single electron
(see §2.1), also the polarization of the emission lines is justified.

4.3.2 Paschen-Back regime

When the strength of the magnetic field is increased the structure of the
spectral lines predicted within the LS coupling model and weak field condition
is progressively altered and in the limit of very strong field the condition of a
triplet (as one would expect for S = 0) is restored. This crossover is related
to the fact that for ugH > £1g the effect of the magnetic perturbation has
to be evaluated for unperturbed states characterized by quantum numbers
M and Mg pertaining to L, and S,, while the spin-orbit interaction can be
taken into account only as a subsequent perturbation. This is the so-called
Paschen-Back, or strong field, regime.

From the field-related Hamiltonian in Eq. 4.23, in a way similar to the
derivation within the vectorial model (see §3.2), the energy correction turns
out

AE = ugH(M + 2Mg). (4.27)

From the selection rules AM = 0,+1 and AMg = 0 (the spin-orbit interaction
being absent at this point) one sees that the frequency Vg) of a given line
related to the transition |2 >— |1 > in zero-field condition, is modified by the
field in

(H) _  (0)

Vig ' =g +

H
MBT (M2 — M) +2(M2 — M%) (4.28)

implying the triplet, with two lines symmetrically shifted by (e/4mmc)H.
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Then the spin-orbit interaction can be taken into account, yielding
AFE' = s < |LIS;C + LySy + LZSZ| >=¢€rs < ‘LZSZ| >=&rsMMg (4.29)

and causing a certain structure of the triplet (see Problems IV.3.2 and IV.3.5).

Finally we mention that the effect of magnetic fields in the jj coupling
scheme can be described by operating directly on the single-electron j moment
and considering the relationship between the magnetic energy and the inter-
electron coupling leading to total J. Again one has to use the Wigner-Eckart
theorem and the results anticipated in the framework of the vectorial model
(§3.3) are derived.

Problems 1V.3

Problem IV.3.1 By taking into account the Larmor precession (Problem
IV.2.1), the classical picture of the Lorentz radiation in magnetic field implies a
triplet for observation perpendicular to the field and a doublet for longitudinal
observation.

Discuss the polarization of the radiation in terms of the selection rules for
the quantum magnetic number.

Solution:

The sketch of the experimental observation for classical oscillator in a mag-
netic field is given below:

Without magnetic field k5 NN >
= — Yy Hllz
e ,,UJ
© @

An oscillating electron is resolved into
three components.

With magnetic field in
I I transverse observation

&L Hog Il Ho ELH, (& electric field of the radiation)

% % With magnetic field in
longitudinal observation

&1 Hy,circular
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The frequency shift dw can be calculated as follows (see Problem IV.2.1).
For homogeneous magnetic field Hy along the z direction

mi—l—mw%x—l—EyHo:O,
c

mi/'—l—mwgy—fabHo:O,
c
mZ +mwiz =0,

The frequency of the electron oscillating in the z direction (see sketch above)
remains unchanged. To solve the equations for x and y we substitute u = x+iy
and v = x — iy and to find

i(wot 520 )t o)t

U = uge and v = fuoez(“’o* Zme

namely the equations for left-hand and right-hand circular motions at frequen-
cies wg £ dw, with dw = Sg‘; The oscillators 2 and 3 in the sketch above have
to emit or absorb radiation at frequency (wg + dw), circularly polarized
when detected along Hp.

Oscillator 1 is along the field and therefore the intensity of the radiation
is zero along that direction. If the radiation from the oscillators 2 and 3 is
observed along the perpendicular direction is linearly polarized.

The polarizations of the Zeeman components have their quantum corre-
spondence in the AM; = 0 and AM; = +£1 transitions. These rules are used
in the so-called optical pumping: the exciting light is polarized in a way
to allow one to populate selectively individual Zeeman levels, thus inducing
a given spin orientation (somewhat equivalent to the magnetic resonance, see
Chapter 6).

Problem IV.3.2 Illustrate the Paschen-Back regime for the 2P «—— 2S5
transition in Lithium atom, by taking into account a posteriori the spin-orbit
interaction. Sketch the levels structure and the resulting transitions, with the
correspondent polarizations.

Solution:

The degenerate block

upH < nlm'ml|l, + 2s,|nlmmg >= pugH(m + 2m)

is diagonal. The degeneracy is not completely removed. For the non-degenerate
levels the spin-orbit interaction yields the correction

2
Enl < mmgllys.lmmg >= h°Emmes.

For the degenerate levels one has to diagonalize the corresponding block. It
is noted that the terms [, s_ and [_s; have elements among the degenerate
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states equal to zero (the perturbation does not connect the degenerate states
with m =1, ms = —1/2 and m = —1, my = 1/2). So the degeneracy is not

removed.

The levels structure and the transitions are sketched below:

ms m?’
12 1 T L n%,/2
12 0 upH
2P 7}
- -1/2 1
12 Y 7Y
a2 0 A
A
A2 1
Transition lines at energies
EO(P)-E(S)+ wgH(m-m’)+
+ hzﬁzpm”mS
with Am=0,£1
w
12 0 AA A 4
A4
2 Yyv
S -1/2 0

Problem IV.3.3 Evaluate the shift of a spectral line at A = 1894.6 A
due to the transition from the 'P; to the 1Sy state when a magnetic field of
1 Tesla is applied.

Solution:
The magnetic field gives rise to the triplet (AM; = 0,41) and the separation

between the components is

B, —E H
DT B 9EBI g 4100 /2

A
v h h

From A\ ~ —(X\g/vo)Av = —(\3/c)Av one has A\ ~ 0.02 A.
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Problem IV.3.4 Show that in positronium atom in the lowest energy
state no Zeeman effect occurs (the magnetic moment of the positron is p, =
1gSP).

Solution:

The Hamiltonian is

H = —(pe + pp) - H=a(S; - 57),

with a = upgH.
From the energy correction

E=a< ¢S S2o>

since in the singlet state the spin eigenfunction is antisymmetric and the
operator (S¢ — S?) is antisymmetric, the matrix element must be zero. A
more formal proof can be obtained by applying the operator (S¢ — S?) on the
four spin eigenfunctions oy, Bpfe, ete... for the two particles.

Problem IV.3.5 From the Paschen-Back structure of the D; 3 doublet of
Sodium atom imagine to decrease the magnetic field until the Zeeman weak
field regime is reached. Classify the states and connect the levels in the two
regimes.
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Solution:
m m m,
2Py, 1+ 2
2 Py,
| +E2
P |
€
» Py
2P1/2 -1/2
T 1/H
H=0
Paschen-Back regime Zeeman regime
AE = ppH(m + 2my) AE = gupHm;

with Eg(n,l,m,ms) with Ey(n,l, j,m;)
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Upon increasing the field (from right to left in the Figure) the D and D5
lines (Fig. 4.4) modify their structures as schematically shown below:

Energy

G+

weak .
field !
regime

strong field regime

o+ {

c+
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4.4 Paramagnetism of non-interacting atoms and mean
field interaction

From the energy corrections induced by a magnetic field (Eq. 4.26) in the weak
field regime and in the light of the classical analogy, one can attribute to the
atom a magnetic moment p; = —pupgJ, with J the total angular momentum.
This statement, already used in the vectorial description at §3.2, is at the
basis of the theory for the magnetic properties of matter.

As illustrative example we shall show how the magnetic properties of an
assembly of atoms can be derived by referring to the statistical distribution on
the levels, when the thermal equilibrium at a given temperature T is achieved.
The atoms will first be considered as non-interacting (the only weak interac-
tions occurring with the other degrees of freedom of the thermal reservoir, so
that statistical equilibrium can actually be attained).

a) .z
H=0
« -
:
), A
N ! W M, degeneracy
A , A
v I
b)
<u,># 0
H# 0 along z
1
[} .\ M]:+J
=() . z
A

M=-J

Fig. 4.5. Pictorial sketch of non-interacting atomic magnetic moments in the ab-
sence (a) and in the presence (b) of the field. The field removes the degeneracy in
M and after some time (of the order of T1) the statistical distribution yields an
excess population on the low energy levels so that an effective component of the
magnetic moment along the field is induced.
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In the absence of field, degeneracy in the magnetic quantum number M
occurs, pictorially corresponding to equiprobable orientations of the magnetic
moments with respect to a given z-direction, as sketched in Fig. 4.5. When
the field is switched on, in a characteristic time usually called spin-lattice
relaxation time T3 (for some detail on this process see Chapter 6), statis-
tical equilibrium is achieved, with the populations on the magnetic levels as
depicted in Fig. 4.5b and with an average (statistical) expectation value of
the magnetic moment along the field < p, > 0.

00 T T T T T T

0 1 2 3
Jgu H/k,T

Fig. 4.6. Normalized value of the effective magnetic moment along the field direction
as a function of the dimensionless variable (JgupH/kpT), according to Eq. 4.32,
for different J’s.

< Wy > is written

>onp, Mye™ ™M
< >= —gUB =S (4.30)
’ 2, €M

where x = gupH/kpT. For x < 1 one has

_ ZMJMJ(I—QJMJ)
B o, (L= 2My)

< py >
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0.04 " 1 " .I " 1 " 1 " 1 " 1

-

Ordered
State

y(emu/mole)

T
0.00 — 1
0 50 100 150 200 250 300 350

T(K)

Fig. 4.7. Sketchy behavior of the temperature dependence of the paramagnetic sus-
ceptibility in presence of interactions among the magnetic moments. The state below
T. corresponds to spontaneous ordering of the magnetic moments along a given di-
rection as a consequence of a cooperative process, typical of phase transitions in
many-body systems, driven by the interaction among the components.

and since Y, M3 = J(J +1)(2J +1)/3,

JJ+1)2J+1)  u3H

_ 31
327+ 1) 3kpT (431)

< pz >= gupe

with
lwsl = gupV/J(J+1) .
The volume paramagnetic susceptibility is x = Nxq, with N number of
atoms per unit volume and x, atomic susceptibility, given by x, = p?] /3kBT,
according to Eq. 4.31. Thus the quantum derivation of the Curie law has been
obtained.
Without the approximation of low field (or high temperature), Eq. 4.30
gives
2J+1 (2J + 1)z 1

< Wy >=gupJ 57 coth 5 ~ 57

the function depicted in Fig. 4.6 and known as Brillouin function. For
J — o0, the Brillouin function becomes the Langevin function, while for
J =1/2 it reduces to tanh(z/2).

The saturation magnetization Mg,y = N < p, >7_o corresponds to the
situation where all the atoms are found on the lowest energy level of Fig. 4.5b

and (< p, >)1r—0 = gupdJ.

coth% : (4.32)
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According to Eq. 4.31 on decreasing temperature the paramagnetic suscep-
tibility (in evanescent field) diverges as 1/T. However, when the temperature
is approaching zero so that the condition x < 1 no longer holds, partial sat-
uration is achieved and x reaches a maximum and then decreases on cooling.
In practice this can happen only in strong fields (of the order of several Tesla)
and at low temperature.

The assumption of ideal paramagnet in practice corresponds to the as-
sumption that the local magnetic field is the one externally applied (apart
from the diamagnetic correction, see §4.5). This condition does not hold when
some type of interaction among the atomic magnetic moments is active. In
this case the susceptibility can diverge at finite temperature, as sketched in
Fig. 4.7.

A simple method to deal with the interactions is the mean field ap-
proximation, namely to assume that the local field is the external one H;
plus a second contribution, related to the interactions, proportional to the
magnetization:

H=H,, +\M

: H“I oc <MZI>

H=H,, +%,H ui

——

Hint

Then the magnetization reads
M=N |:X0(Hewt + Hint):| (433)
and the susceptibility turns out

X=X (4.34)

T 1o
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where x is the bare susceptibility of the ideal paramagnet, the one with-
out interactions. Eq. 4.34 is a particular case of a more general equation, for
any system in the presence of many-body interactions (in the framework of
the linear response theory and the so-called random phase approxima-

tion).
By taking into account Eq. 4.31, Eq. 4.34 can be rewritten in the form
Ny Np3A
= — h TC = 4.35
X Sk —1y T 3k (4.35)

For T'— T.f one has the divergence of the magnetic response and a phase
transition to an ordered state, with spontaneous magnetization in zero
field, is induced. Typical transition is the one from the paramagnetic to the
ferromagnetic state and it can be expected to occur when the thermal energy
kpT is of the order of the interaction energy.

It is noted that the values of T.’s in most ferromagnets (as high as
T. = 1044 K, for instance for Fe bcc), indicate that the transition is driven
by interactions much stronger than the dipolar one. This latter, in fact, for
an interatomic distance d of the order of 1 A, would imply 7., ~ u%/d3kg, of
the order of a few degrees K. Instead the interaction leading to the ordered
states (ferromagnetic or antiferromagnetic, depending on the sign of A in Eq.
4.34) is the one related to the exchange integral, as mentioned at §2.2 (for
details see Appendix XIII.1).

4.5 Atomic diamagnetism

The magnetic Hamiltonian (Eq. 4.3) also implies the one-electron term (see
Eq. 4.21 and 4.5)

HY =

2mc?

with A = (1/2)H x r = (1/2)Hrsinf, the term usually neglected in compar-
ison with the one linear in the field and leading to paramagnetism. Instead
Hg) is responsible of the atomic diamagnetism.
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Let us refer to atoms in the ground state where u;, = pug = 0. The effect
of Hg) can be evaluated in the form of perturbation for states having L, S, M
and Mg as good quantum numbers, the spin-orbit interaction being absent.
Thus, from first-order perturbation theory the energy correction due to Hg)
is

2H2 9
AE = et Z < |[rZsin®6;| > (4.36)
where the sum is over all the electrons. By resorting to p = —(0E/0H),

Eq. 4.36 implies an atomic magnetic moment linear in the field and in the
opposite direction. Therefore the diamagnetic susceptibility is written

Ydia = —
e 4mc?

> % <r?> (4.37)
1

(N number of atoms per unit volume), the assumption of isotropy having been

made, so that < 22 >=< y? >=1/3 < 72 >. In the Table below the molar

diamagnetic susceptibilities for inert-gas atoms (to a good approximation the

same values apply in condensed matter) are reported:

He | Ne | Ar | Kr | Xe
Xdia(cm3 /mole)(x10~5)[-2.36|-8.47|-24.6]-36.2[-55.2
Z 2 |10 | 18 | 36 | 54

When the perturbation effects from the magnetic Hamiltonian are ex-
tended up to the second order, a mixture of states is induced and a further
energy correction is obtained, quadratic in the field and causing a decrease
of the energy. Thus, even in atoms where in the ground state no paramagnetic
moment is present, a positive paramagnetic-like susceptibility (Van Vleck
paramagnetism) of the form

_ 5
71;&0 EO
is found. For a quantitative estimate the electronic wavefunctions ¢g of the
ground and of the excited states ¢,, are required. The Van-Vleck susceptibility
is usually temperature-independent and small with respect to Curie suscepti-
bility.
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Problems IV.5

Problem IV.5.1 Evaluate the molar diamagnetic susceptibility of He-
lium in the ground state, by assuming Hydrogen-like wavefunctions with the
effective nuclear charge derived in the variational procedure (Problem I1.2.2).
Estimate the variation of the atom energy when a magnetic field of 1 Tesla is

applied.
Solution:
From Eq. 4.37
Ne? 9 9
Xdia = —Gm—CQK ri >+ <ry >

and in hydrogenic atoms (Table 1.4.3) < 7% >=3 (“70)2 For effective charge
Ir=7-32=2
16— 16

emu

Xdia ~ —0.6 - 107° .
mole

The energy variation is AE = (e2H?/12mc?)[< r? > + < r3 >] ~
10719 eV, very small compared to the ground state energy.

Problem IV.5.2 In a diamagnetic crystal Fe3* paramagnetic ions are in-
cluded, with density d = 10%! ions/cm®. By neglecting interactions among
the ions and the diamagnetic contribution, derive the magnetization at
T = 300 K, in a magnetic field H = 1000 Oe. Then estimate the magnetic
contribution to the specific heat (per unit volume).

Solution:

From Problem F.IIL.3 for Fe3* in the ground state the effective magnetic
moment is p = pup with p = g1/J(J + 1) = v/35.

From Eq. 4.31

pH
3kpT
The energy density is E = —M - H and for upH < kpT the specific heat

M=d =0.0242 ergem ™ Oe ™.

is

22 p H? -1..-3
= —_— = d = . K .
Cy (8T) y kT2 0.0808 erg cm

Problem IV.5.3 For non-interacting spins in external magnetic field, in
the assumption of high temperature, derive the Curie susceptibility from the
density matrix for the expectation value of the magnetization.
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Solution:
The density matrix is

_ 1 HZeeman
p= Zexp(—ikBT )

with Z the partition function, then

- H H
<M, >= lTr {Mzexp(zee”mn)} ~ lTr {Mz (1 — Zeenwn)}

A4 kgT A kT
with
Since )
TrS? = F(S+1)S2S+1) and Z=~28+1

one obtains
S(S+Dg’up
3kgT

(as in Eq. 4.31 for S =J).

Appendix IV.1 Electromagnetic units and Gauss
system

Throughout this book we are using the CGS system of units that when in-
volving the electromagnetic quantities is known as the Gauss system. This
system corresponds to have assumed for the dielectric constant €y and for the
magnetic permeability o of the vacuum the dimensionless values g = g = 1,
while the velocity of light in the vacuum is necessarily given by ¢ = 3 x 10'°
cm/s.

As it is known, the most common units in practical procedures (such as
Volt, Ampere, Coulomb, Ohm and Faraday) are better incorporated in the
MKS system of units (and in the international SI). These systems of units
are derived when in the Coulomb equation instead of assuming as arbitrary
constant k = 1, one sets k = 1/4meq, with g9 = 8.85 x 1072 Coulomb? /Nm?,
as electrical permeability of the vacuum. In the SI system the magnetic field
B, defined through the Lorentz force

F=¢E+¢qvxB

is measured in Weber/m? or Tesla.

The auxiliary field H is related to the current due to the free charges by the
equation H = nl, corresponding to the field in a long solenoid with n turns per
meter, for a current of I Amperes. The unit of H is evidently Ampere/m. Thus
in the vacuum one has B = poH, with po = 4710~7 N/Ampere? = 4710~7
Henry/m.
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In the matter the magnetic field is given by
B = po(H+ M)

where M is the magnetic moment per unit volume.

The SI system is possibly more convenient in engineering and for some
technical aspects but it is not suited in physics of matter. In fact, the Maxwell
equations in the vacuum are symmetric in the magnetic and electric fields
only when H is used, while B and not H is the field involved in the matter.
The SI system does not display in a straightforward way the electromagnetic
symmetry. In condensed matter physics the Gauss system should be preferred.

Thus within this system the electric and magnetic fields have the same
dimensions, the Lorentz force is

F = q¢E+ Lv x B, (A.IV.1)
c
B is related to H by
B=H+4M = uH with w=1+4mryx. (AIV.2)

M = xH defines the dimensionless magnetic susceptibility y. For
upH < kpT, often called evanescent field condition, y is field indepen-
dent. As already mentioned pg and gy are equal to unit, dimensionless.

The practical units can still be used, just by resorting to the appropriate
conversion factors, such as

1 volt — [5555 statvolt or erg/esu (esu electrostatic unit)
1 ampere 2.998 x 10Y esu/sec
1 Amp/m 47 x 1072 Oersted (see below)
1 ohm 1.139 x 1072 sec/cm
1 farad 0.899 x 102 cm
1 henry 1.113 x 1072 sec?/em
1 Tesla 10* Gauss
1 Weber 10% Gauss/cm?

The Bohr magneton, which is not an SI unit, is often indicated as up =
9.274 x 10724 Joule/Tesla, equivalent to our definition up = 0.9274 x 10~2°
erg/Gauss. The gyromagnetic ratio is measured in the Gauss system in
(rad/s.Oe) and in the SI system in (rad.m/Amp.s).

Unfortunately, some source of confusion is still present when using the
Gauss system. According to Eq. A.IV.2, B and H have the same dimensions
and are related to the currents (measured in esu/s) in the very same way. In
spite of that, while B is measured in Gauss, without serious reason the unit
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of H is called Oersted. Furthermore, there are two ways to describe elec-
tromagnetism in the framework of the CGS system. One with electrostatic
units (esu) and the other with electromagnetic units (emu). The latter is
usually preferred in magnetism. Thus the magnetic moment is measured in
the emu unit, which is nothing else than a volume and therefore cm?3. The
magnetic susceptibility (per unit volume) is dimensionless and often indicated
as emu/cm?. The symmetric Gauss-Hertz-Lorentz system (commonly known
as Gauss system) corresponds to a mixing of the esu and of the emu systems,
having assumed both g = 1 and po = 1.

Here we do not have the aim to set the final word on the vezata quaestio
of the most convenient system of units. Further details can be achieved from
the books by Purcell and by Blundell, quoted in the foreword.

A Table is given below for the magnetic quantities in the Gauss system
and in the SI system, with the conversion factors.

Quantity Symbol Gauss SI Conversion factor*
Magnetic Induction B G= Gauss T 1077
Magnetic field intensity H Oe Am! 103 /4m

Magnetization M | erg/(G cm®) Am T 10°
Magnetic moment 1 |erg/G(= emu)|J/T(= Am?) 1077
Specific magnetization o emu/g A m?/kg 1
Magnetic flux ¢ |Mx (maxwell) | Wb (Weber) 10°°%
Magnetic energy density E erg/cm® J/m3 1071
Demagnetizing factor Ny - - 1/4m
Susceptibility (per unit volume)| x - - 47
Mass susceptibility Xg |erg/(G g Oe) m® /kg 4 x 1077
Molar susceptibility Xmot |emu/(mol Oe)|  m?/mol 4 x 10°°
Magnetic permeability I G/Oe H/m 4 x 1077
Vacuum permeability 140 G/Oe H/m 4 x 1077
Anisotropy constant K erg/cm? J/m? 1071
Gyromagnetic ratio 5 rad/(s Oe) |rad m/(A s) 4 x 1073

*To obtain the values of the quantities in the SI, the corresponding Gauss values
should be multiplied by the conversion factor.

Finally a mention to the atomic units (a.u.), frequently used, is in order.
In this system of units one sets e = o = m = 1. Thus the Bohr radius for
atomic Hydrogen (infinite nuclear mass) becomes ag = 1, the ground state
energy becomes E,—; = —1/2 a.u., the a.u. for velocity is v9 = ac with
a ~ 1/137 the fine structure constant, so that the speed of light is ¢ ~ 137
a.u.. Less practical are the a.u.’s for other quantities. For instance the a.u. for
the magnetic field corresponds to 2.35x10% Tesla and the one for the electric
field to 5.13 x 10° V/cm.
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Problems F.IV

Problem F.IV.1 The magnetization curves for crystals containing para-
magnetic ions Gd3T, Fe3T and Cr3T display the saturation (for about H/T =
20 kGauss/K) about at the values 7upg, 5up, and 3up (per ion), respectively.
From the susceptibility measurements at T= 300 K for evanescent magnetic
field one evaluates the magnetic moments 7.9up, 5.9up, and 3.8up, respec-
tively. Comment on the differences. Then obtain the theoretical values of the
magnetic moments for those ions and prove that quenching of the orbital
momenta occurs (see Problem F.IV.2).

Solution:

The susceptibility x = Ng?J(J 4+ 1)u%/3kpT involves an effective magnetic
moment perr = gup+/J(J + 1) different from < p, >paa= gppJ obtained
from the saturation magnetization, related to the component of J along the
direction of the field.

For Gd3*, electronic configuration (4f)7, one has S = %, L=0J=
and g = 2.

Then prerf = gupy/S(S+1) = 7.9 up, while < p1, >maz™> 2up7/2 = Tpp, in
satisfactory agreement with the data.

RN

For Fe** (see Problem IV.5.2) J = 5/2 and g = 2 and then .5 = 5.92 up
and < fy >maes™ D UB.

For Cr3*, electronic configuration (3d)3, S = 3/2, L = 3, J = 3/2 and
g = 2/5 = 0.4. For unquenched L one would have pcrr = (2/5)pup+/15/4 =
0.77 up, while for L =0, pesr =2up+/15/4 ~ 3.87up .

Problem F.IV.2 By referring to the expectation value of [, in 2p and 3d
atomic states, in the assumption that the degeneracy is removed by crystal
field, justify the quenching of the orbital momenta.

Solution:

When the degeneracy is removed the wavefunction ¢op. . are real. Then,
since

<l, >= _ih/¢*§0¢dT

cannot be imaginary, one must have [, = 0. Analogous consideration holds
for 3d states. Details on the role of the crystal field in quenching the angular
momenta are given at §13.3 and at Problem F.XIII.3.



158 4 Atoms in electric and magnetic fields

Problem F.IV.3 In Hydrogen, the lines resulting from the transitions
2Pysy — 2815 and 2Py 5 — 25)/5 occur at (1210 — 3.54-1073) A and
(1210 + 1.77 - 1073) A, respectively. Evaluate the effect of a magnetic field of
500 Gauss, by estimating the shifts in the wavelengths of these lines, in the
weak field regime.

Solution:

The relationship between the splitting of lines and the applied field is found
from

he
By = dBy = =35 dX
namely
2?2 (1210 A)? A
d\ = —— (dEy—dF,) = ——————  (dFy—dE;) = | =118 — | (dE>—dE
o (E—dEy) = — o ey - & (EedEy) < eV)( 2—dEh)

The values for dEs and dE; are given in Table below. There are 10 transitions
that satisfy the electric dipole selection rule AM; = +1,0. The deviation of
each of these lines from \g = 1210 A is also given.

dXo dE- dF; d\ [dAr = dXo + dX
A - 1073| Transition|eV - 107°|eV - 107°|A - 1073 A-1073
-3.54 a +0.579 | 40.289 | -0.342 -3.88
-3.54 b +0.193 | 40.289 | +0.114 -3.43
-3.54 c +0.193 | -0.289 | -0.570 -4.11
-3.54 d -0.193 | +0.289 | +0.570 -2.97
-3.54 e -0.193 | -0.289 | -0.114 -3.65
-3.54 f -0.579 | -0.289 | +0.342 -3.20
1.77 g +0.096 | +0.289 | +0.228 +2.00
1.77 h +0.096 | -0.289 | -0.456 +1.31
1.77 i -0.096 | +0.289 | +0.456 +2.23
1.77 j -0.096 | -0.289 | -0.228 +1.54

Problem F.IV.4 Refer to the H, line in Hydrogen (see Problem 1.4.4).
Report the splitting of the s and p levels and the structure of the correspondent
line when a magnetic field of 45000 Gauss is applied. By taking into account
that the separation between two adjacent lines is 6.29-10'Y Hz and by ignoring
the fine structure, evaluate the specific electronic charge (e¢/m). Compare the
estimate of (e/m) with the one obtained from the observation that a field of
30000 Gauss induces the splitting of the spectral line in Ca atom at 4226 A
in a triplet with separation 0.25 A (do not consider in this case the detailed
structure of the energy levels).
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Solution:
In the Paschen-Back regime the energy correction is

AEy, m, = ppHo(m + 2my) ,

with electric dipole selection rules. One can observe three lines with splitting
Av = 2.098 cm~t. Then from

AFE = ,U/BHO = ﬂI{O = hAv
2m

one has
le|]  4rAv

m 0

—5.28 x 10174E5
g

For Ca, from AE ~ ehH/2mec = —hcAN/\? again

el  4mc® AN

= =55 =52 1017 2&5
m

Problem F.IV.5 Two particles at spin s = 1/2 and magnetic moments
aoy and boa, with o > spin operators, interact through the Heisenberg ex-
change Hamiltonian (see §2.2). Derive eigenstates and eigenvalues in the pres-
ence of magnetic field.

Solution:

From the Hamiltonian

(a+0b)

H = _T(Ulz + O'QZ)H —

(a—b)
2

(Ulz — UQZ)H+KO'1 - O2.

one writes

(a—b)
2

H = —(a+b)HS, + > (48(5+1) —6) —

5 (01, — 02,)H.

The first two terms are diagonal (in the representation in which the total
spin is diagonal). Both the triplet and the singlet states have definite parity
for exchange of particles (even and odd respectively). Thus the only non-
zero matrix element of the last term (which is odd for exchange) is the one
connecting singlet and triplet states. One finds

a(1)b(2) — a@)b(1)\ ., (a(1)b(2) + a(2)b(1)
(”“”22)< NG >‘2< NG )

the only non-zero matrix element being

< 10|H|00 >= —(a — b)H.
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Therefore S =1, S, = +1 classify the eigenstates, with eigenvalues
Ey = :F(Q—Fb)H—F K,

For the states with S, = 0, the Hamiltonian can be represented by the matrix

s =0 = (—(aj—(b)H _(Cigf?)H> ’

where the out of diagonal elements involve the triplet-singlet mixture. From
the secular equation the eigenvalues turn out

EL(S.=0)=—K+\/AK2 4 (a — b)2H2.

Problem F.IV.6 The saturation magnetization (per unit volume) of Iron
(Fe?*) is often reported to be 1.7-105 A/m. Derive the magnetic moment per
atom and compare it to the theoretical estimate (density of iron 7.87 g/cm?).

Solution:

From

Mgy = 1.7-10% erg Gauss tem ™3

and ngtom = 0.85 - 1023 cm ™3, one derives
o ~2-1072 erg Gauss ™!

or equivalently p, = 2.2up. For Fe?t (S =2, L =2, J =4 and g = %)
one would expect u = gupJ = 6up. For quenched orbital momentum p =
2Sup = 4pup (see Problem F.IV.2 and §13.3).

Problem F.IV.7 A bulb containing Hg vapor is irradiated by radiation
propagating along the x axis and linearly polarized along z, along which a
constant magnetic field is applied. When the wavelength of the radiation is
2537 A, absorption and meantime re-emission of light along the y direction,
with the same polarization, is detected. When a RF coil winding the bulb along
the y direction is excited at the frequency 200 MHz one notes re-emission of
light also along the z direction, light having about the same wavelength and
circular polarization. Explain such a phenomenology and estimate the strength
of the field.

Solution:

Since spin-orbit interaction is very strong the weak-field regime holds (see §3.3
and Fig. 3.9). The electric dipole selection rule AM; = 0 requires linearly
polarized radiation. In the absence of radio frequency excitation, 7w radiation
is re-emitted again, observed along y. Along the z direction the radiation is
not observed.



Problems F.IV 161

The radio-frequency induces magnetic dipole transitions at AM; = +1
among the Zeeman levels. The re-emission of light in such a way is about at
the same wavelength A. In fact

A2 .
AN~ Ay =429-107%4 .
C

On the other hand, since among the levels involved in the emission
AMj; = =1, one has circular ¢ polarization and so the radiation along z
can be observed.

From the resonance condition

AE _ gupH
V= —— =
h h
with g = 3/2, one deduces
=" — 95960e.
guB

The levels (in the LS scheme and in the weak field regime) for the Hg 1.5,
and 2P, states (see Fig. 3.9) and the transitions are sketched below:

ISO
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Problem F.IV.8 Consider a paramagnetic crystal, with non-interacting
magnetic ions at J = 1/2. Evaluate the fluctuations < AM? > of the mag-
netization and show that it is related to the susceptibility x =9 < M >/0H
by the relation x = < AM? >/kgT (particular case of the fluctuation-
dissipation theorem).

Solution:

The density matrix is p = (1/2)eP#M= (3 = 1/kpT) and the partition
function Z = T'r [e?H#:]. The magnetization can be written

d
M, >= ——log Z.
< My > H o8 og
Then
<M. > Tr(ePHM:02)  [Tr(ePHM: 0T )
X=""%m Tr(eBHM:) | Tr(efHM:) =A< AM >

Without involving the density matrix, from the single-ion fluctuations
<ApZ >=<p? > (< pz >)?
with < p, > statistical average of u = —gupgJ, since
1
<z >=10%up

and (see §4.4)

1 lgupH

2 2,2 2

2 = tanh ,
(< pz>) 4:g uptan <2 i >

by taking into account that

OM 1 ,, N , (lgupH
X= g5 = 39 BT ot (2 kT )
one finds 2
<AM?>=N < Ap? >= igz,uQBN cosh ™2 (;%iff)
and then 1
x:m<AM2>:ﬁ<AM2>.

2 The single p’s are uncorrelated i.e. < ApnApm >=< Apn >< Apm >, for
n #m.
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Problem F.IV.9 Consider an ensemble of N/2 pairs of atoms at S=1/2
interacting through an Heisenberg-like coupling KS; - So with K > 0. By
neglecting the interactions among different pairs, derive the magnetic suscep-
tibility. Express the density matrix and the operator S, on the basis of the
singlet and triplet states. Finally derive the time-dependence of the statistical
ensemble average < S7(0) - S7(t) >, known as auto-correlation function.

Solution:

The eigenvalues are F, = (K/2)S(S + 1), with S = 0 and S = 1. The
susceptibility is

N
X = B} (Poxo + p1x1),
where -
(25 + 1) F&T
bs = Eg By
e FBT +3e *BT
and
_ PSS +1)
N 3kpT
Then

Ng’ul 3¢ ®oT
3kpT 1 4 3¢ o7

On the basis given by the states
1
V2

N>=|4++> 2>=|--> [3>=—(+->+4+]|—+>) and

1
[4>= —(+ —> == +>)

V2

omitting irrelevant constants, one has

K000

g 0K 00O

<iHli==19 0 Ko

0000

Then the density matrix is
e PE 0 0 0
0 g . . 0 ePX 0 0
_ —BH _

< ’Llplj >=< Z|€ ‘j >= 0 0 e—ﬁK 0
0 0 0 1

By letting ST act on the singlet and triplet states, one has
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1000
o 1lo-100
<i5ili>=35100 01

0010

The autocorrelation-function is

g(t) =< {S57(t)-S7(0)} >= Re[< S5(t)-S7(0) >] where {A,B}=-(AB+BA),

1
2

< S3(t) - S3(0) >=Tr ge*%slze"?si]

By setting w, = %,

(Heisenberg exchange frequency), one writes
1

eiwet 0
0 e«t 0 0
0 0 et
0 0 0 1

and then

g(t) = Re[< 57 (t) - S1(0) >]
1

= mpe*ﬂm + e K cos(wet) + cos(wet)].

For k/’BT > K 1
g(t) = §[1 + cos(wet)].

1/we can be defined as the correlation time, in the infinite temperature
limit.
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Problem F.IV.10 By resorting to the Bohr-Sommerfeld quantiza-
tion rule (Problem I.4.4) for the canonical momentum derive the cyclotron
frequency and the energy levels for a free electron (without spin) moving in
the xy plane, in the presence of a constant homogeneous magnetic field along
the z axis.

Solution:

The canonical momentum is p = mv — eA/c. From the quantization along
the circular orbit

meR?H
c

j{p.dq = f(mv - EA)dq = mv2rR — SnR2H =
c c

(R radius of the orbit). The equilibrium condition along the trajectory implies
v = eHR/mc and then the quantization rule yields

R2eH
TEnCT _ b, (withn=1,2,...) .
c
The energy becomes
2 hH
E, = MU _ € n = hwen = 2upH
2 mc
with
eH
We = —
mc

cyclotron frequency. For the quantum description, which includes n = 0
and the zero-point energy hw./2, see Appendix XIII.1.

Problem F.IV.11 By referring to a Rydberg atom (§1.5) and consider-
ing that the diamagnetic correction to a given n-level rapidly increases on
increasing n, discuss the limit of applicability of the perturbative approach,
giving an estimate of the breakdown value of n in a magnetic field of 1 Tesla
(see Eq. 4.36). Then discuss why the Rydberg atoms are highly polarizable
and ionized by a relatively small electric field.

Solution:
From 2 2
e 2
AE, = ——Z <r?
8mz3 < n”
considering (see Table 1.4.3)
n? a ain*
< Suim= ()0’ + 1310+ 1] = =5

for large n and [ and Z = 1, as for ideal total screen. Then if one assumes that

the perturbation approach can be safely used up to a diamagnetic correction
AE,(H) ~ 0.2E2, one obtains
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2772 2,4 2
e“H* agny;,, N e 1
2 : 2
12mc 2 2a0 N,

from which a limiting value of the quantum number n turns out around ng;,, ~
70.

As regards the electric polarizability, by considering that in Eq. 4.8 the
relevant matrix elements imply an increase of the numerator with n? while
the difference in energy at the denominator varies as 1/n® (remember the
correspondence principle, Problem 1.5.2) one can deduce that the electric po-
larizability must increase as n’.
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Nuclear moments and hyperfine interactions

Topics

Angular, magnetic and quadrupole moments of the nucleus
Magnetic electron-nucleus interaction

Quadrupolar electron-nucleus interaction

Hyperfine structure and quantum number F

Hydrogen atom re-examined: fine and hyperfine structure

5.1 Introductory generalities

Until now the nucleus has been often considered as a point charge with infinite
mass, when compared to the electron mass. The hyperfine structure in high
resolution optical spectra and a variety of experiments that we shall mention
at a later stage, point out that the nuclear charge is actually distributed over
a finite volume. Several phenomena related to such a charge distribution occur
in the atom and can be described as due to nuclear moments. One can state
the following:

i) most nuclei have an angular momentum, usually called nuclear spin.
Accordingly one introduces a nuclear spin operator 1%, with related quantum
numbers [ and Mj, of physical meaning analogous to the one of J and M
for electrons.

Nuclei having even A and odd N have integer quantum spin number [
(hereafter spin) while nuclei at odd A have semi-integer spin I < 9/2; nuclei
with both A and N even have I = 0.

ii) associated with the angular momentum one has a dipole magnetic
moment, formally described by the operator

wnr = vrIh = g, M, 1 (5.1)
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Nucleus Z N I WM, On
neutron 0 1 1/2 -1.913 -3.826
H 1 0 1/2 2.793 5.586
’H 1 1 1 0.857 0.857
*He 2 1 1/2 -2.12 -4.25
“He 2 2 0 - -
2c 6 6 0 - -
Bc 6 7 1/2 0.702 1.404
N 7 7 1 0.404 0.404
%0 8 8 0 - -
Yo 8 9 5/2 -1.893 | -0.757
= 9 10 1/2 2.628 5.257
3p 15 16 12 1.132 2.263
13cs 55 78 7/2 2.579 0.737

Table V.1. Properties of some nuclei

where g, is the nuclear Landé factor and M, the nuclear magneton,
given by M, = up/1836.15 = eh/2Mpc, with M, proton mass. -y; is the
gyromagnetic ratio. g, (which depends on the intrinsic nuclear properties)
in general is different from the values that have been seen to characterize
the electron Landé factor. For instance, the proton has I = 1/2 and u; =
2.796 M, and then g, = 5.59. For deuteron one has I =1 and pu; = 0.86M,,.
Since the angular momentum of the neutron is I = 1/2, from the comparison
of the moments for proton and deuteron one can figure out a “vectorial”
composition with the neutron and proton magnetic moments pointing along
opposite directions.

At variance with most nuclei, for which g¢,, is positive, neutron as well as
the nuclei 2He, '°N and 7O have magnetic moment opposite to the angular
momentum. Thus for them g,, is negative, similarly to electron. The pictorial
composition indicated for deuteron does not account for a discrepancy of
about 0.023 M, which is attributed to the fact that the ground state of
the deuteron involves also the D excited state, with a little weight (about 4
percent). Properties of some nuclei are listed in Table V.1.

iii) nuclei with I > 1 are characterized by a charge distribution lacking
spherical symmetry. Therefore, in analogy with classical concepts, they posses
a quadrupole electric moment. For charge rotationally symmetric along
the z axis the quadrupole moment is defined

Q= i /[322 —r3p(r)dr (5.2)
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For uniform charge density p(r), one has Q = (2/5)(b*> — a?), a and b being
the axis of the ellipsoid (see Problem F.V.1). Since the average radius of the
nucleus can be written R,, = (a?b)'/?3, by indicating with §R,, the departure
from the sphere (i.e. b= R,, + dR,,) one has Q = (6/5)R2[0R,,/R,].

iv) since proton and neutron (I = 1/2) are fermions, a nucleus with mass
number A odd is a fermion while for A even the nuclei must obey to the
Bose-Einstein statistics; in fact the exchange of two nuclei corresponds to
the exchange of A pairs of fermions.

5.2 Magnetic hyperfine interaction - F states

The nuclear magnetic moment causes an interaction with the electrons of
magnetic character, that can be thought to arise from the coupling between
py and py. In the framework of the vectorial model one can extend the usual
assumptions (see §3.2) to yield a coupling Hamiltonian of the form
HZZ;g =ay1.J (5.3)
In the quantum mechanical description the magnetic hyperfine interaction
is obtained by considering the one-electron magnetic Hamiltonian (see §4.3)

Mo = —— (p.A + A.p> +2ups.V x A (5.4)
2me
A l‘ls
-e
S

A r A= (uxr)r=-px V(1/r)

By
o 1

Fig. 5.1. Pictorial view of the nucleus-electron interaction of magnetic origin.
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with a vector potential A due to the dipole moment p; at the origin (see
the sketchy description in Fig. 5.1).

By means of some vector algebra (see Problem F.V.14) and by singling
out the terms having a singularity at the origin, as it could be expected on
physical grounds, the magnetic hyperfine Hamiltonian can be written in the

form

HZZ;g = —[J,[.heff (55)

namely the one describing the magnetic moment p; in an effective field given
by

h.sr = hi(1) + hao(s) + hs(sing.) . (5.6)
The orbital term 9y nl
KB

hy =——73 (5.7)

is derived by considering the magnetic field at the nucleus due to the electronic
current, in the a way similar to the deduction of the spin-orbit interaction (see
§1.6), from hy = E x v/c = —elh/mer3.

The field

by = 208 <s - S(S.r)r> 5.9

r3 r2

is the classical field that a dipole at the position r induces at the origin:

Rs

Finally
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is a field that includes all the singularities at the origin related to the expec-
tation values of operator of the form r=3 (see Table 1.4.3), for s states. The
contact term H.on: x (I.8)0(r) can be derived from a classical model where
the nucleus is treated as a sphere uniformly magnetized (see Problem F.V.14).

It is remarked that an analogous contact term of the form Asj.s2d(r12),
with A = —(87/3)(eh/mc)?, is involved in the electron-electron magnetic
interaction, as already recalled at Problem F.I1.4.

The three fields in Eq. 5.6 are along different directions. However, by
recalling the precessional motions and then the Wigner-Eckart theorem and
the precession of 1 and s around j, (see Eq. 4.25) one writes

<hcsrj> Jhepr(1+5s) :
Since r.1 = 0 and < [s.r/r|?> >= 1/4, one obtains
2/13")/171 . l2 81 . .
=< — 4+ —s.jo(r)|! > . 5.11
%= 53D 8,55 + 583l 5, j (5.11)
Then
167 9
a; = TMBWHW(OW:O for s electrons (5.12)
and
(1+1) _3 S 1
a; =2upyrth————=% <r 2 >z for [#£0, with j=1+—-. (5.13
! i +1) g 2 019

For [ = 0 the angular average of hy and h; (Egs. 5.7 and 5.8) yields zero: only
the contact term related to hs contributes to a; once that the expectation
values are evaluated (see Problem V.2.5).

From the Hydrogenic wavefunctions (§1.4) one evaluates

|6(0)[7—g = Z°/main®

and
<77 >10=2%/adn?l(1+1/2)(1+ 1), in Eq. 5.13.

Therefore the effective field turns out of the order of 8 x 104(Z3/n3) Gauss
for s electrons and of the order of 3 x 104(Z3/n®) Gauss for [ # 0.

Values of the effective hyperfine field at the nucleus due to the optical
electron, for the lowest energy states in alkali atoms, are reported in Table
5.1.

For two or more electrons outside the closed shells, in the LS coupling
scheme one has to extend Eqgs. 5.7-5.10 to total L, S and J, thus specifying
ay in Eq. 5.3.

The energy corrections related to the magnetic hyperfine interaction can
be expressed by introducing the total angular momentum F
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*Sip Py Py
Na 45 4.2 25
K 63 7.9 4.6
Rb 130 16 28.6
Cs 210 28 13

Table 5.1. Magnetic field (in Tesla) at the nucleus in alkali atoms, as experimentally
obtained by direct magnetic dipole transitions between hyperfine levels (see Chapter
6) or by high-resolution irradiation in beams (see Fig. 5.3).

_ F=5/2
K

5a,;/2

ELS,J) AE p py = a,(F+1)
y F=32
N

3a,/2

v F=1/2

Fig. 5.2. Magnetic hyperfine structure for J =3/2 and I = 1.

F=1+1J (5.14)

with the related quantum numbers F' ( integer or half integer ) and My taking
the values from —F to +F.

The structure of the hyperfine energy levels turns out

< L,S,J,FlajLI|L,S,J, F >= “7‘] (F(F—i— )= I(I+1)—J(J+ 1)) (5.15)

The hyperfine structure for the electronic state J = 3/2 and nuclear spin
I = lisillustrated in Fig. 5.2, showing the interval rule Ap g1 = a;(F+1).
In Fig. 5.3 the hyperfine structure of the D; » doublet in Na atom is reported.
It is reminded that the definition of the second as time unit and its metro-
logical measure is obtained through the magnetic dipole F' = 4 & F = 3
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°Py)
A
3P
Py
'Y
3S . S,
D, D,

=y

[\ o =N W

AF=+1

AF=0

1772 MHz

Fig. 5.3. Hyperfine magnetic structure of the low-energy states in Na atom, with
the schematic illustration of the lines detected by means of resonance irradiation for
the Do component in atomic beams (for details see Chapter 6) by using a narrow
band variable-frequency dye laser (Problems F.V.2 and F.V.13).

transition, at 9172.63 MHz, in 133Cs atom (I = 7/2) in the ground state

25, 5.

=
=0
=17

A

3al4

4

0.0475cm™!
(2=21 cm)

1l

spontaneous emission

Fig. 5.4. Magnetic hyperfine structure of the ground state in Hydrogen and line at
21 cm resulting from the spontaneous emission from the F'=1 state, the transition
being driven by the magnetic dipole mechanism.
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The hyperfine energy levels for the ground state of Hydrogen are sketched
in Fig. 5.4, with the indication of the spontaneous emission line at 21 cm,
largely used in the astrophysical studies of galaxies.

A complete description of the fine and hyperfine structure of the energy
levels in Hydrogen, including the results by Dirac and from the Lamb elec-
trodynamics, is given in Appendix V.1.

Finally we mention that the effect of an external magnetic field on the
hyperfine states of the atom can be studied in a way strictly similar to what
has been discussed at Chapter 4 in regards of the fine structure levels. Zeeman
as well as Paschen-Back regimes are currently observed (see Problem F.V.3)

Problems V.2

Problem V.2.1 Evaluate the dipolar and the contact hyperfine splitting
for the ground state of positronium. Estimate the effective magnetic field
experimented by the electron.

Solution:

The hyperfine dipolar Hamiltonian is

2 27T73(r-s1)(r-s
o= ClnP [3eses) ]

while the Fermi contact term is

81

Hp = ?(QMB)QMMO)PSI'SQ
yielding
8T 9 51
Ep() = 5-(2pn Pl (0)P5S(S + 1) + const.,

where [1(0)|? represents the probability of finding the electron and the
positron in the same position, in the 1s state. Being zero the contribution
from Hy, the separation between the singlet and triplet levels is given by

87 (2up)® i

Ep(S=0)=Ep(S=1)= 75— = @:5-10*%\/,
§2 o

with a, Bohr radius for positronium. The magnetic field experimented by the
electron is about 4 x 10* Gauss.
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Problem V.2.2 Consider a pair of electrons and a pair of protons at
the distance e — e and p — p of 2 A. Evaluate the conditions maximizing and
minimizing the dipole-dipole interaction, the energy corrections in both cases,
and the magnetic field due to the second particle, for parallel orientation.

Solution:

From the interaction energy

pi-p2 3(p1-r)(p2 )
3 5

Eint = —po - Hyi(r) =

E;nt =0 for py L Hy(r).
For parallel orientation of the p’s Ejuy = (u1p2/73)(1 — 3cos? §) and for
|r| fixed the extreme values are

2
E =—- M13H2 for 6 =0,
T

E" = Mlé@ for 6 =
r

0ol

For two electrons at [r| =2 A, for p, = 2up+/5(s + 1)
E' = —6.45-10"erg and |[H'| = 4016 Oe
E" = +3.22-10"Yerg and |[H”| = 2008 Oe.
For two protons
pp = gpinV/I(IT +1), I=1/2, py =pp/1836, g =5.6

and then
E'=—-1.5-10"%%erg and |H'| =6 Oe

E" =75-10"%erg and [H”| =3 Oe.

For the derivation of the eigenstates and eigenvalues see Problem F.V.8.

Problem V.2.3 Evaluate the magnetic field at the nuclear site in the
Hydrogen atom for an electron in the states 1s, 2s and 3s. Estimate the
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energy difference between the states for parallel and antiparallel nuclear and
electronic spins.

Solution:
From Eq. 5.15 with

_ 9N 8m
i +1) 3

and |¢(0)|? = 1/madn?® the field can be written

e B 91 N |9(0)]?

8w

hj = 5 ge 1 [6(0)* i + 1)

1/2

The energy separation a for j = s = 1/2 (Fig. 5.4) and the field turn out

n |¢(0))*(em™3) a (em~!) Ay (kGauss)
1 2.15-10** 0.0474 289
2 2.69-10%3 0.00593 36.1
3 7.96 - 10?2 0.00176 10.7

Problem V.2.4 Consider a muonic atom (negative muon) and Hydro-
gen, both in the 2p state. Compare in the two atoms the following quantities:

i) expectation values of the distance, kinetic and potential energies;
ii) the spin-orbit constant and the separation between doublet due to 2p—1s
transition (see §1.6);
iii) the magnetic hyperfine constant and the line at 21 cm (note that the
magnetic moment of the muon is about 10~ Bohr magneton).

Solution:

i) (r) ocay with af = ag/186; EF = 186 | with EF = —e2/2a¢n?.
By resorting to the virial theorem, (V) = 2-186EX and (T) = f%.

ii) From
e?h? 1

= o228
2mictr

HS.O.

by taking into account the scale factors for m, and for r, one finds

&b, = 186 &1, with doublet separation %Eé‘p.

Alternatively, by considering the spin-orbit Hamiltonian in the form
Y g <T_3>, since pf ~ pf/186 and pt ~ 102, the order of magnitude
of the correcting factor can be written (186)3/186 - 100.
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iii) From Hpyp = —pn - heps and |[hegr| o<, |10(0)[?, since p,, ~ 1072 p and
|$(0)]2 ~ (186)3/a3, one has af, ~ afl - 6.5 -10* and Ny, = \{ /6.5 - 10%.

Problem V.2.5 Estimate the dipolar magnetic field that the electron in
2p1,0 states and spin eigenfunction « creates at the nucleus in the Hydrogen
atom.

Solution:

From Eq. 5.8, since pus = —2ups and —2ups, = —up, by taking into account
that for symmetry reasons only the z-component is effective (the terms of the
form z.x and z.y being averaged out) one has

_ 1 2
hi® = g [3 + 325} = Nif {1 - 300529}
r r T

The expectation value of 3cos?0/r3 on Ry (r)Y11(0, ) reads

1 ! 1
< 3 > %/71 d(cost)sin*0cos®0 = g < = >
Thus < h?? >= —(up/2) < 1/r® >. By taking < 1/r® >51; from Table 1.4.3,
|hdiP| ~ 1.5 x 10® Gauss, to be compared to Eq. 5.13.

For the electron in the 2p, state one obtains < (1 — 3cos?0)/r3 >=
—(4/5) < 1/r® > (again considering as effective only the 2z component).

This condition is the one usually occurring in strong magnetic fields where
only the z components of s and of I are of interest.

The vanishing of < hy > (Eq. 5.8) in s states arises from
J(1 = 3cos?6)sinddf = 0.

5.3 Electric quadrupole interaction

Since the first studies of the hyperfine structure by means of high resolution
spectroscopy, it was found that in some cases the interval rule Appi; =
ay(F +1) was not obeyed. The breakdown of the interval rule was ascribed to
the presence of a further electron-nucleus interaction of electrical character,
related to the electric quadrupole moment of the nucleus. As we shall see, this
second hyperfine interaction is described by an Hamiltonian different from the
form a;I.J which is at the basis of the interval rule.

To derive the electric quadrupole Hamiltonian one can start from the clas-
sical energy of a charge distribution in a site dependent electric potential:
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E:/pn(r)Vp(r)dTn (5.16)

By expanding the potential Vp due to electrons around the center of charge,
one writes

oV,
E:/Pn(r)VP(O)dTnJFZ(ax /PW JTaldTnt Z 333 8335 /pn(r)xaxngnJr...

(5.17)
where one notices the monopole interaction (already taken into account as
potential energy in the electron core Hamiltonian), a dipole term which is
zero (the nuclei do not have electric dipole moment) and the quadrupole
term of the form

e — 8 2
3z — 0y 57

1 .
EQ = 5 ZQ;7j‘/;’j7 with ‘/iJ - /pelec. (I‘) ’1"5 dTn . (518)
0,J
In the quantum description
Qij=e Z (Bxfal — 8i472) (5.19)

nucleons

is the quadrupole moment operator, while V; ; is the electric field gradient
operator, a sum of terms of the form —e(3z;x; — &; j7%)/r".

Without formal derivation (for details see Problem F.V.15), we state that
the correspondent Hamiltonian can be rewritten

M2, =bsB(LI)* + gI.J —I(I+1)J(J +1)] (5.20)

where by = eQV,./21(21-1)J(2J—-1), with eQV,, the quadrupole coupling
constant. The z-component of the electric field gradient is

<JJ|—eZ |JJ> (5.21)
elec.
while
eQ =< I1|eQ.|I,1 >=<I,1le» (322 —r2)|I,I > (5.22)

n

is the quantum equivalent of the classical quadrupole moment. () is measured
in cm? and a practical unit is 10724 cm?, called barn. @ positive means
elongation of the nuclear charge along the spin direction while for negative
Q@ the nuclear ellipsoid has its major axis perpendicular to I. For I = 0 or
I=1/2,Q=0.

It is remarked that in the Hamiltonian 5.20 the first term is the one im-
plying the breakdown of the interval rule.

With the usual procedure to evaluate the coupling operators in terms of
the correspondent squares of the angular momentum operators, one can derive
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F=5/2

v

x X b/4

Sa,; 2
J=1,I=3/2

F=32

A ¢ b
3a,/2

' $sbi4
F=1/2

Fig. 5.5. Hyperfine magnetic and electric quadrupole energy levels for an atom with
I =3/2 and J = 1; ay is the hyperfine constant while here b = eQV.. (see Egs.
5.20- 5.22). @ has been assumed positive. The value of a;/b is arbitrary.

the energy corrections associated with the Hamiltonian 5.20. In Fig. 5.5 the
structure of the hyperfine (magnetic and electric) levels for I =3/2 and J =1
is shown.

The one-electron electric field gradient (Eq. 5.21) is written
< 7,7l(3cos?0 — 1) /r3|j, 5 >.

For a wavefunction of the form ¢; ; = RMYUXSP"", since

X ) 21
/Yl,l(Scoszﬂ —1)Y;5tn0do = )
for x*P"" = , one has
V.. 21 3

=— = . 5.23
1 e ay3 " 7 (5:23)

In terms of j one can write

(21 -1) 3

=<7 "> 5.24
QJ (2] + 2) ( )
valid for my = 1/2 as well as for my; = —1/2. For s states the spherical

symmetry of the charge distribution implies ¢ = 0.
For Hydrogenic wavefunctions the order of magnitude of the quadrupole
coupling constant is

z3 Z3
e2qQ ~ 10°Q= ~ 10 ° eV (5.25)
n n

for Q ~ 10724 cm?.
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In the condensed matter the operators V;;, can be substituted by the corre-
spondent expectation values. The electric field gradient tensor has a principal
axes frame of reference in which Vxy = Vxz = Vyz =0, while > Voo =0,
with [Vzz| > [Vyy| > |Vxx|- 7 = (Vxx — Vyy)/Vzz is defined the asym-
metry parameter (see Problems V.3.1 and V.3.2).

Problems V.3

Problem V.3.1 Find eigenvalues, eigenstates and transition probabilities
for a nucleus at I = 1 in the presence of an electric field gradient at cylindrical

symmetry (expectation values Vzz = eq, Vxx = Vyy = —eq/2).

Repeat for an electric field gradient lacking of the cylindrical symmetry
(Vxx # Vyy).

Solution:

From Eq. 5.20 and by referring to the expectation values for the electric field
gradient the Hamiltonian is

Ho = A {31;2 Ny f%)}

where

e?qQ

_ Vxx — Vyy
4121 - 1) '

1,
=—e , eq=Vzz, =
4 qQ q zz, 1M Viz

For cylindrical symmetry = 0 and Hg commutes with I, and I%. The
eigenstates are

1 0 0
I>=10] ,j0>=(1] ,|-1>=1(0
0 0 1
In matrix form
1 00
Ho=A10-20
001

and

Hol£1>=A|£1> Hgl0>=—-24[0>.
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It can be noticed that magnetic dipole transitions, with AM; = +1
and circular polarized radiation, are allowed (read §6.2).

For  # 0 the Hamiltonian in matrix form can be written !

1 079
Ho=A410-20
n 01

From
Det(A™"Hg —el) =0 = (2+e)(1+e—2e—7n%) =0
the eigenvalues turn out
E=A4e=-2A, (1+£nA

with corresponding eigenvectors

0 1 1

|—2A>= 11 (1£n)A>=—1] 0

0 V2 \ 41

The unitary transformation that diagonalizes Hg is
Hé—z =UHoU™*
with

1 10 1
U=—7210+v2 0
V2 10 -1

! The matrices of the angular momentum operators for =1 in a basis which diag-
onalizes I, and I? are

1(010 L (0P 0
IL,=—[101 Iy=— i 0 —i
2\o010 v2\y i o

10 0 100
I,=[000 ?=2(010

00 -1 001

10
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Then

147 0 0
Ho=A[ 0 -2 0
0 0 1—n

The structure of the energy levels is

A(1+n)
Vs A(L-n)

-2A

with transition frequencies

V1:%<1+g>, 1/2:%(1—%>

and
v3 = 2An/h.

From the interaction Hamiltonian with a radio frequency field H?*¥ (see
Problem F.V.6 and for details Chapter 6)

H; = —yhHE . T
and by taking into account that
H; =UHUT
one finds
0 HEF  [gRE
Hy=—h | HEF 0 iHFF
HEE —iHEF
z Y
The transition amplitudes are

(AL +n)|Hf| — 24) = —yhH "

(—2A[HG|A(1 =) = inhH "
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(A(L+ n)[H7A(L = n)) = —yhHEE.

All the transitions are allowed, with intensity depending on the orientation of
the radio frequency field with respect to the electric field gradient.

Problem V.3.2 Consider a 2*Na nucleus at a distance 1 A from a fixed
charge —e. Estimate the eigenvalues of the electric quadrupole interaction
and the frequency of the radiation which induces transitions driven by the
magnetic dipole mechanism (the electric quadrupole moment of ?*Na is Q =
+0.101 - 10724 cm?).

Solution:

From the eigenvalues of the electric quadrupole Hamiltonian (see Problem
V.3.1, for n =0)

eQVzz 9
E = —=_(3M;7 —I1I(I+1)).
M= q7o7 - 1)( [ —1(I+1))
For I = % X .
Eiz/0= ZGQVZZ Eip= *ZGQVZZ

The transition probabilities related to a perturbation Hamiltonian of the
form Hp oc H " - T oc I (see §6.2) involve the matrix elements

3312131 3103 |3 1
(3315l53) =va(saln]s-4) =2
3 11,13 3
I I S P Q.
<2’ 2’* 2’ 2> V3
Then W%’% x 3, W%ﬁ% x 4, Wﬁ;fg o 3. The transition frequencies turn out
1 16szz 1 16szz
=g (B By) =575 vmaes =g (B Ey) =57
From ) ) )
3z° — 2
VZZ:%(?:% and VXX:VYY:7%
r r r

(note that the Laplace equation holds) one estimates

2
= ﬂ ~35MHz.

3 1 =
TEE T
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Appendix V.1 Fine and hyperfine structure in
Hydrogen

Having introduced the various interaction terms (spin-orbit, relativistic
corrections and hyperfine interaction) to be taken into account for one-electron
states in atoms, it is instructive to reconsider the Hydrogen atom and to look
at the detailed energy diagram (Fig. 5.6).

4 3Ds/2 3Ds , F=1
3 3P3p, 3Dz, 3P ‘ 3Dy F-0
: F=1
2=6562.8 A H 3Sy,, 3Py, 3Sy,, 3Py, F=0
o F=2
2 2P3/2 ( F=1
25,
2815 4 2Pyp 2Py
1
Bohr model and Fine structure Lamb shift
Schrédinger equation according Hyperfine
without spin to Dirac theory structure

(I.s coupling +
relativistic mass
increase)

Fig. 5.6. Energy levels in Hydrogen including the effects contributing to its detailed
structure. The scale is increased from left to right and some energy splittings are
numerically reported to give an idea of the energy separations. The fine structure
of the n=2 level is detailed in Figure 5.7.

The solution of the non-relativistic Schrodinger equation (§1.4) provided
the eigenvalues E,, ; = —Ryhc/ n?. Then the spin-orbit Hamiltonian
Hso = (€2/2m2c?r3)Ls was introduced (§1.6). However we did not really dis-
cuss at that point the case of Hydrogen (where other relativistic effects are of
comparable strength) dealing instead with heavier atoms (§2.2 and Chapter
3) where the most relevant contribution to the fine structure arises from Hs,.
At §2.2 and Problem F.I.15 it was pointed out that a more refined relativis-



Appendix V.1 Fine and hyperfine structure in Hydrogen 185

tic description would imply a shift of the s-states (where | = 0 while at the
same time a divergent behaviour for r — 0 is related to the positional part of
Hso)- Finally the hyperfine magnetic interaction was introduced (§5.2) where
Hhyp. = a;1.j, with I =1/2, j =1+1/2 and a; given by Egs. 5.12 and 5.13.

The simplest relativistic correction which could remove the accidental de-
generacy in [ was already deduced in the old quantum theory. As a conse-
quence of the relativistic mass m = m(v), for elliptical orbits in the Bohr
model, Sommerfeld derived for the energy levels

 Rpyghc o> n 3
En,k*_ 2 [1—’_?(%_1)—'—]

where k is a second quantum number related to the quantization of the
angular momentum [ pgdf = kh (0 polar angle)(see Problem 1.4.4), while
a = (e?/he) ~ 1/137 is the fine-structure constant.

The Dirac electrodynamical theory, which includes spin-orbit inter-
action and classical relativistic effects (the relativistic kinetic energy being
c(p® + m2)?2 —me? ~ (p?/2m) — (p*/8m3c?) (see Prob. F.1.15), provided
the fine-structure eigenvalues

fs__RHhCOéQ 1 3. Oa2 n 3

— 2 1=F0" _ 2
. n? [j+1/2 ) "nz[j+1/2 i

with the relevant findings that the quantum number j and not [ is involved and
the shift for the s-states is explicit. Accordingly, the ground state of Hydrogen
atom is shifted by —1.8 x 107* eV and the n = 2 energy level is splitted in
a doublet, the ps/5 and p;/, states ( this latter degenerate with sy/5) being
separated by an amount of 0.3652 cm™!. The H,, line of the Balmer series
(at 6562.8 A) was then detected in the form of a doublet of two lines, since
the Doppler broadening in optical spectroscopy prevented the observation of
the detailed structure.

Giulotto and other spectroscopists, through painstaking measurements,
noticed that the relativistic Dirac theory had to be modified and that a more
refined description was required in order to account for the detailed structure
of the H, line. A few years later (1947) Lamb, by means of microwave spec-
troscopy (thus inducing magnetic dipole transitions between the levels) could
directly observe the energy separation between terms at the same quantum
number j. The energy difference between 2S5 and 2P states turned out 0.03528
cm~! and the line had a fine structure of five lines, some of them broadened.
Later on, by Doppler-free spectroscopy using dye lasers (Hansch et al., see
Problem F.V. 13 for an example) the seven components of the H, line con-
sistent with the Lamb theory could be inferred. It was also realized that this
result had to be generalized and the states with the same n and j quantum
numbers, but different I/, have different energy.

The Lamb shift (reported in detail in Fig. 5.7 for the n = 2 states) trig-
gered the development of the quantum electrodynamical theory, which



186 5 Nuclear moments and hyperfine interactions

Corrections due to fluctuations of the e.m.

Dirac levels field around the vacuum state (Lamb shift)
8 MHz

2p3, i v 2ps)

X

453105 eV

— 28y

1040 MHz

28112 2Py
c;' 2p
17 MHz

Fig. 5.7. Lamb shift for the n=2 levels in Hydrogen.

fully account for the fine structure of the levels on the basis of physical grounds
that electrons are continuously emitting and adsorbing photons by transitions
to virtual states. These states are poorly defined in energy due to their very
short lifetimes. Qualitatively the Lamb shift can be considered the result of
zero-point fluctuations of the set of harmonic oscillators describing the elec-
tromagnetic radiation field. These fluctuations induce analogous effects on the
motion of the electron. Since the electric field in the atom is not uniform, the
effective potential becomes different from the one probed by the electron in
the average position.

The shift of the ground state due to the Lamb correction is about six times
larger than the magnetic hyperfine splitting.

As regards the hyperfine splitting in the Hydrogen atom, at §5.2 it has
been shown how the structure depicted in Figure 5.6 is originated.
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Problems F.V

Problem F.V.1 The electric quadrupole moment of the deuteron is
Q = 2.8 - 1073 barn. By referring to an ellipsoid of uniform charge, evaluate
the extent of departure of the nuclear charge distribution from the sphere.
Assume for average nuclear radius R,, ~ 1.89 - 10~ '3cm

Solution:
From

1
Q= Zp/‘/(SzQ —r?)dr,
for the ellipsoid, defined by the equation (z2+y?)/a?+(2%/b%) = 1, one obtains

Q = (2/5)(b* — a?). If the average nuclear radius is taken to be R3 = a?b (the
volume of the ellipsoid is %ﬂagb), with R, + R, = b, then, for R,, < R,

Ry +0R, 1+ Ru
and
OR OR OR
2 ~ 2 1 9 n n P2 1 n
b“R+(R)<R) R"( Rn>
OR
~3R% [ ==
m () () | =om (5
Hence

H ORn | -2
corresponding to (R—n) ~6.5-107~.

Problem F.V.2 The D; line of the Na doublet (see Fig. 5.3) displays
an hyperfine structure in form of triplet, with separation between pairs of
adjacent lines in the ratio not far from 1.5. Justify this experimental finding
from the hyperfine structure of the energy levels and the selection rules (see
Prob. F.V.13 for some detail on the experimental method).

Solution:

From the splittings in Fig. 5.3 and the selection rule AF = 0,%+1 one can
deduce that the hyperfine spectrum consists of three lines v(3 31} corre-
sponding to the transitions 2P% (F=3,21) < QS% (F = 2) and of three lines
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V{2,1,0}1 corresponding to the transitions QP% (F=2,1,0) < 25% (F=1)
From the interval rule
Vzo — V22 3
Vo2 — V12 2
Vg1 — VU
21 V11 _ o
Vi1 — Vo1
The lines in Figure correspond to the transitions QP% (F = 3,2,1) <

28, (F = 2).

Problem F.V.3 Plot the magnetic hyperfine levels for an atom in the
state 2S5 s2 and nuclear spin I = 1. Then derive the corrections due to a
magnetic field, in the weak and strong field regimes (with respect to the
hyperfine energy). Classify the states in the two cases and draw a qualitative
correlation between them.

Solution:

In the weak-field regime the hyperfine correction is
AE = gp pp Homp

with

PR+ D+ I+ 1) 10+ 1)y FOE4+ 1)+ 10 +1) = J(J +1)

gr =97 9F(F + 1) 1is 2F(F + 1)

where the second term can be neglected (uy < ppg).

A relatively small field breaks up the IJ coupling. The hyperfine Zeeman
effect then is replaced by the hyperfine Paschen-Back effect. The oscillating
components in the x and y directions average to zero and the final result
is that the nuclear angular momentum vector I is oriented along Hy. The
quantum number F' is no longer defined while the quantum numbers m; and
my describe I and J. This splitting of the energy involves three terms, one
being g; up Ho my, already considered in the Zeeman effect (§4.3.2), the other
is amrm and the third one, —uygrmrHy is negligible.
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See Figure:

g m;
+1

0 -1/2

<)

Fig. 5.8. Hyperfine structure of the S;,; state with I = 1: a) in zero field; b) in
weak field, Zeeman regime; c) in strong field, Paschen-Back regime.

Problem F.V.4 In the Na atom the hyperfine interaction for the P state
is much smaller than the one in the S ground state. In poor resolution the
hyperfine structure is observed in the form of a doublet, with relative inten-
sities 5 and 3. From this observation derive the nuclear spin (see also Prob.
F.V.13).
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Solution:
From

_ F=l+12
Si2

L F=l-12

The intensity being « (2F+1) and the ratio (I+1)/I = 5/3, then I = 3/2.

Problem F.V.5 For a solid ideally formed by a mole of non-interacting
deuterons in an electric field gradient, derive the contributions to the entropy
and to the specific heat, in the high temperature limit.

Solution:

The quadrupolar interaction e?qQ[3M? — I(I +1)]/4 yields two energy levels,
one doubly degenerate (M = 0,+1).

By indicating with e the separation between the levels, the partition function
is

Z(B) = (14 2e PN with g = 1/kpT.

From the free energy
F(T) = —I{IBTan = —RTln(l + Qefﬁ/kBT) ’

the entropy turns out

oF 2Nae e</keT
S =——— = RIn(1 +2¢~</*sT :
oy~ Rl +2e )T T eer
The internal energy is
U = 2NA€765/]€BT T 2

In the high temperature limit

2 €
~ —-N 1-
U=~3 AE( BkBT)’

so that
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ou 2 e \° 9
C_8T_9R<kBT> oI5

namely the high-temperature tail of a Schottky anomaly (a “bump” in the
specific heat vs temperature), typical of two-levels systems.

Problem F.V.6 Consider the Hydrogen atom, in the ground state, in a
magnetic field Hy and write the magnetic Hamiltonian including the hyper-
fine interaction. First derive the eigenvalues and the spin eigenvectors in the
limit Hy — 0 and estimate the frequencies of the transitions induced by an
oscillating magnetic field perpendicular to the quantization axis.

Then derive the correction to the eigenvalues due to a weak magnetic field.

Finally consider the opposite limit of strong external magnetic field. Draw
the energy levels with the appropriate quantum numbers, again indicating
the possibility of inducing magnetic dipole transitions between the hyperfine
levels (this is essentially the EPR experiment, see for details Chapter 6) and
from the resulting lines show how the hyperfine constant can be extracted.

Figure out a schematic correlation diagram connecting the eigenvalues for
variable external field.

Solution:

From the Hamiltonian

Hy = 2upS -Ho — vhiI - Hy +al - S

(7 nuclear gyromagnetic ratio, a hyperfine interaction constant, with a = he/A
and A = 21 cm), for Hy — 0 the eigenstates are classified by S, I, F and Mg
and for I = S = 1/2 two magnetic hyperfine states, F = 0 and F = 1, occur.
Then E1 1, = a/4 and Eiio= —3/4a.

The spin eigenvectors are the same of any two spins system, i.e.

loecy, >
L |ﬂe ﬂp > deﬁning the triplet T171 Tl,O Tl,—l
Lloefy + apBe >

and 1
ﬁ\aeﬁp — apfe > defining the singlet Sp .

The magnetic perturbation implies an operator of the form u, = 2upS,—~yhI,

and the matrix elements involving the triplet and singlet states turn out

11

< 1,1pg|1,0 >= = — —~h

|1 | 2\/5(9,“3 vh)
11

< 1,1]1z]0,0 >= = —(—gup — vh

|t 2\/5( gps — vh)
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< 1,0|ps |1, -1 >=

2
<0,0]pe |1, -1 >= i\ﬁ(gﬂB +~h)
< 1,0]u]0,0 >=<1

Therefore the allowed transitions are S — 77 and S — T_; corresponding to
the transition frequency v = §+ = 1420 MHz (and formally Ty — Ty, To —
Ty at v =0).

For weak field Hy, neglecting the interaction with the proton magnetic
moment and considering that the perturbation acts on the basis where F2,
F,, I? and S? are diagonal, the matrix for H = al- S + 2uS - Hy is

a/4+upHg 0 0 0
0 a/4 0 —pnpHo
0 0 a/4—uBH0 0
0 —,uBHO 0 —3@/4

From the secular equation the eigenvalues are found by solving

a a
Z+,UBHO*E:0 Z*/JBH()*E:O

(1 - E)(*Z — E)— ppHe* =0

yielding Fy o = a/4 £ ppHy and Es 4 = —a/4 £ (a/2)[1 + 4uzBHO2/a2]1/2,



Problems F.V 193

namely the Breit-Rabi diagram reported below:

E ST

I

. H
F=1
F=0

: H

I

CH

In the strong field regime the eigenvalues are the ones for S,, I, S, and I,:
FE =2ugHomg + amsM; — vAMHy

The first term is dominant and the diagram is

M= v
mg=+"
M= -"%
Vi vy
M= -%
mg=- "
M= v

with the electronic transitions Amg = +1 (and AM; = 0) at the frequencies

V19 = oo .

The nuclear transitions AM; = +1 (and Amg = 0) occur at a/2h.
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Since the internal field due to the electron is usually much larger than Hy
the third term can be neglected (see the Figure below).

mSMI
+al4 “OptHof2
H o +1/2 +1/2 2
igll
+1/2-12 —¢
12-172 —Y

vy
-1/2+1/2 ﬂ a ’#

5 lectron Hyperfine Nuclear Magnetic
eeman interaction Zeeman di p_o! e
energy energy transitions H
EPR spectrum (see Chapter 6)

Problem F.V.7 The ** Bi atom has an excited *Dj 5 state, with 6 sub-
levels due to hyperfine interaction. The separations between the hyperfine
levels are 0.23, 0.31, 0.39, 0.47 and 0.55 cm™!'. Evaluate the nuclear spin
and the hyperfine constant.

Solution:

From E(F,1,J) = (a/2)[F(F+1)—-I(I+1)—J(J+1)] and

Ery1 — Ep = a(F + 1), one finds a = 0.08 cm™! and Fyay = 7.

Therefore F' = 2,3,4,5,6,7 and since J = 5/2 the nuclear spin must be I = %.

Problem F.V.8 A proton and an anti-proton, at a given distance d, in-
teract through the magnetic dipole-dipole interaction. Derive the total spin
eigenstates and eigenvalues in term of the proton magnetic moment(it is re-
minded that the magnetic moment of the antiproton is the same of the proton,
with negative gyromagnetic ratio).

Solution:

From
K1 2 3(H1 -r)(p2 1)
N 75 :

H =
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with p1 = 2ups: and pe = —2p,82, by choosing the z axis along r
2 2
2 I
H= —4d7g51 S2+12d7§5i85

Since s1 -85 = S(S+1)/2—3/4 and s7s3 = (1/2)M2 — (1/2)-(1/2), one finds

FEigenstates S Mg Energies

singlet 0 0 0

1 2p2/d?
triplet 1 0 —4yu2/d?
-1 2p2/d?
i e
2 1L+1
2u,7/d
7 0,0
-Au,,2/d
v 1,0

Problem F.V.9 Two electrons interact through the dipolar Hamiltonian.
A strong magnetic field is applied along the z-direction, at an angle 6 with the
line connecting the two electrons. Find the eigenvalues and the corresponding
eigenfunctions for the two spins system, in terms of the basis functions o 2
and 51,2.

Solution:

In the light of Eq. 5.8 for the dipolar field (see also Problem V.2.2) the
total Hamiltonian is

H = Ho + Hqg

W 2y 3
= 2upHy(sy"’ +s17) + 3 |S1s2 T—Q[(s1 r)(sy-1)]p.
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In order to evaluate the matrix elements it is convenient to write the
perturbation Hamiltonian in the form (called dipolar alphabet)

4
Ha = “B[A+B+C+D+E+F]
where
1
A=sWDsP[1 - 3cos? ), B:_E [5@5@—1—3@3@ (1 — 3cos?0),

0 angle between Hy and r. The terms C, D, E and F involve operators of
the form 8(1)8,(22), s(_l)sg), 8(1)8(2), s and can be neglected. In fact these
terms are off-diagonal and produce admixtures of the zero-order states to an
amount of the order of (up/r?) /Ho.

Thus the dipolar Hamiltonian is written in the form

4 2
Ha = %(1 — 3cos? ) [ (D) — 1 ( RS +S(_1)SS-2)):| ;

A

most commonly used.
The complete set of the basis functions is ajas, @102, asBy and (10
and the matrix elements are

1
< aa|Hrlaa > = 2 up Hy + EA

< afHr|laf > = < fa|Hr|fa >= —

pEPS

< ap[Hr|fa> = < fa|Hr|af >= -
< BB[Hr|BB > = —2upHy + A/4

It is noted that while the term A is completely diagonal, the term B only
connects \m(l) ) > to states < m{ +1,mP —1]or < m{ —1,m® + 1].
B blmultaneously flips one spin up and the other down.

The secular equation is

(+2upHo+4)—E 0 0 0
0 -4_p -4 0 0
0 —4  —4_F 0 o
0 0 0 (~2upHo+4)-E

and the eigenvalues turn out
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E, = —2up (HO = 5—53(1 — 3cos? 9))
Ey, =0

By = —=2B(1 - 3cos?0)

_ HB 2
Ey = +2up (Ho — 2—73(1 — 3 cos 9)) .

The correspondent eigenfunctions being ay s, G152 and % [a102 £ asf], as
expected.

Problem F.V.10 In the Ba atom the line due to the transition from the
6s6p J = 1 to the (6s)? ground state in high resolution is evidenced as a
triplet, with line intensities in the ratio 1, 2 and 3. Evaluate the nuclear spin.

Solution:

Since F =1+J

for J =0 one has I = F = no splitting

for J=1 = splitting in (2] +1) or in (2J + 1) terms.

I =0 = no splitting,
1
for I = 3 and J=1 AF =0,+1 = two lines

I=1or I >1 = three lines.

Looking at the intensities, proportional to e~ #/¥8T(2F + 1), where the
energy E is about the same

for =1 F=0,1,2 = intensities: 1,3,5
for I = —> intensities: 2,4, 6.

Therefore I =

3
3¢

Problem F.V.11 In the assumption that in a metal the magnetic field
on the electron due to the hyperfine interaction with I = 1/2 nuclei is H, =
(a/N)X,I% (a constant and same population on the two states) prove that
the odd moments of the distribution are zero and evaluate < H2 >. Then
evaluate < HZ > and show that for large N the distribution tends to be
Gaussian, the width going to zero for N — oc.

Solution:

(H2"+1) = 0 for symmetry. Since (I2)? = 1
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<<Zfi> > = ST (U + () = N

n#m

and then (H2) = (5%)2N.

(HY = (%)4 S (LI (3) 32 ((I7)2(17)? ( ) Z(IZ
gkl
- (%)4 (3N2 — N).

In the thermodynamical limit one has (H2) ~ 3 (ﬁ)4 N2: the first two even
moments correspond to the Gaussian moments.

Problem F.V.12 Evaluate the transition probability from the state
M =-1/2 to M = +1/2 by spontaneous emission, for a proton in a mag-
netic field of 7500 Oe.

Solution:

From the expression for As; derived in App. 1.3 and extending it to magnetic
dipole transitions, one can write

_4 2

Aoy = 33h|<2|ﬂ|1>‘
4w 1 1 2 1 1 2
A Ll Es P <l - 5 )

with g = AL From Iy = I, + il, one derives As; = (2/3)(v*h/c®)w? and
for v = 42.576 - 27 - 102 Hz/Gauss, wy, = vHy = 27 - 31.9 MHz, yielding

Aoy ~ 1.5 x 10720571,

Problem F.V.13 High-resolution laser spectroscopy allows one to evi-
dence the hyperfine structure in the optical lines with almost total elimination
of the Doppler broadening.
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The Figure below

F
g AE(MH2) es3
32P,, 7w 59 ’\
i 35 [
X 0 16 || 12 MHz
— 2t
A
5890 A [
2652 / \
261 A \ \.
. o~ o S~
Sy, 2 frequency
1772
1

shows the hyperfine structure of the 25, 5 —2 P35 Do line of Na at 5890 A.
(This spectrum is obtained by irradiating a collimated beam of sodium atoms
at right angles by means of a narrow-band single-mode laser and detecting
the fluorescent light after the excitation. This and other high resolution spec-
troscopic techniques are nicely described in the book by Svanberg, quoted
in the Preface).

From the Figure, discuss how the magnetic and electric hyperfine con-
stants could be derived and estimate the life-time of the 2P; /2 state (in the
assumption that is the only source of broadening).

Then compare the estimated value of the life time with the one known
(from other experiments), 7 = 1.6 ns. In the assumption that the extra-
broadening is entirely due to Doppler second-order relativistic shift,
quadratic in (v/c) and independent from the direction of motion, estimate the
temperature of the oven from which the thermal atomic beam is emerging,
discussing the expected order of magnitude of the broadening (see Problem
F.I.7).

Solution:

For the ground-state 251/2, I =3/2and J = S = 1/2, the quadrupole
interaction being zero, from Eq. 5.15 the separation between the F' = 2 and
F =1 states directly yields the magnetic hyperfine constant

a= A12/(F+1) =886 MHz, corresponding to an effective magnetic field of
about 45 Tesla (see Table V.2.1).

The sequence of the hyperfine levels for the 2P, /2 state does not follow
exactly the interval rule. In the light of Eq. 5.20 an estimate of the quadrupole
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coupling constant b can be derived (approximate, the correction being of the
order of the intrinsic line-widths).

In the assumption that the broadening (12 MHz) is due only to the life-
time one would have 7 = 1/271Av ~ 13.3 x 107? s, a value close to the one
(T ~ 16 x 10~%s) pertaining to the 32 P/, state (Av ~ 10 MHz).

The most probable velocity of the beam emerging from the oven is v =
\/3kpT /My, that for T ~ 500 K corresponds to about 7 x 10* cm/s.

While the first-order Doppler broadening is in the range of a few GHz,
scaling by a term of the order of v/c leads to an estimate of the second-
order Doppler broadening in the kHz range. Thus the extra-broadening
of a few MHz is likely to be due to the residual first-order broadening
(for a collimator ratio of the beam around 100 being typically around some
MHz).

Problem F.V.14 From the perturbation generated by nuclear magnetic
moment on the electron, derive the effective magnetic field in the hyperfine
Hamiltonian Hpyp = —pr.hesr (Eq. 5.6).

Solution:

From the vector potential (see Fig. 5.1 and Eq. 5.4) the magnetic Hamil-
tonian for the electron is

1
Higp = 2up=5" +2ups.V x [-V x &)

Since

©r I 3(r)r
Vx[-Vx—]=—-g.M{= —
x [ - } g {r?’ 5

. r
} + gnMnIdZ’U(TTQ,) )

while div(r/r3) = 47é(r), one writes

Il s.I 3(Lr)(s.r
Hhyp = QMBgnMnﬁ —QMBgnMn{?g - %}‘FQMBgnMn(S.I)llW(S(I') =
=A+B+C,

To deal with the singularities at the origin involved in B and C, let us
define with V. a little sphere of radius ¢ centered at r = 0. Then in the
integral for the expectation values

I— /V Bé* (r)(r)dr = /V Bf(r)dr

one can expand f(r) in Taylor series, within the volume V.

F(r) = F(0) + 2.9 1) + 3 (5. 9) (£ V) (1)



Problems F.V 201

In I there are two types of terms, one of the form

0% 1
Sz—’z@(;) (a)

the other of the form

0% 1

In the expansion (r.Vf) is odd while (a) terms are even, thus yielding
zero in I. The product of (a) terms with the third term in f(r) when even,
contributes with a term quadratic in e.

The terms of type (b) are odd in the two variables, while r.V f includes
odd terms in a single variable. In the same way are odd (and do not give
contribution) the terms (b) f(0). Finally the terms (b) times the third term in
the expression again contribute to I only to the second order in . Therefore,
one can limit I only to

I =20, Mupnf (0) [ (sDV?()dr

=

Since V2(1/r) = —4nd(r) the magnetic hyperfine hamiltonian can be
rewritten 2

11 sI 3(sr)(Ir)]* 167
thPZZMBgnMnT?_Q;U’BgnMn |:’l"3—(7')5():| “F?/J/BQTLM”SI(S(I‘)

Thus the effective field hesy in the form given in Eq. 5.6 is justified.

A model which allows one to derive similar results for the dipolar and
the contact terms is to consider the nucleus as a small sphere with a uni-
form magnetization M, namely a magnetic moment u,, = (47R3/3)M. For
r > R the magnetic field is the one of a point magnetic dipole. Inside the
sphere H;,,; = (87/3)M. By taking the limit R — 0, keeping pu,, constant and
then assuming that M — oo, so that fr<R H;pidr,, = 8mp,/3, the complete
expression of the field turns out

8

()t

Problem F.V.15 From the energy of the nuclear charge distribution
in the electric potential due to the electron (Eq. 5.16) derive the hyperfine
quadrupole Hamiltonian (Eq. 5.20).

2 The star in the following equation means that in the expectation value a small
sphere at the origin can be excluded in the integration and then € set to zero. All
singularities are included in the contact term.
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Solution:
By starting from Eq. 5.18 a new tensor @;; so that ), Q; = 0 is defined

Qij = 3Qj; — i Z Qu
!
and in terms of @;; one has
1 1 ,
Eq = gZQz‘jVij + EZQHZVN'
ij ! J
The second term can be neglected since ;Vi; = 0. Thus
W
Q _ 1Y
thp B Z Qij 6
ij

where the operators are

Qij = 62(3.13?33? - 51']'7‘2)

- (3zizj — 6i72)
Vij = _ez 5
e

This Hamiltonian can be simplified by expressing the five independent compo-
nents of Q;; in terms of one. Semiclassically this simplification originates from
the precession of the nuclear charges around I, yielding a charge distribution
with cylindrical symmetry around the z direction of the nuclear spin.

Then

Qi; = 0 for i # j and being ), Qu = 0, one has Q11 = Q22 = —Q33/2
with Q33 = [ pn(r)(32% — r?)dr,,.

In the quantum description the reduction of H,?yp is obtained by consid-
ering that only the dependence from the orientation is relevant. Thus, for the
matrix elements < I, M}|Q” |, M; > (other quantum numbers for the nuclear
state being irrelevant), by using Wigner-Eckart theorem one writes

N 3
< I, M7|Qi|I, My >=C < I7M}|§(Iilj + Ii1;) — 63 |1, My > .

By defining, in analogy to the classical description, the quadrupole moment
@ in proton charge units as

QZZ

e

Q =< II|=2|II >=< 11| > (32} —r2)|II >

the constant C is obtained:
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C <IIP3IZ—IPIII>=CBI* —I(I +1)] = eQ

Therefore all the components @);; are expressed in terms of @), which has the
classical physical meaning (see Eq. 5.2 and Eq. 5.22). Then the quadrupole
operator is

A e@ 3 9
ii= ——{= (L1 + [;1;) — 0451
Q] 1(2_[—1){2( ]+ J ) J }
Analogous procedure can be carried out for the electric field gradient operator:
~ eqy 3 9
i = T 15 (Jidj iJi) — 0ij
where R ,
V‘zz 3 e e
ar =< JIIZE|JT =< 1J| - Ze(:%w >

Finally, since

S LLiJd; = () LiJ)? = (L3)
ij i
Zjijjdijj2 = (Z IZ')2J2 = .[2J2
ij i
> LIJd; = (L3)* + (1.J)
j
the quadrupole hyperfine Hamiltonian is written

He eqsQ
hyp 2121 — 1)J(2J — 1)

{3(L.3)% + ;(I.J) —I1?J%})

as in Eq. 5.20 (see also Eq. 5.24).

Problem F.V.16 At §1.5 the isotope effect due to the reduced mass
correction has been mentioned. Since two isotopes may differ in the nuclear
radius R by an amount §R, once that a finite nuclear volume is taken into
account a further shift of the atomic energy levels has to be expected. In the
assumption of nuclear charge Ze uniformly distributed in a sphere of radius
R = rp A3 (with Fermi radius rr = 1.2 x 10713 cm) estimate the volume
shift in an hydrogenic atom and in a muonic atom. Finally discuss the effect
that can be expected in muonic atoms with respect to ordinary atoms in
regards of the hyperfine terms.

Solution:

The potential energy of the electron is V(r) = —Ze?/r for r > R, while (see
Problem 1.4.6)
Ze? r?

=32 (1- — <
V(r) 32R(1 3R2) forr <R
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The first-order correction, with respect to the nuclear point charge hydrogenic
Hamiltonian, turns out

Ze?r (B r? 2R Ze?
AE ="— R =3+ —5 + —)ridr ~ =—R*Ry(0)]?

57 |, VB3 4 g+ =y~ TR R )
The correction is negligible for non-s states, where R,,;(0) ~ 0, while for s
states one has

2 zZ4
AE = Ze*R?
56R agn3

In terms of the difference JR in the radii (to the first order) the shift turns

out

4

4
SE ~ 526232 27 oR

ain® R

In muonic atoms (see §1.5) because of the change in the reduced mass and
in the Bohr radius ag, the volume isotope effect is dramatically increased with
respect to ordinary hydrogenic atoms.

As regards the hyperfine terms one has to consider the decrease in the
Bohr radius and in the Bohr magneton (up o< 1/m) (see Problem V.2.4). For
the hyperfine quadrupole correction small effects have to be expected, since
only states with [ # 0 are involved.

Finally it is mentioned that an isomeric shift, analogous to the volume
isotope shift, occurs when a radiative decay (e.g. from *"Co to *"Fe) changes
the radius of the nucleus. The isomeric shift is experimentally detected in the
Moéssbauer resonant absorption spectrum (see §14.6).



6

Spin statistics, magnetic resonance, spin
motion and echoes

Topics

Spin temperature and spin thermodynamics
Magnetic resonance and magnetic dipole transitions
NMR and EPR

Spin echo

Cooling at extremely low temperatures

This Chapter, dealing with nuclear and electronic angular momenta in mag-
netic fields, further develops topics already discussed in Chapters 4 and 5. The
new arguments involve some aspects of spin statistics and of magnetic reso-
nance (namely how to drive the angular and magnetic moments and to change
their components along a magnetic field). The magnetic resonance experiment in
most cases is equivalent to drive magnetic dipole transitions among Zeeman-like
levels.

6.1 Spin statistics, spin-temperature and fluctuations

Let us refer to a number N (of the order of the Avogadro number) weakly
interacting spins S = 1/2, each carrying magnetic moment p = —2ugS,
in static and homogeneous magnetic field H along the z-axis. At the thermal
equilibrium the statistical distribution depicted in Fig. 6.1 occurs. The number
of spins on the two energy levels (statistical populations) are

e BT N wBH

N.=N—°" =2 %7 (6.1)

wpH —pupH ?

and



206 6 Spin statistics, magnetic resonance, spin motion and echoes

N zwpH
N+ = 76 kBBT 5 (62)

with Z the partition function (for reminds see §4.4, Problems F.I.1 and
F.IV.8). The contribution to the thermodynamical energy is

2N o7

U=N_(~ppH)+Ns(upH) = ppH2N, —N) = [ NlusH (6.3)

with

H
€= le the “magnetic temperature”
B

(having assumed U = 0 in the absence of the magnetic field).

H#0

Ny l w, M=+1n2

N,+N =N

2upH

Spin degeneracy

I o, M=-12

Fig. 6.1. Pictorial view of the statistical distribution of N spins S = 1/2 on the
two “Zeeman levels” in a magnetic field, with N_ > N, at thermal equilibrium. In
a field of 1 Tesla the separation energy 2upH is 1.16 x 10™* eV, corresponding to
the temperature T = 2upH/kp = 1.343 K.

An equivalent description holds for protons, with I = 1/2, with the lowest energy
level corresponding to quantum magnetic number M; = +1/2, the gyromagnetic
ratio being positive (§5.1). The energy separation between the two levels, for proton
magnetic moments, is 2up,H, with p, = Mpgnl and M, the nuclear magneton,
gn = 5.586 the nuclear g-factor. In a field of 1 Tesla, for protons the separation
turns out 1.76 x 1077 eV (or 20.4 x 10™* K).

The statistical populations Ny or N_ are modified when the temperature
(or the field) is changed and after some time a new equilibrium condition
is attained. N4 can be varied, while keeping the temperature of the ther-
mal reservoir and the magnetic field constant, by proper irradiation at the
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transitional frequency v = 2upH/h, by resorting to the magnetic dipole
transition mechanism (the methodology is known, in general, as magnetic
resonance, described in some detail at §6.2).

When N. are modified, in principle the energy U can take any value in
between —NupgH (corresponding to full occupation of the state at Mg =
—1/2) and + NupH (complete reversing of all the spins, with N = N).

From thermodynamics, no volume variation being involved, the entropy of
the spin system can be defined

1,00
Sepin =85 = /T 8T )vdT (6.4)
and therefore, from Eq. 6.3,
1 8N+

When the statistical distribution on the levels is modified the entropy
changes, in the way sketched in Fig. 6.2 in terms of the energy U.

A
S max Nk lnz’ Tspm
A)ﬂmum disorder, N .=N,=N/2)
Tspin>0
Tspin< 0
T : U
NugH 0 +NugH

Fig. 6.2. Entropy S as a function of the energy U in a spin system. The statistical
entropy is defined as the logarithm of the number of ways a given spin distribution
can be attained (See §6.4). The zeroes at U = £NpupH correspond to all spins in a
single state (see also Problems VI.1.2, VI.1.4 and F.VL1).

Since the temperature can be expressed as

1 0as
=90 (6.6)
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(in the partial differentiation keeping constant all the other thermodynamical
variables), one can define a spin temperature T, in terms of Ny and
N_. Thus a spin temperature is defined also for U > 0, eventhough there
is not a correspondent thermal equilibrium temperature T of the reservoir.
When, by means of magnetic resonance methods (or, for example, simply by
suddenly reversing the magnetic field) the equilibrium distribution is altered,
then Ty, # 1. It should be remarked that this non-equilibrium situation can
last for time intervals of experimental significance only when the probability
of spontaneous emission (see Appendix 1.2) is not so strong to cause fast
restoring. This is indeed the case for states of magnetic moments in magnetic
fields (see the estimate in Problem F.V.12). However, exchanges of energy
with the thermal bath, related to the time-dependence of the Hamiltonians
coupling the spin system to all other degrees of freedom (the “lattice”),
usually occur. This is why a given non-equilibrium spin distribution rather
fast attains the equilibrium condition, usually through an exponential process
characterized by a time constant called spin-lattice relaxation time T}
(see §6.2). The relaxation times T3’s, particularly at low temperatures, are
often long enough to allow one to deal with non-equilibrium states.

Let us imagine to have prepared one spin system at T%p;, = —300 K and
to bring it in thermal contact with another one, strictly equivalent but at
thermal equilibrium, namely at Tsp;, = T = 300 K. The two systems reach a
common equilibrium by means of spin-spin transitions in which two spins
exchange their relative orientations (this process involves a spin-spin relax-
ation time 75 usually much shorter than T7). The total energy is constant
while the temperatures of both the two sub-systems evolve, as well as the
entropy. The final spin temperatures are +0co and —oo and the entropy takes
its maximum value. The internal equilibrium, with T,;, = fo00, is attained
in very short times (for 7o < T1). Then the spin-lattice relaxation process
drives the system towards the thermodynamical equilibrium condition, where
Tspin =T.

Now we return to the field induced magnetization
M=N</AZ>H R (6~7)

< p, >pg being the statistical average of the component of the magnetic
moment along the field (see §4.4).
From

—gup Yy Mye9neMiH/ksT 5<ZH(ZM,, e_g”BMJH/kBT))
= =kpT
Z b OH
(See Eq. 4.29), the magnetization can be written

olnZ




6.1 Spin statistics, spin-temperature and fluctuations 209

For J=5=1/2
N [LBH
M = —2uptanh | ——— 6.10
5 2ustan (4270 (6.10)
Let us now evaluate the mean square deviation of the magnetization from
this average equilibrium value, i.e. its fluctuations < (M— < M >)? >
(now we have added the symbol <> to M in Egs. 6.9 or 6.10 to mean its
average character). The magnetization has a Gaussian distribution around
the average value < M >, zero for H = 0 (See Problem VI.1.1) and the one
in Eq. 6.10 in the presence of the field.
For the fluctuations one has

<AM? >=< (M- < M >)? >=
=<M?>-2<M<M>>+<M>>=<M*>—-<M>?* (6.11)

The single < p, >’s are uncorrelated and therefore < AM? >= N < Ap? >
with < Ap2 >=< p? > —(< p, >)?, yielding

M2e=*Ms
<M?*>=N<p?>y= 4NM2BZMS#

with © = (2upH/kpT) and M2 = 1/4.
Then < M? >= Np% and finally, from Egs. 6.11 and 6.10

H
< AM? >= Nuj {1 — tanh? (ﬁTﬂ (6.12)

Now we look for the relationship of the fluctuations to the response func-
tion, the magnetic susceptibility x = 9 < M > /OH. Again, form Eq. 6.10
one derives

H HB
— Nup |1 — tanh? [ B2 HB_ 1
X { o (kBTﬂ kT (6.13)
and therefore
< AM? >=kpTx . (6.14)

This relationship is a particular case of the fluctuation-dissipation theo-
rem, relating the spectrum of the fluctuations to the response functions (see
Problem IV.8 for an equivalent derivation).

The considerations carried out in the present paragraph are a few illustra-
tive examples of the topic that one could call spin thermodynamics. This
field includes the method of adiabatic demagnetization, which allows one
to reach the lowest temperatures (§6.4). A valuable introduction to statistical
physics with paramagnets, leading step by step the reader to the concepts
suited for extending the arguments recalled in the present paragraph, can be
found in Chapters 4 and 5 of the book by Amit and Verbin, quoted in the
Preface.
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Problems VI.1

Problem VI.1.1 Express the probability distribution of the total “mag-
netization” along a given direction in a system of N independent spin S = 1/2,
in zero magnetic field.

Solution:

Along the z-direction two values +up are possible for the magnetic moment.
The probability of a given sequence is (1/2)V. A magnetization M = nugp
implies (N + n) magnetic moments “up” and % (N — n) magnetic moments
“down” (see Fig. 6.1). The total number of independent sequences giving such
a distribution is

N!
BV Em B -]

The probability distribution for the magnetization is thus W (M) = W (n)(1/2)".
From Stirling approximation and series expansion

W(n) =

n n2

n
n(145) ~ 45 — g +
one has N )
1 T n
nWM)~—=In| — | — —
nW(M) 2”(2) ON
so that

namely a Gaussian distribution around the value <M>=0, at width about
(N)l/z. It is noted that the fractional width goes as N~1/2, rapidly decreas-
ing for large N.

Problem VI.1.2 Express the entropy of an ensemble of S = 1/2 spins in
a magnetic field and discuss the spin temperature recalled in Fig. 6.2.
Solution:
The free energy is

1
F= 3 In[l + exp(—28 pp H)],
with 8 = 1/kgT, having set U=0 for the low-energy level. Then

S=- (gg)H = —kp[(1 —w)in(l —u) + uinu)
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with v = U/2upH. The temperature as a function of the energy is obtained
by inversion (see Eq. 6.6):

2upH
]/:BT =In(u"t—=1) andthen T = 2upH/kp)/In(u"t—1) ,
B

justifying the plot in Fig. 6.2. The maximum of S is for u =1/2 (see Problem
VI.1.4).

An equivalent derivation is obtained by considering the number of available

states
N!

(NOIN)!
Resorting to the Stirling approximation (see Prob. VI.1.1) one has

W =

S = kplnW = kp[NInN — Ny InN; — N_InN_]

and being U = N_q, with a = 2upH,

S—k:B{NlnNUan<NU>Zn<NU)}
a o« ! o

From Eq. 6.6 the temperature turns out

T — (67

 kpln(2X —1)

or 1 i
B

Problem VI.1.3 Two identical spin systems at S = 1/2, prepared at spin
temperatures T,= E / 2 kg and Ty= - E / kp are brought into interaction.
Find the energy and the spin temperature of the final state.

Solution:

By setting E = 0 for the low energy level, U, = U, + U, is written

exp(—FE/kpT,)

Ve = 2NEl +exp(—E/kpT,)
Since
U, = NE—P2)
1+ exp(—2)
and
U, = exp(1)

1+ exp(+1)’
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one has ) L
ec+e " +2e
and then 5 5
T, = ~3.3—
kJB Inz k‘B

Problem VI.1.4 Show that the entropy of a system can be written
S=—kp Y pnlnps

where p,, is the probability that the system is found in the state at energy
FE,,, namely for a canonical ensemble

_ eap(—E,/kpT)
Pn = 7 )
with Z partition function.

Solution:
In fact

:_Zew( kBT) {_kinT_l”Z}
2 Zexp( ) Tzexp( kBT) A

1 E, \ Ex
=kplnZ + T ;exp < kBT) -

On the other hand, from
F=—-kgTInZ

one can write

_U-F  0(TinZ)
S=— k=%
and Y Z
5 0ln
U=kgT T
hen oF 0inZ
n
= —|=—= = A T .
S |:8T:|D’H k:Bln +kB T
Since

oz 1 5 En \ En
T  kpT? nexp “kpT) Z
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one has

1 E. \ E,
SkBanJrT;exp( k:BT>Z .

Problem VI.1.5 A model widely used in statistics and in magnetism is
the Ising model, for which an Hamiltonian of the form H = —K ), ; s;s;
is assumed, with the spin variables s; taking the values +1 and -1. K is the
exchange integral (see § 2.2.2 ). Derive the partition function Z, the free
energy F', the thermodynamical energy U and the specific heat Cy, for a
system of N spins.

Solution:

By indicating with N, , the number of parallel (p) and antiparallel (a) spins
with N, + N, = N — 1 the number of interacting pairs, the energy of a given
spin configuration is £ = —K (N, — N,) = —K(2N, +1— N).

The number of permutations of the (N — 1) pairs is (N — 1)!, of which

(N —=1)!/N,! N,! are distinguishable. Therefore the sum over the states reads

[T —
2 eap {JrK(;B_TN)} %p: {(N _(jlv__]izi!)uvp!} “op PKISZ?)}

(the factor 2 accounts for the configurations arising under the reversing of all
the spins without changing N, or N, ). The sum is the expansion of
{14exp [ (2 K/kgT)]}¥~! and therefore

K N—-1
7 =29V h .
[COS kBT:|

Then
K
F=—kpgTinZ =—kpT |[Nin2+ (N — 1) In(cosh ),
kT
(lnZ) . 1
=— — —(N — 1)K tanh(8K h =
U 5 ( )K tanh(SK) , wit Ié; T
and

Cy = @g)N =W-D (kﬁ?) hcoshlﬁK)Q} |
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6.2 The principle of magnetic resonance and
the spin motion

Transitions involving hyperfine states or nuclear and/or electronic Zeeman-
states in magnetic fields are carried out by resorting to the magnetic dipole
mechanism. These transitions are usually performed by exploiting the phe-
nomenon elsewhere called magnetic resonance, which allows one to drive
electronic or nuclear magnetic moments. This type of experiments are at the
core of modern microwave and radiofrequency spectroscopies.

The first experiment of magnetic resonance, by Rabi, involved molecular
beams (see Fig. 6.3).

dH,/dz l HOI de/dzI

I ]

Source

T
1004 Liin LiCl
a
) 90
»‘%‘ 804
L L
£
£ 604 v..= 5.585 MHzf
8 b) RF
@ 50 t
404

H, (Gauss)

Fig. 6.3. a) Sketch of the experimental setup for magnetic resonance in beams
(ABMR). The magnetic fields A and C have gradients along opposite directions.
In region B the magnetic field Hy || z is homogeneous. The radiofrequency (or the
microwave) field H; in region B is perpendicular to Hp.

In part b) of the Figure the typical signal of magnetic resonance, detected as a
minimum in the arrival of the atoms when in region C the refocusing of the deviations
is inhibited (dotted line) by the resonance driven by H; in region B (see text).

The vectorial description, with classical equation of motion (Chapter 3) is
the following (see Fig. 6.4). The motion of the angular momentum L in Hy is
described by

dL
E = pr X HO (615)
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H,//z

A

H <<H,

Yy
Hl(in reality an oscillating field along x is applied)

Fig. 6.4. Precessional motion of the magnetic moment p at the angular frequency
wr, = v Hp and rotation of the radio frequency field Hy at wrr. For wy, = wrr the
magnetic resonance occurs. The gyromagnetic ratio «y is pr /I for nuclear moment
(see §5.1) or v = puy/Jh for electron magnetic moment.

implying the precession at the Larmor frequency wy, (see §3.2 and Problem
I11.2.4). In a frame of reference rotating at angular frequency w, Eq. 6.15
becomes’

dur, w
— =—y|Hg+ — . 1
dt 7( 0+7>XHL (6.16)

Thus in the presence of the radiofrequency (or microwave) irradiation the
effective field is

H. = <H0+W>IA€+H1% (6.17)
Y

When wgrr = —vHy (the sign minus refers to clockwise precession), in
the rotating frame of reference only H; is active and the magnetic moment
precesses around it, thus changing its component with respect to Hy. As a
consequence of the change in the z-component of the magnetic moment in the

! Tt is reminded that

dp _,0u dup
(E)lab.f’rame = ( ot )'relat'we to rot. frame + ( dt )rot.f’rame

the latter being w x p.
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region B of the Rabi experimental set up (Fig. 6.3) the compensation of the
deviations due to F = +pu,(dH/dz) in the regions A and C does no longer
occur. Then a minimum in the number of atoms (or molecules) reaching the
detector is observed.

The quantum mechanical description of the magnetic resonance corre-
sponds to the situation depicted in Fig. 6.5 for nuclear spin I = 1/2, already
discussed in other circumstances.

—— M=12

M=£1/2
Spin degeneracy

L M=+

Fig. 6.5. Quantum magnetic levels for magnetic moment pu; = gM, I = vIh, for
I = 1/2 in a magnetic field. The resonance corresponds to transitions from M; =
+1/2 to M; = —1/2, driven by the magnetic dipole mechanism.

The eigenvalues are Mg, M, Hy and magnetic dipole transitions, with
selection rule AM; = 41, are possible when the condition hvgp = g, M, Hy =
hwy, is verified, the perturbation Hamiltonian being Hp = —u;.H; =
gn M, H1Tcos(wrpt). In fact, by extending the description in Appendix 1.3,
the transition probability has to be written

Wap o< | < I, Mj|LJT, My > | oc | < I, Mj|I, + I_|I,M; > > . (6.18)

According to the properties of the I+ operators and to the orthogonality of
states at different M, Eq. 6.18 leads to the selection rule AM; = £1. The
circular polarization required for AM; = +£1 transitions is the counterpart of
the rotating field H; perpendicular to the quantization axes.

A description of quantum character is possible by considering the time
evolution of the expectation values for the spin components (Problem VI.2.1).

The description in terms of spin motion is particularly suited for under-
standing the modern pulse resonance techniques, which allow one to drive
the magnetic moments along a given direction by controlling the length of the
radiofrequency irradiation. Examples are shown in Fig. 6.6.
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H,//z
1 /2

W stopped in the xy plane

u direction is reversed

Fig. 6.6. Illustrative examples of the spin motions induced in pulse magnetic
resonance, by stopping the irradiation after a given time. For the so-called /2
pulse the time of irradiation turns out (see text for the precession around Hi)
7 = (7/2)/wi = (7/2)/vH1 = (x/4)h/Hipr for nuclear spin I = 1/2 and
T = (w/2)h/Hipp for electron at S = 1/2. The 7 pulse requires an irradiation
time 27 and it corresponds to the complete reversing of the spins in the magnetic
field Ho (x',%’, 2’ is the rotating frame).

Finally we mention that resonance experiments (NMR for nuclear, EPR
for electron) nowadays are generally carried out in condensed matter, with a
number of interesting applications.

In condensed matter the interactions with the other degrees of freedom
(the “lattice”) or among spins themselves, play a relevant role. Phenomeno-
logically the interactions are taken into account by the Bloch equations,
that for the expectation values of the spin components, averaged over the
statistical ensemble, in the rotating frame can be written

d<1I,> <I, >
_ 1
7 T (6.19a)
d<1T,> <I,>
= — . 6.19b
dt Ty ( )

These equations account for the decay of the transverse components of

< I >, that at long time must vanish. For the longitudinal component the
Bloch equation is
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d<IL.> I9-<TI. >)
. T

(where I? is the expectation value of the z-component at the thermal equi-
librium). This equation describes the relaxation process towards equilibrium,
after a given alteration of the statistical populations (see §4.4 for a qualitative
definition of the relaxation time 7).

In order to have a complete description of the spin motions Egs. 6.19 and
6.20 must be coupled to the equation

(6.20)

d<I>  g.M,
a R

<TI>xHgy (6.21)

where the effective field is defined in Eq. 6.17. Then one has a system of
equations (6.19-6.21) for the expectation values of the spin components (often
written in terms of the nuclear magnetization M, cjeqr X ZZ < I >).
These equations can be solved under certain approximations, to yield the time
evolution of < I > or of M,,ucear-

The quantum description of the time evolution of the spin operators in
magnetic resonance experiments, in the presence of the relaxation processes
imbedded in Eqgs. 6.19 and 6.20, is usually based on a variant of the time-
dependent perturbation theory, the density matrix method. The textbook
by Slichter, reported in the Preface, masterly deals with this matter to the
due extent. We shall limit ourselves, in the next paragraph, to describe a
very important phenomenon, the spin echo, that in simple circumstances
can satisfactorily be treated on the basis of the semiclassical motions of the
spin operators and of the Bloch equations.

Problems VI.2

Problem VI.2.1 Consider a single spin s in a constant and homogeneous

magnetic field along the z-direction. From the time-dependent Schrédinger
equation derive the expectation values of the spin components and show that
similarly to the vectorial description, the precessional motion occurs.
Then consider a small oscillating magnetic field along the z-direction and
prove that at the resonance reversing of s with respect to the static field
occurs. Discuss the cases of pulse application of the oscillating field for time
intervals so that the rotation of s is by angles 7/2 and 7. Qualitatively figure
out what happens if spin-spin and spin-lattice interactions are taken into
account.

Solution:

From
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upH <é _01> |o(t) >= Zh%

with
[6(t) >= )| T>+6(1) |> |

one derives
at) = aexp (—iwrt) B(t) = bexp (iwrt)
with wy, Larmor frequency. The expectation values are

h

= §[|04|2 —1BJ*], time-independent,

< o(t)|s:|o(t) >

while
< o(t)]sz]|d(t) >= (abh) cos(wr, t)

< (D)5, [6(t) >= (abh)sin(wr t) |
indicating the precession depicted in Figs. 6.4 and 6.6.
In the presence of Hp rotating in the (zy) plane
H,(t) = Hiexp|tiwt] ,

from the Schrodinger equation one derives

h . . da

SwLa + pupHiexp[—iwt]§ = Zh%
h d

ppHyexp[+iwtla — §wLﬁ = ihd—f.

By writing the coefficients o and g in the form

a = I(t)exp [— iw;t} B = A(t)exp [—&- iw;t}
those equations are rewritten
upHiexp[—i(w — wp )t]A = zh%
ppHyexp|+i(w — wp )t = ih%.
At the resonance
upH A :ihdd—f and uBHlfziﬁ%.

From the derivative of the first, substituted in the second, one finds

219
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s Hy

I =sin(2t +1) and A =icos(2t+ 1) where 2 = -

By setting @ =0, by repeating the derivation of the expectation values one
has

< o(b)]s:|(t) >= —g cos(2020)
< o(t)|sz|o(t) >= —g sin(202t) sin(wy, t)

< @(t)|sylo(t) >= gsin(QQt) cos(wr t).

These equations can be interpreted in terms of the motion of s as the su-
perposition of the precession around z at the Larmor frequency and the
rotation around H; at the angular frequency 2ugH; /h.

In the rotating frame (see Fig. 6.6) where H; is fixed, one has the rotation
of s by a given angle, depending on the duration of the irradiation. Thus,
in principle, one can prepare the magnetization M o ). < § > along any
direction, as schematically illustrated below:

AAAAAA

== —

2.<s>

It is noted that the (7/2) pulse corresponds to equalize of the statistical
populations in the two Zeeman levels and magnetization in the xy plane. The
7 pulse corresponds to the inversion of M and therefore to negative spin
temperature (see §6.1).

The spin-spin interaction implies the decay to zero in a time of the order
of T of the transverse components of M. The spin-lattice interaction, with
transfer of energy to the reservoir, drives the relaxation process towards the
thermal equilibrium distribution, with M along Hy, attained in a time of the
order of T} (see Problem F.VL5).
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6.3 Spin and photon echoes

Let us imagine that a system of electronic or nuclear spins has been brought
in the zy plane (perpendicular to the z-axis along the field Hy) by a /2
pulse, by means of the experimental procedure described at §6.2 and Problem
VI.2.1. Once in the plane, the transverse components have to decay towards
zero according to Egs. 6.19, in a time of the order of T5, yielding in a proper
receiver a signal called free induction decay (FID).

Now let us suppose that in times much shorter than 75 another mechanism,
different from the spin-spin interaction, causes a distribution of preces-
sional frequencies. This mechanism could be due for instance to magnetic
field inhomogeneities, to spatially varying diamagnetic or paramagnetic cor-
rections to the external field Hy or to a field gradient created by external
coils. Because of the spread in the precessional frequencies, in a time usually
called Ty and much shorter than T3, the transverse components of the total
magnetization M, , o« >, < I, ,(i) > decay to value close to zero. After a
time ¢; larger than 735 but shorter than 75, a second pulse, of duration m,
is applied (see Fig. 6.7). Since all the spins are flipped by 180° around the
x’-axis, the ones precessing faster now are forced to return in phase with the
ones precessing slower.

Thus after a further time interval ¢, refocussing of all the spins along
a common direction occurs, yielding the “original” strength of the signal
(only the reduction due to the intrinsic Th-driven process is now acting, but
2t; < T3). This is called the echo signal. By repeating the m-pulses the
envelope of the echoes tracks the real, irreversible decay of the M, , com-
ponents, as depicted in part b) of Fig. 6.7.

The relevance of pulse magnetic resonance experiments in the development
of modern spectroscopies can hardly be over estimated. Besides the enlighten-
ment of fundamental aspects of the quantum machinery, the echo experiments,
first devised by Hahn, have been instrumental in a number of applications
in solid state physics, in chemistry and in medicine (NMR imaging).

Furthermore the pulse magnetic resonance methodology has been trans-
ferred in the field of the optical spectroscopy, by using lasers. In this case
special techniques are required, because in the optical range the “dipoles” go
very fast out of phase (the equivalent of T5 is very short).

In this respect we only mention that the pseudo-spin formalism can
be applied to any system where approximately only two energy levels, corre-
sponding to the spin-up and spin-down states, can be considered relevant. For
a pair of states in atoms, to a certain extent coherent electric radiation
can be used to induce the analogous of the inversion of the magnetization de-
scribed at §6.2 and Problem VI.2.1, in terms of the populations on the lower
and on the upper atomic or molecular levels. The “oscillating ” electric dipole
moment Ro; (see Appendix 1.3) plays the role analogous to the magnetic mo-
ment in the magnetic resonance phenomenon. After the “saturation of the
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A a) b)
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Fig. 6.7. Schematic representation of the spin motions generating the echo signal
upon application of a sequence of /2 and 7 pulses. Part a) shows the FID signal
following the 7 /2 pulse and how the echo signal is obtained at the time 2¢; owing to
the reversible decay of the magnetization in a time shorter than 75. The rotation
of the spins in the (x,y) plane, as seen in the rotating frame of reference, evidences
how refocussing generates the echo.

It should be remarked that with pulse techniques, by switching the phase of the RF
field it is possible to apply the second pulse (at time ¢1) along a direction different
from the one of the first pulse at ¢t = 0 (e.g. from 2’ to 3’ in the rotating frame, see
Fig. 6.6).

Part b) shows the effect of a sequence of 7 pulses (after the initial 7/2), with a train
of echoes, the envelope yielding the intrinsic irreversible decay of the transverse
magnetization due to the T>-controlled mechanism.

line” corresponding to the equalization of the two levels (to a m/2-pulse), a
second pulse 7 at a time t; later, can force the diverging phases of the os-
cillating electric dipoles to come back in phase: a “light pulse”, the photon
echo, is observed at the time 2¢;.

The analogies of two-levels atomic systems in interaction with coherent
radiation with the spin motions in magnetic resonance experiments, are nicely
described in the textbook by Haken and Wolf, quoted in the Preface.
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6.4 Ordering and disordering in spin systems:
cooling by adiabatic demagnetization

As already shown (see Problem VI.1.4), the entropy of an ensemble of mag-
netic moments in a magnetic field is related to the partition function Z:

OF O(NkgTinZ)

S = *(a*T)H = [ a7

1 (6.22)
F being the Helmholtz free energy.

From the statistical definition the entropy involves the number of ways W
in which the magnetic moments can be arranged: S = kglnW. For angular
momenta J, in the high temperature limit the M ; states are equally populated
and W = (2J + 1)V. The statistical entropy is

S = Nkpln(2J + 1) (6.23)

For T — 0, in finite magnetic field, there is only one way to arrange the
magnetic moments (see §6.1) and then the spin entropy tends to zero. In
general, since the probability p(M ) that J, takes the value M is given by

e_MJgHBH/kBT

p(M;y) = % : (6.24)

the statistical entropy has to be written (see Problems VI.1.4 and F.VI.1)

S=—Nkp» p(Mj)in(p(M;)) (6.25)
My

By referring for simplicity to non interacting magnetic ions with J = 5 =

1/2, at finite temperature the entropy is

S(T) = Nkg <(ln2)cosh(;) - ;tanh(;)>, (6.26)

where ¢ = pgH/kp is the magnetic temperature and
S(T — o0) = Nkpin2 (Eq. 6.23).
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The temperature dependence of the entropy is plotted below:
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Now we describe the basic principle of the process called adiabatic de-
magnetization, used in order to achieve extremely low temperatures.

A crystal with magnetic ions, almost non-interacting (usually a param-
agnetic salt) is in thermal contact by means of an exchange gas (typically
low-pressure Helium) with a reservoir, generally a bath of liquid Helium at
T = 4.2 K. (This temperature can be further reduced, down to about 1.6 K,
by pumping over the liquid so that the pressure is decreased).

In zero external field the spin entropy is practically given by Nkgin2.
Ouly at very low temperature the residual internal field (for instance the one
due to dipolar interaction or to the nuclear dipole moments) would anyway
induce a certain ordering. The schematic form of the temperature dependence
of the magnetic entropy is the one given by curve 1 in Fig. 6.8. Then the
external field is applied, in isothermal condition at 7' = T;,;, up to a certain
value H,,. In a time of the order of the spin-lattice relaxation time 77, spin
alignment is achieved, the magnetic temperature is increased and (T'/¢) < 1.
Therefore the magnetic entropy is decreased down to Sin;: (curve 2 in the
Figure), at the same temperature of the thermal bath and of the crystal. The
value S;,;; in Figure corresponds to Eq. 6.26 for T' < € and implies a large
difference in the populations N and N_ (see Fig. 6.1, where now the point
at the energy E = —NpupH is approached). The external bath (the liquid
Helium) absorbs the heat generated in the process, while the magnetic energy
is decreased. The “internal” reservoir of the sample (namely all the other
degrees of freedom besides the spins, already defined “lattice”) has its own
entropy Siattice related to the vibrational excitations of the ions (in number
N’; ten or hundred times the number N of the magnetic ions).

Since in general the entropy is
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Spin and 4
lattice =Nkgln2

entropies

Isothermal
magnetization

Magnetic entropy increasing
during the isoentropic
demagnetization

@ lattice

Total entropy v
 ’ >
T final Tinit

Fig. 6.8. Schematic temperature dependences of the magnetic and lattice en-
tropies and of the decrease of the lattice temperature as a consequence of the
demagnetization process. The order of magnitude of the lattice entropy is Siattice ~
107 N'kpT? (with N’ say 10 or 100N, N being the number of magnetic ions). The
initial lattice entropy, at T = Tini+ has to be smaller than the spin entropy.

0Q  [Cy
o [0 [

by considering that at low temperature the specific heat Cy, of the lattice goes
as T3 (see the Debye contribution from acoustical vibrational modes at §14.5)
one approximately has

Slattice ~ 1076]\]/k‘BT3

(curve 2 in Fig. 6.8).

Now the exchange gas is pumped out and the sample remains in poor ther-
mal contact with the external bath. The magnetic field is slowly decreased
towards zero and the demagnetization proceed ideally in isoentropic con-
dition. The total entropy stays constant while the magnetic entropy, step after
step, each in time of the order of 77, has to return to curve 1.

Therefore Sjqttice has to decrease of the same amount of the increase
of the magnetic entropy S. Then the temperature of the “internal” thermal
bath has to decrease to T'tinar <K Tinit-

The amount of cooling depends from the initial external field, from the lattice
specific heat and particularly from the internal residual field H,..; that limits
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the value of the magnetic entropy at low temperature. In fact, it prevents the
total randomization of the magnetic moments. As an order of magnitude one
has Tfinal = Tinat (Hres/Hinit)-

The adiabatic demagnetization corresponds to the exchange of entropy
between the spin system and the lattice excitations. In the picture of the
spin temperature (§6.1) one has an increase of the spin temperature at the
expenses of the lattice temperature. The final temperature usually is in the
range of milliKelvin, when the electronic magnetic moments are involved in
the process. Nuclear magnetic moments are smaller than the electronic ones
by a factor 1072 — 10~* and then sizeable ordering of the nuclear spins can
require temperature as low as 1076 K or very strong fields. In principle, by
using the nuclear spins the adiabatic demagnetization could allow one to reach
extremely low temperatures. However, one has to take into account that the
relaxation times 77 become very long at low temperatures (while the spin-
spin relaxation time 75 remains of the order of milliseconds). The experimental
conditions are such that negative spin temperature can easily be attained,
for instance by reversing the magnetic field.

From these qualitative considerations it can be guessed that a series of
experiments of thermodynamical character based on spin ordering and spin
disordering can be carried out, involving non equilibrium states when the
characteristic times of the experimental steps are shorter than 77 or T5.

We shall limit ourself to mention that by means of adiabatic demagnetiza-
tion temperature as low as 2.8 x 10~1? K have been obtained. The nuclear mo-
ments of Copper have been found to order antiferromagnetically at 5.8 x 108
K , while in Silver they order antiferromagnetically at Ty = 5.6 x 10710 K
and ferromagnetically at T, = —1.9 x 1079 K.

Problems F.VI1

Problem F.VI.1 A magnetic field H of 10 Tesla is applied to a solid
of 1 cm? containing N = 10%°, S = 1/2 magnetic ions. Derive the magnetic
contribution to the specific heat Cy and to the entropy S. Then estimate the
order of magnitude of Cyy and S at T'=1 K and T = 300 K.

Solution:

The thermodynamical quantities can be derived from the partition func-
tion Z. From the single particle statistical average the energy is

< FE >= szEz
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and from Maxwell-Boltzmann distribution function the probability of occu-
pation of the i-th state is

i = exp(—F;/kpgT) exp(—E;3)
Y Yiexp(—E;i/kgT) 7

> ;pi = 1 and the partition function normalizes the probability p;.
The total contribution from the magnetic ions to the thermodynamical
energy U (per unit volume) is

U=N<E>
and
< E>— Zl Ez €$p(—Ei/]€BT) _ _l@l _ _3ZTLZ
Z Z 0p ap
thus yielding
olnz
=—-N .
U a7

For p=—gupS and g = 2 (see §4.4) one has

H H
7 = exp (%) + exp (—/Z];T) = 2coshzx

T = ppH
kgT

For independent particles Ziorq; = Z~. Then U = —NupH tanh x and

_(oUN\ (9B (OE\ oU
ov=(57),=(57) (55),= 7 (%),

with
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i.e.

N k‘B .’1?2
Cy = Nkg x’sech’®z = ——
cosh” x
plotted below.
0.5
C,/Nk,
0.4
0.3
0.2
0.1
0.0 T T T T 1
0 1 2 4
k, T/u H

For the entropy, since (see Problem VI.1.4 ) S = —kp >, p; Inp;

S=—kp Z [“M_Z/}Ei)] (=BE; — InZ) =

so that

<FE>

+kginZ |

S = Nkglin(2cosha) — ztanhz] |

as it could also be obtained from S = —(0F/0T)y with F = —NkpTinZ
(see the plot at §6.4).

Numerically, for H = 10 Tesla , T'=1 K corresponds to z>> 1 and
T = 300K to x<<1, so that

T=1K Cy~0, S~0
T =300K Cy~0, S=~kgNIn2
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Problem F.VI.2 A spin system (S = 1/2) in a magnetic field of 10 Tesla,
is prepared at a temperature close to 0 K and then put in contact with an
identical spin system prepared in the condition of equipopulation of the two
spin states. Find the spin temperature reached by the system after spin-spin
exchanges, assuming that meantime no exchange of energy with the lattice
occurs. Discuss the behavior of the entropy.

Solution:

The thermodynamical energies are

U =0 Uy = —¢€, with & energy separation between the two spin states.
From the final energy
N
Ufina = U1 + Uz = 55

the spin temperature is obtained by writing

2NE &
Ufinal = 7 exp —m

4
o exp(E/kp Tspin) + 1

and Tspin >~ E/(kp - 1.1). For £ = 2upH one has Typ;, = 12.2 K.
For the entropy see Problem F.VI.1 and look at Figure 6.1, by taking into
account that no energy exchange with the reservoir is assumed to occur.

It is noted that the increase of the entropy can be related to the irre-
versibility of the process.

Thus

Problem F.VI1.3 Prove that the mean square deviation of the energy of
a system from its mean value (due to exchange of energy with the reservoir)
is given by kg T2 Cy, Cy being the heat capacity.

Solution:
The mean square deviation is

(E —<E>)*> =<E? - 2E<E> + <E>?> = <E?> — <E>?

where

_ E;exp(—E;/kpT) 107
<E>=3 Z =7 0B

i

while

7z A

2 S )
<E?> = Z E;exp(—E;/kgT) 10°Z

i
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Therefore 5 (1027 o<
0 »_ 0 [10Z] _ 9<BE>
<E*“> —<E> 85[28@} a7
Since 5 5 5<E
9 _ o729 o<b>
95 kgT 5T and T Cvy
one has

<(E—<BE>)* =kgT*Cy ,
another example of fluctuation-dissipation relationships (see Eq. 6.14).

1
The fractional deviation of the energy [(<E?>—<E>2)/<E>?]? at high
temperatures, where <E> ~ NkgT and Cy ~ Nkp is of the order of N—1/2,

a very small number for N of the order of the Avogadro number (see Problem
VIL.1.1).

Problem F.VI.4 Compare the magnetic susceptibility of non-interacting
magnetic moments S = 1/2 with the classical S = oo limit (where any orien-
tation with respect to the magnetic field is possible).

Solution:

For § = o0

<pcos 0> = [ cosfexp (%C‘}SH) sinf@df/ [ exp (%“}59) sin 0 df
—1
=pu {coth& — (k’g{r) }

~ MH
~ 3k T

yielding the Langevin-like susceptibility.
For S =1/2 (see §4.4)

=

o (825) ~ern(2)] _ o
e () e ()] o7

<pu>=p

~
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Problem F.VI.5 By taking inspiration from Fig. 6.7, devise an experi-
mental procedure suitable to measure the spin-lattice relaxation time T7.
Solution:

M(0)

At t=0 the (7/2) pulse brings the magnetization along y, saturating the
populations of the two levels and yielding the FID signal. After a time ¢; a
second (7/2) pulse measures the magnetization M, (t1) during the recovery
towards the equilibrium value. By applying pairs of pulses with different ¢1’s
(e.g. t2 ) the recovery plot towards the equilibrium is constructed and T; is
extracted.
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Problem F.VI.6 For an ensemble of particles with a ground state at
spin S = 0 and the excited state at energy A and spin S = 1, derive the
paramagnetic susceptibility.
Then, by resorting to the fluctuation-dissipation theorem (see Eq. 6.14 and
Problem F.IV.8) show that the same result is obtained.

Solution:
The energy levels are sketched below:

H#0
— M. =+1
S=1 0 ) I En
v M=0 Ep=2u,H
I
A M=-1
5=0 |

The direct expression for the single particle susceptibility is

X = XoPo + X1P1
where xo =0, x1 = p%92S(S +1)/3kpT = 8u% /3kpT and

(25 + 1)eFFoa
Po1 =
Z

with Z partition function. For Ey = 0 and E; = A one has

_ 8u% e hA

X = kpT (1 + 3¢-54)

It is noted that the above equation is obtained in the limit of evanescent
field, condition that will be retained also in the subsequent derivation. The
magnetization is

M = N_l,uz + N()O — N+1‘LLZ

with p, = 2up. Then
N2
M = %{e—ﬁm—m) e BATE)
with Z =1+ e #(A=En) 4 ¢=BA 4 o=B(A+En) Therefore,

e BA[BER _ o—BEn]

1+ e PA[ePEH 4 1 + e~ FEH]

M:NQ/,LB
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and for SEy < 1

A 28Eg :8u23N e B4 =
1+ 3e—p4 kgT 1+ 3e= 8477

M =2upNe "

yielding the susceptibility obtained from the direct expression.

From the fluctuation-dissipation relationship (see Egs. 6.11 - 6.14), being
the fluctuations uncorrelated
< AM? >= N < Ap? > with < Ap? >=< p? > — < p, >2, and

> Mes MgefﬂE(Ms,S) e~ B(A~En) 4 o~B(A+En)

< pi>=4uf Z = 4ph{ 7
From M B(A-Eu) 4 o—B(A+Em)]2
[ePA-Em) 4 =0 )
Thus
e84 e hA
< AM? >= 4Nu2372 {eBEH + e BFH _ — (eﬁEH — e_BEH)2}
and again for SEy < 1
—BA o—204 —BA

& (&
< AM? >=4Nu3 Z {2 - Z (BER)*} ~ 8Nu23m = kpTx.

Problem F.VL.7 Consider an ideal paramagnet, with S = 1/2 magnetic
moments. Derive the expression for the relaxation time T3 in terms of the
transition probability W (due to the time-dependent spin-lattice interaction)
driving the recovery of the magnetization to the equilibrium, after a perturba-
tion leading to a spin temperature T, different from the temperature T' = 300
K of the thermal reservoir. Find the time-evolution of the spin temperature
starting from the initial condition T = oco.

Solution:
The instantaneous statistical populations are
N N
N_ = Zeteb o (14 5,E_
e 1+ 6,8
with 8 = 1/kpTs
N _ N
Ny =—e pallfs o 2(1 - BsEy)

while at the thermal equilibrium
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w N N
qug(liﬁEjF)z

© 5 (1% BAE)

with 8 =1/kgT and AF =2upH.
From the equilibrium condition N_W_, = N, W, _ one deduces

B N_ 14+ BE_
B R
and W,_ ~W(1+ BAE), with W_, =W.
Since
dN_

Tl ~N_W+N,W(1+BAE) = —N_W+(N-N_)YW (14+8AE) = —2N_W+2N“W

then N_(t) = ce™2"* + N°? and from the initial condition
N_ (t) _ (Nim't _ NiQ)e—2Wt + Niq

Evidently dNy /dt = —dN_/dt.
From the magnetization M, (t) o< (N_—N) one has dM., /dt « 2(dN_/dt)
and

M. (1) = (M — M)W Ao
implying 1/Ty = 2W.
M., is also inversely proportional to T and then one approximately writes
ﬂs (t) — (ﬂ;nlt _ ﬂ)€72Wt + 6
and for B = 0, B,(t) = B(1 — e~2W)

T

Ts(t) = 1= oWt (a)

For exact derivation, over all the temperature range, from Problem VI.1.2
Ts = (2upH/kg)/In(u=! — 1) with u = N, /N. Then the exact expression of
the spin temperature is

_ 2ppH {l ( (N/2 — N°%)e=2Wt 4 N©1 >]_1

TS € €
ks N — (N/2 = N%)e—2Wt — N

(b)
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below.
£l
!
14
B
Iy
1A
\
4 \\\
v N
\
4N N
AN N
<40 \ ~N
LR \ N
4% N ~o
15 N \\\"\
] “.\\ \\N.\ \‘-‘\“‘--~§\§ Tequil._lo'uBH/kB
e e
] x\.\\\\\~\ Tequil _5'uBH/kB
1 -_--<§ Tequil.:’uBH/kB
T T T T T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
t/T,

Plot of Eq. a) (dotted line) and Eq. b) (dashed line) showing the equivalence
of the two procedures for T' > upH/kp. (In plotting Eq. b) keep at least three
significant digits in the expansion.)

Problem F.VI.8 An hypothetical crystal has a mole of Na atoms, each
at distance d =1 A from a point charge ion of charge —e (and no magnetic
moment). By taking into account the quadrupole interaction (§5.2) derive
the energy, the entropy and the specific heat of the crystal around room

temperature
0.14 x 1074

(Na nuclear spin I = 3/2 and nuclear quadrupole moment @ =
cm?).

Solution:
The eigenvalues being Eii/; = 0 and Ei3/5 = eQV../2 = E (see Prob.
V.3.2), the partition function is written

Z= [P =21 e PN

Then the free energy is

F = —kpTinZ = —NkgTin(1 + e PF) — NokpTin2

and
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9 N Ee PE
U=——In/ = ————
88" T (1+eBE)
and
OF B NAE e PE
S =—"" = Nakpln(l + ¢ PP kpNaln2
T akpln(l+e 77) + T (1+e—BE)+ BN aln

Since E ~ 1078 eV <« kT, U and S can be written

NAE 1 E
— 1 B —
v 2 ( QkBT)
and 2
1

(see Prob. F.VI.1 for the analogous case). From Cy = 9U/9T, in the high
temperature limit Cy ~ (1/4)R(E/kpT)?, the high-temperature tail of the
Schottky anomaly already recalled at Problem F.V.5.
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Mbolecules: general aspects

Topics

Separation of electronic and nuclear motions
Symmetry properties in diatomic molecules
Labels for electronic states

One electron in axially symmetrical potential

In this Chapter we shall discuss the general aspects of the first state of “bonded
matter”, the aggregation of a few atoms to form a molecule. The related issues are
also relevant for biology, medicine, astronomy etc. The knowledge of the quantum
properties of the electronic states in molecules is the basis in order to create new
materials, as the ones belonging to the “artificial matter”, often obtained by
means of subtle manipulations of atoms by means of special techniques.

We shall understand why the molecules are formed, why the Hs molecule
exists while two He atoms do not form a stable system, why the law of definite
proportions holds or why there are multiple valences, what controls the geometry
of the molecules. These topics have to follow as natural extension of the properties
of atoms. Along this path new phenomena, typical of the realm of the molecular
physics, will be emphasized.

In principle, the Schrodinger equation for nuclei and electrons contains all
the information we wish to achieve. In practice, even the most simple molecule,
the Hydrogen molecule-ion HJ, cannot be exactly described in the framework of
such an approach: the Schrodinger equation is solved only when the nuclei are
considered fixed. Therefore, in most cases we will have to deal with simplifying
assumptions or approximations, which usually are not of mathematical charac-
ter but rather based on the physical intuition and that must be supported by
experimental findings.
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The first basic assumption we will have to take into account is the Born-
Oppenheimer approximation, essentially relying on the large ratio of the nuclear
and electronic masses. It allows one to deal with a kind of separation between
the motions of the electrons and of the nuclei. Another approximation that often
will be used involves tentative wavefunctions for the electronic states as linear
combination of a set of basis functions, that can help in finding appropriate
solutions. For instance, a set of wavefunctions centered at the atomic sites will
allow one to arrive at the secular equation for the approximate eigenvalues.

Finally in this Chapter we have to find how to label the electronic states in
terms of good quantum numbers. This will be done in a way similar to the
one in atoms, by relying on the symmetry properties of the potential energy
(for example, the cylindrical symmetry) and by referring to the limit atomic-like
situations of united-atoms or of separated-atoms.

7.1 Born-Oppenheimer separation and the adiabatic
approximation

For a system of nuclei and electrons the Hamiltonian is written (see Fig.7.1)

hz ZZ VA 2
e Ry ey B
a 1<J i a<lf o, e
ETTL+T€+‘/66+‘/;L7L+‘/;L€ (7'1)

The corresponding wave function ¢(R, r) involves both the group R of the
nuclear coordinates and the group r for the electrons. In the Hamiltonian the
spin-orbit interactions and the hyperfine interactions have not been included,
since at a first stage they can be safely neglected.

In order to solve the Schrédinger equation for ¢(R,r) one observes the
large difference in nuclear and electronic masses (and the related differences
in the electronic and roto-vibrational energies, as it will appear in subsequent
Chapters). This difference suggests that in time intervals much shorter than
the ones required for the nuclei to sizeably change their positions, the electrons
have been able to take the quantum configuration pertaining to ideally fixed
coordinates R. Then one can attempt an eigenfunction of the form

QS(Rv I‘) = ¢n (R)¢€(R7 I‘), (72)

where ¢,(R) pertains to the nuclei, while the electronic wavefunction ¢,
involves only parametrically the nuclear coordinates, these latter ideally
frozen in the configuration specified by R. When such a function is included
in the Schrédinger equation for the Hamiltonian given by Eq.7.1 and the
following equivalences are taken into account
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(center of mass, fixed so far as only the
electronic motions are considered)

Z/;e
Fig. 7.1. Nuclear and electronic coordinates used in Eq.7.1.

Te¢n¢e = ¢nTe¢e )

A% 1
Tn¢n¢e = _hQ Z ---E ¢n¢e = _h2 Z ””” V(x . {¢eva¢n + ¢nva¢e } =

2M,, 2M.,,
1
= eTn n nTn 6_22 ””” aPe” VaPn ,
GTndn + pnTpde — 20 za: oV be - Voo
then one has
h? h? )
|:_ za: éfM;( (2Voz¢e : Voz(bn) - za: ’Q’Mo’t ¢nva¢e:| + (73)

+¢6Tn¢n + ¢nTe¢e + (Vnn + Vne + Vvee)gbe(bn = E¢e¢n-

Let us assume that the terms included in the square brackets can be ne-
glected (the conditions for such an approximation, essentially corresponding
to the so-called adiabatic approximation, shall be discussed subsequently).
For the electronic wavefunction one can write

Tede + (Vne + Vee)pe = ED ., (7.4)

where Eég)(R) is the eigenvalue for the electrons in a frozen nuclear configu-

ration. Then, from Eq.7.3, by neglecting the terms in square-brackets, after
dividing by ¢, one obtains the equation for the nuclear motions:

{Tn + ‘/eff(R):| ¢On = Eo, (7.5)
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with Ve r(R) = Vo (R) + Eég)(R). In Eq. 7.5 the effective Hamiltonian in-

cludes the eigenvalue for the electrons Eég), for given R’s, as effective po-
tential energy.

Thus, by assigning to the nuclear and electronic states the appropriate set
of quantum numbers v and g, under the approximations discussed above
the wavefunction solution for the Hamiltonian 7.1 is

¢ (r,R) = 69 (r,R)p")(R), (7.6)

with ¢, and ¢,, eigenfunctions from Egs. 7.4 and 7.5 respectively.
The electronic eigenvalue Eég ), entering the effective potential energy in
Eq. 7.5, is not a number as in atoms but parametrically depends from the

nuclear coordinates. The total energy of the molecule can be written

EWY) = EO (Ry) + Von(Ri) + B (7.7)

where R,,, means the nuclear configuration corresponding to the minimum for
Verr(R) (see Eq. 7.5).

Ec(g) + Vnn
&>
R

= R, p(min.) R,

equilibrium

eigenvalues from Eq. 7.4 (include the
short-range repulsive term ¥V, (R,))

E@V=E @R)+V, (R)+E,M

from nuclear motions

Fig. 7.2. Schematic view of the separation of the electronic and vibrational energies
in a diatomic molecule and of the role of B as effective potential energy for the
nuclear motion, within the adiabatic approximation. The vibrational motion occurs
in an effective potential energy, while the electrons follow adiabatically this motion.

The physical contents of such a framework are more easily grasped by re-
ferring to a diatomic molecule, where in practice the only parameter required
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to fix the nuclear configuration is the distance Rap between the two nuclei,
since as a first approximation the electronic states can be considered unaf-
fected by the rotation of the molecule. A schematic view of the energy of the
molecule for the electronic states as a function of R4 and of the effect of the
eigenvalue for the vibrational motion of the nuclei (corresponding to a varia-
tion of R4p) is given in Fig. 7.2. Complete understanding of this illustration
will be achieved after reading §8.1 and §10.3.1.

Let us briefly comment on the possibility to neglect the terms in square
brackets in Eq. 7.3, corresponding to the validity of the adiabatic approxima-
tion. The order of magnitude of the contribution of those terms to the energy
can be estimated by looking at the expectation values

< ot H (bebn >,

Therefore a first term is

2
_%a /¢Z¢:Vn¢e . Vn¢nd7ndTe

that for ¢.(r,R) in real form, becomes proportional to

/ 6V bedr, x V, / Bt bedr,

which is zero for a given electronic state g;. The second term is

h2
i [ Goudr, [ 0:V20.ar.

and by taking into account that the electronic wavefunction depends on
(r — R), one can write

h? m
—— | $iVEedre = — < |T.| >,
i [orvisdn = T <L
which is of the order of the contribution to the energy from the electronic
kinetic term scaled by the factor m/M, and thus negligible.
Finally one would have to consider the non-diagonal terms involving the
operator V,,, of the form

/ PL92*V 0l dr,. (7.8)

These terms can be different from zero and in principle they drive transitions
between electronic states associated with the nuclear motions, in other words
to the non-adiabatic contributions. For large separation between the elec-
tronic states compared to the energy of the thermal motions, the transition
probability is expected to be small.
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One should remark that relevant effects in molecules (and in solids) actu-
ally originate from the non-adiabatic terms. We just mention pre-dissociation
(spontaneous separation of the atoms), some removal of degeneracy in elec-
tronic states, the Jahn-Teller effect and, in solids, resistivity and super-
conductivity, related to the interaction of the electrons with the vibrations
of the ions around their equilibrium positions (see Chapters 13 and 14).

7.2 Classification of the electronic states

7.2.1 Generalities

As in atoms, also in the molecules first one has to find how to label the elec-
tronic states in terms of constants of motions, namely derive the good quan-
tum numbers. In atoms 12 and 1, commute with the central field Hamiltonian
and then n,l, and m have been used to classify the one-electron states. Also
for molecules the symmetry arguments play a relevant role: a rigorous classi-
fication is possible only for diatomic (or at least linear molecules) so that one
axis of rotational symmetry is present.

Let us refer to Fig. 7.3. When the z axis is aligned along the molecular axis
the potential energy V is a function of the cylindrical coordinates z and p,
while it does not involve the angle ¢. Then the [, operator —ih% commutes
with the Hamiltonian:

0 7] 0 0
L,V — =y )WVo—-V(@e——-y-—)p= VV).,
V| xeg g Ve Vg < ug)e=(x VY)
which is zero when the z axis is along the molecular axis.
For homonuclear molecules (A = B) in terms of the positional vector r one
has

6(r)* = |o(-1)]* ie. é(r) =—¢(-1r) or o(r)=+o(-r)

and one can classify the states with a letter g (from gerade) or u (from
ungerade) according to the even or odd parity under the inversion of r with
respect to the center of the molecule (see Fig. 7.3). One should also remark that
the reflection with respect to the yz plane, bringing x in —x, changes the sign
of the z-component of the angular momentum while the Hamiltonian is invari-
ant. It follows that the energy must depend on the square of the [,-eigenvalue
while this operator has to convert the eigenfunction in the one having eigen-
value of opposite sign. The electronic states with [, —eigenvalue different from
zero must be double degenerate, each of the two states corresponding to
different direction of the projection of the orbital angular momentum along
the z-axis. On the other hand, for l,-eigenvalue equal to zero a further —
or + sign has to be used to describe the behavior of the wavefunction upon
reflection with respect to the planes containing the molecular axis.
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Fig. 7.3. Schematic view for the discussion of the symmetry arguments involved in
the classification of one-electron states in a diatomic molecule. A and B are nuclei
dressed by the electrons uninvolved in the bonding mechanism. When A = B the
molecule is homonuclear and it acquires the inversion symmetry with respect
to the center. Then ¢.(r) = t¢.(—r) and the classification gerade or ungerade,
according to the sign of the wavefunction upon inversion (parity), becomes possible.

Finally, in these introductory remarks it is noted that the z-component of
the total angular momentum, implying an algebric sum L, =), l’, is also a
constant of motion, with associated a good quantum number M, (see §7.2.3).

7.2.2 Schrédinger equation in cylindrical symmetry
By referring again to Fig. 7.3 and in the framework of the Born-Oppenheimer
separation, the Schrodinger equation for the one-electron wavefunction is
— K2
7v§,p$@¢ + ng = ‘E‘(‘RAB>(Z5 ’ (79)

2m

where V' = V(z, p). One should remark that if A and B are protons, namely
we are dealing with the Hydrogen molecule ion, then

v=-S_° (7.10)
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By using ellipsoidal coordinates with the nuclei at the foci of the ellipse,
then Eq.7.9, with V as in Eq.7.10, is exactly solvable in a way similar to

-€ (UYVY(P)

Vv =(ra—rg)/Ras

K= (rat rg)/Rag

Hydrogen atom, with separation of the variables.

This solution would not be of much help, since when diatomic molecules
with the nuclei dressed by the atomic (core) electrons have to be considered,
the potential is no longer of the form in Eq. 7.10 and therefore relevant mod-
ifications can be expected. A similar modification in the atom is the removal
of the accidental degeneracy upon abandoning the Coulomb potential. Thus
we prefer to disregard the formal solution of Eq. 7.9 for strictly Coulomb-like
potential and first give the general properties of electronic states just by re-
ferring to the cylindrical symmetry of V' (again in a way analogous to atoms,
where only the spherical symmetry of the Hamiltonian in the central field
approximation was taken into account). Subsequently approximate methods
will allow us to derive specific forms of the wavefunctions of more general use,
rather than the exact expressions pertaining to the Hydrogen molecule ion.

The kinetic energy operator in cylindrical coordinates reads

2 2 2
ipwzaég—kljl+—gf+~£fzf (7.11)
P op pOp 022 p? Op?
and by factorizing ¢ in the form ¢ = x(z, p)®@(¢) Eq. 7.9 is rewritten

2mp? p?[0%x  0%x pox 1 0%®
52 a2 | T - (7.12)

E(Ragp) - V(zp)| + 2 LoX _ ,
o Bran) - V)| + 2 e

where at the first member one has only operators and functions of z and p
while at the second member only of ¢. As a consequence, Eq. 7.12 leads to
solutions of the form ¢ = x®, where x and & originate from the separate
equations in which both members are equal to a constant independent on z,
p and . We label that constant A% and then
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R
— = -\
0p?
so that ‘ ‘
D = Ae™? 4 Be ¢, (7.13)

The boundary condition for @ is
D(p + 2mn) = P(p)

and exp(iAn2m) = 1, thus yielding \ integer.
The meaning of the number A can be directly grasped by looking for the
eigenvalue of the z component of the angular momentum of the electron:

+idp

l.,p=a¢p ie — ihix(ﬁ = x(—ih

— +M\iyd = +\h
9 ) X ¢,

namely A measures in & unit the component of 1 along the molecular axis, a
constant of motion, as it was anticipated.

From Eq.7.12 it is realized that the eigenvalue E(Rap) depends on A2
Therefore we understand that from a given atomic-like state of angular mo-
mentum 1, the presence of the second atom at the distance Rap generates
(I + 1) states of different energy. These states correspond to I, = 0, £1,+2...
and are in general double degenerate, in agreement with the fact that the en-
ergy cannot depend on the sign of [, as we have previously observed. These
one-electron states are labelled by the letters o, m,d..... in correspondence to
0,1,2, etc... similarly to the atomic states s, p,d...

7.2.3 Separated-atoms and united-atoms schemes and correlation
diagram

Other good quantum numbers for the electronic states to be associated with
(z,p) in Eq.7.12 can be introduced only when x(z,p) can be factorized in
two functions, involving separately z and p. This happens when one refers to
the limit situations of united atoms (i.e. Rap — 0) or of separated atoms
(i.e. Rap — 00). In the united-atoms classification scheme (for example the
Hydrogen molecule ion Hj tends to become the Het atom) the two further
quantum numbers are n and [, while A tends to become m. Then the sequence
of the states is

1so, 2s0, 2po, 2pm...

and the parity g or u is fixed by the value of [, namely [ even g, [ odd u.
For Ryp — oo the atoms are far away (H;r becomes H with a proton at
large distance) and for heteronuclear molecule one has

olsa,0lsp,0254,0255,02p4...
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<
3do
3p
3po r 2p
3s 350 v o
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Fig. 7.4. Classification schemes for diatomic homonuclear molecules and correlation
lines yielding a sketchy behavior of the eigenvalues E(Rap) as a function of the
interatomic distance.

For A = B (homonuclear molecule) (nl)4 = (nl)p, the splitting of the level
due to the perturbing effect of the other nucleus (e.g. H in the Hydrogen
molecule ion) removes the degeneracy and the character g or u can be as-
signed.

The two classification schemes are obviously correlated. For the lowest
energy levels the correlation can be established by direct inspection, by taking
into account that A and the g or u character do not depend on the distance
Rap (see Fig.7.4). A pictorial view of the correlation diagram in terms of
transformation of the orbitals upon changing the distance R4p is given in
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Fig. 7.5, having assumed the one-electron wavefunction in the form of linear
combination of 1s-atomic like wave functions and 2p,-wavefunctions, centered
at the two sites A and B (for the proper description see §8.1).

For v % and 0= g ® — ¢ ®

i) g corresponds to +, i.e. to and for Rag — 0

it transforms to 1s , i.e. 1s0 ;

ii) U corresponds to -, i.e. to and for Rag — 0

it transforms to 2p, , i.e. 2pc

b b

Instead, for and 0= dopx @ = g @

i) for linear combination with sign + one has

namely m,2p or, for Rag — 0, 2p7;

iv) for linear combination with sign - one has
namely mg2p or, for Rag — 0, 3dr. é @

Fig. 7.5. Schematic view of the correlation diagram by referring to the transfor-
mation with the interatomic distance Rap of the shape of the molecular orbitals
generated by linear combination of atomic 1s (cases i) and ii)) and 2p, orbitals
(cases iii) and iv)) centered at the A and B sites (see §8.1 for details).
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3d 3dd
3dn 03s, 3¢
3do
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N
v Separated atoms
nited atoms
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R,5=0)

Fig. 7.6. Correlation diagram for heteronuclear diatomic molecules. For Rap — oo
the assumption of effective nuclear charge Z4 > Zp has been made.

The correlation diagram for heteronuclear diatomic molecules is shown in
Fig. 7.6.

It should be observed that there is a rule that helps in establishing the
correlation diagram, the so-called non-intersection or non-crossing rule
(Von Neumann-Wigner rule). This rule states that two curves E1(Rap)
and E(Rap) cannot cross if the correspondent wavefunctions ¢; and ¢o be-
long to the same symmetry species. In other words they can cross if they have
different values either of A or of the parity (g and u) or different multiplicities.

Finally we mention that the electronic states in a multielectron molecule
can be classified in a way similar to the one used in the LS scheme for the
atom (Chapter 3). From the algebraic sum S, = Y, s,(?) we construct Mg,
while to L, = 3", 1,(Y M is associated. The symbols X, IT, A... (generic A)
are used for My = 0,1,2 etc. Then the state is labelled as
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2S+1Ag,u ,
g and u for homonuclear molecule.

For the state X, namely the one with zero component of the total angu-
lar momentum along the molecular axis, in view of the consideration on the
property upon reflection with respect to a plane containing the axis, one adds
the symbol + or - as right apex. Illustrative examples shall be given in dealing
with particular diatomic molecules (§8.2).

Problems F.VII

Problem F.VII.1 From order of magnitude estimates of the frequencies
to be associated with the motions of the electrons of mass m and of the nuclei
of mass M in a molecule of “size” d, derive the correspondent velocities by
resorting to the Heisenberg principle. By using analogous arguments derive
the amplitude of the vibrational motion.

Solution:

From Heisenberg principle p ~ fi/d. The electronic frequencies can be defined

Eelect 1 p2 1 h2 h
Velect = ~ T = 5
fect h hom  h2d®m  Arnmd?

For the vibrational motion, by assuming for the elastic constant K
K d? ~ Eejeet (a crude approximation, see §10.3 and Problem VIIL.1.3)

1
m\ &
Em’b ~ huvib ~ (M) ’ Eelect

and
h 1
Vyib ™~ ————F— 5 -
d2v/mM 27

Approximate expressions for the correspondent velocities are

Eelect h
Velect ™~ ~ T
fect m md
Bun, { hh ] H h
() ib ™ ~ ~
! M [VmM3d? mi M3 d
yielding
3
Vyib -~ (m) 1 1
Velect M <

For the rotational motion (see §10.1)
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P2 2 m

Erozi'\‘iwi
Y=o T Mda2 T M

Eelect

(P angular momentum and I moment of inertia, see §10.1) and then

1 1
Erot 2 (%) m Uzlect ’ ( m )
Vpot ™~ ~ |~ Vgeet | — ) .
t M M tect "\ M

Estimates for the amplitude a of the vibrational motion can be obtained from

higiy ~ a® K ~ a® M (2r)?v?

vib

so that

a? hvyip m\ s m\ i
-2 = o ~ (—) and a~d (—) .
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Electronic states in diatomic molecules

Topics

H;‘ as prototype of the molecular orbital approach (MO)
H, as prototype of the valence bond approach (VB)
How MO and VB become equivalent

The quantum nature of the bonding mechanism

Some multi-electron molecules (Nz, O3)

The electric dipole moment

In this Chapter we specialize the concepts given in Chapter 7 for the electronic
states by introducing specific forms for the wavefunctions in diatomic molecules.
Two main lines of description can be envisaged. In the approach known as molec-
ular orbital (MO) the molecule is built up in a way similar to the aufbau method
in atoms, namely by ideally adding electrons to one electron states. The prototype
for this description is the Hydrogen molecule ion H; In the valence bond (VB)
approach, instead, the molecule results from the interaction of atoms dressed by
their electrons. The prototype in this case is the Hydrogen molecule Hs.

8.1 H as prototype of MO approach

8.1.1 Eigenvalues and energy curves

In the Hydrogen molecule ion the Schrédinger equation for the electronic
wavefunction ¢(r, 8, ), or equivalently &(z, p, p) (see Fig. 8.1) is written

e? e? e?

_j2 )
o= Y T T Ras

t¢ = E(Rap)o. (8.1)
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Y

Rag

Fig. 8.1. Schematic view of the Hydrogen molecule ion H} and definition of the
coordinates used in the MO description of the electronic states.

As already mentioned the exact solution of this Equation can be carried out
in elliptic coordinates. Having in mind to describe Hj as prototype for more
general cases we shall not take that procedure.

It should be remarked that in the Hamiltonian in Eq. 8.1 the proton-proton
repulsion 62/RAB (Van in Eq. 7.1; see Fig. 7.2) has been included, so that the
total energy of the molecule, for a given inter-proton distance Rap, will be
found.

By taking into account that for Rap — oo the molecular orbital must
transform into the atomic wavefunction ¢, centered at the site A or at the
site B, one can tentatively write

A B
o =ciony et (8:2)
This is a particular form of the molecular orbital, written as in the so-called
MO-LCAO method, namely with the wavefunction as linear combination
of atomic orbitals!.
From the variational procedure, by deriving with respect to ¢; the energy

function 6 d
E(c1,c2) = W (8.3)

with the tentative wavefunction given by Eq. 8.2, the usual equations

1A similar method is used also in more complex molecules, by writing ¢ = ZZ Cii
and constructing the energy function E = E(c;) on the basis of the complete
electronic Hamiltonian H = Y~ (—h*/2m)V} — €’ Za’i Zo|Ria + € Z;] 1/7r45,
by iterative procedure evaluating the self-consistent coefficients ¢;. This is the
MO-LCAO-SCF method (see §9.1).
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Cl(HAA—E)—I-CQ(HAB—ESAB):O (8.4)

c1(Hap — ESap)+c2(Hgp— E)=0

are obtained. Here
Haa=Han = [ o Ho{Ddr
represents the energy of the HTH or of the HHT configuration.

Hap = Hya — / $B 1D ar / SN 1P ar (8.5)

called resonance integral, will be discussed at a later stage.

is the overlap integral, a measure of the region where ¢(1? and d)(B)
simultaneously different from zero:

XSAB

From Eqs. 8.4 the secular equations yields

Han+ Hap
=48 a7 8.6
* 1+ S45 (8.6)
with ¢; = ¢ for the sign + and ¢; = —cy for the sign —. Thus

1 (4) , ,(B)
= + é1, 8.7
b+ RS {015 + 15} (8.7)

_ 1 (4) _ ,(B)

(b* 2(1 — SAB) {(bls 1s }

In order to discuss the dependence of the approximate eigenvalues EL on the
interatomic distance R 4p one has to express Haa, Hap and S4p. One writes
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EAA

Han - / oD (i} 6D dr + / o ¢ — i / ¢<A>*—¢Y"d

(8.8)

The first term is —Rghe (with Ry Rydberg constant), the second is

€?/Rap. The third term, €44, represents the somewhat classical interaction
energy of an electron centered at A with the proton at B:

€44 can be evaluated by introducing confocal elliptic coordinates (see
§7.2.2).
Then

27 +1 p3 _ —(p+v)Rap/2a0
R,
/ (W — e do dp dv =
7ra0

4R (p—v)

1

RAB —2Rap
) e~
" Rap

[1_<1+

Qo

plotted below as a function of the internuclear distance in ag units:

1.0 PR R RN R RS

ool o
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Therefore

2 _
e '|:16 ZRAB(1+RAB)

ao
Rap Qo

€AA = —

In analogous way the overlap integral Ssp and the resonance integral Hsp

are evaluated.
27 +1
0

Rap 1 RAB)2:| e_IZfB

Sap =

ao +3( ap

:[H

is plotted below

1.0 1 1 1 1 1
SAB +
0.8 .
0.6 .
04 =
02 -
0.0 n 1 n 1 n 1 n 1 n 1
0 1 2 3 4 5 6
RAB /ao
while
Hap = /qb(B)* {Hhyar.} ¢§f) R /¢1B)* — ¢

=SB ( - RHhC> +eéeaB,
Rap

with
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. 2 2 _ngp R
€AB:*/¢)(1§) ‘ ¢>§f)d7:7€—e wo <1+ AB),

B (€2 Qo

(8.10)
is approximately proportional to Sap.
From Eq. 8.6 and the expressions for Ha4,Sap and Hap, the energy

curves By (R4p) are obtained. In Fig. 8.2 E (R4p) is compared to the exact

eigenvalue for the ground-state that could be obtained from the solution of
Eq. 8.1 through elliptic coordinates.

" 1 " 1 " 1 " 1 " 1
0.15 1 \
1 \ 4
| \
| \
] A \ L
| \
| \
-3
0.10 4 \ ‘\E-
\ \ S L
| \
| |2Z+ N>
| \ u -2
~~~ ! g \
2 0.054 \ -
g \
=] \ \\ 1 m
S \ N B =)
s () . @
~ S o ==
2 R \ T8
- C
5, 0.00 Hh )
<
20 S
5}
(= J
m
-0.05
-0.10
T T T T T T T T T T
0 1 2 3 4 5
RAB/aO

Fig. 8.2. Energy curve for the ground and first excited state of Hydrogen molecule
ion as a function of the inter-proton distance Rag, according to MO-LCAOQO orbital
(dotted lines), with the classification of the electronic states in the separated-atoms
scheme (see §7.3.3) and sketchy forms of the correspondent molecular orbitals.

The bonding character of the o41s state grants a minimum of the energy (in qual-
itative agreement with the exact calculation, solid line) while the o, 1s orbital, for
which E_ > —Rphc = E(Rap — o), is anti-bonding. The exact result for E_

(not reported in figure) is well above the approximate energy E_ (dotted line).
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The minimum in F; indicates that when the electron occupies the lowest
energy state (the o,1s according to §7.3.3) bonding does occur.

Starting from atomic orbitals pertaining to excited states, e.g. the 2p,
Hydrogen states, one can obtain the molecular orbitals for the excited states,
as sketched below (see also Fig. 7.3.3):

: +

with linear TCu2p

combination +

with linear combination — 1 C

(and higher energy)

T,2p

A better evaluation of eigenvalues and eigenfunctions (although still ap-
proximate) could be obtained by using more refined atomic orbitals. For in-
stance, in order to take into account the polarization of the atomic orbitals
due to the proton charge nearby, one could assume a wavefunction ¢(*) of the

form
o) = ¢\ yazeZerala, (8.11)

with Z, an effective charge. Along these lines of procedure one could derive
values of the bonding energy and of the equilibrium interatomic distance R%/,
close to the experimental ones, which are

E(RYy) = —2.79¢V, R%,; =1.06A. (8.12)

Rather than pursuing a quantitative numerical agreement with the experi-
mental data, now we shall move to the discussion of the physical aspects of
the bonding mechanism.
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Problems VIII.1

Problem VIII.1.1 Consider a py-molecule formed by two protons and a
muon. In the assumption that the muon behaves as the electron in the Hj
molecule, by means of scaling arguments evaluate the order of magnitude of
the internuclear equilibrium distance, of the bonding energy and of the zero-
point energy in the p-molecule. (The zero-point energy hv/2 in H;r is 0.14eV
and it is reminded that v = 1/27\/k/M, with k the elastic constant and M
the reduced mass).

Solution:

R, is controlled by the analogous of the Bohr radius ag, which is reduced
with the mass by factor m,/me. Then

e Loe -
RAqu%RAqB(Hj):E)x 10734

and .
E ~ 200 EH2) ~ 500eV .

The force constants can approximately be written k ~ ;—23 and then k(p) =
k(H;)/8 x 105 .
The vibrational energies scale with vk, so that

BV ~ 3103 BV (H) ~ 400eV .

Problem VIII.1.2 Derive the behavior of the probability density for the
electron in Hj at the middle of the molecular axis as a function of the inter-
proton distance, for the ground MO-LCAO state, for Syp < 1.

Solution:

From
2 _ratrp _2ra _2'B
p=lpi|" x2e @ +e @ +e @ |

for ry =rp = Rap/2, p x dexp[—Rap/ao).

Problem VIIIL.1.3 In the harmonic approximation the vibrational fre-
quency of a diatomic molecule is given by

1 [(®E/dR?)g,

27 I ’

where p is the reduced mass and R the interatomic distance (for detail see
§10.3). Derive the vibrational frequency for Hj in the ground-state.
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Solution:
From E(R) = (Haa + Hag)/(1+ San)

2
P’E _ [EUaatlan) () 4 G, p) — 823%@3 (Haa + Hap)|(1+ SaB)
OR® (14 SaB)?

APHAGEIARY (1 4 Sap) 2542 — (%542 )*(Haa + Hap)]

(1+SaB)?
From Egs. 8.8-8.10, for = R/ag and ky = eQ/ao, one writes

22
Sap(z)=e*(1+z+ =),

3

_ 1 k
HAA(CL')Zkle 2x(1+;)—51,
1 1 Tr 22
H =ke (——=— — — —).
ap(r) = ke (C -5 =% = %)

Since OE/OR = (0E/dz)(1/ag) and 0?E/OR? = (0?°E/dx?)(1/a3), one can
conveniently express the second derivative of F(R) in terms of x.
The curves for E(R) and for (d2E/dR?) are reported below (dashed line
(d>E/dR?), in €?/a®y unit, dotted line E(R) referred to —Rhc).

\ d°E/dR?

CER),

At Rey = 2.49a0 one finds 9?°E/OR? = 0.054€? /a3 = 0.839 x 10° dyne/cm,
yielding a vibrational frequency v = 5.04 x 10'* Hz (return to Problem
F.VIL1).
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8.1.2 Bonding mechanism and the exchange of the electron

How the bonded state of the Hydrogen molecule ion is generated? Why the
bonding orbital is the o,1s while o, 1s is antibonding? Which is the substantial
role of the resonance integral Hp?

A first way to answer to these questions is to look at the electronic charge
distribution, controlled by p+ = |¢4|?, where ¢ can be taken as in Eqgs.8.7.
The intersection of p with a plane containing the molecular axis is sketched
in Fig.8.3.

In order to minimize the Coulomb energy one has to place the electron in
the middle of the molecule. Thus one understands why only the o415 state
has a minimum in the energy E vs. Rap.

It may be remarked that this consideration of forces between nuclei ac-
cording to “classical” Coulomb-like estimate of the energies is not in con-
trast with the quantum character of the system. In fact, as stated by the
Hellmann-Feynman theorem the forces can actually be evaluated “classi-
cally” provided that the charge distribution is made according to the result
of the quantum description.

P+ pr= s Proe
o (7197 + (0P15)° + 2 (919 (6°1s)
@ @ >
+ +
A A B
p=¢_ ¢
o (7197 + (6P15)7 - 2 (¢19) (8°1s)
0.
@ @ >
A B *

Fig. 8.3. Sketches of the charge distribution according to the bonding and anti-
bonding molecular orbitals in HJ . For ¢_ there is no electronic charge in the plane
perpendicular to the molecular axis at the center of the molecule. On the other hand,
in order to avoid repulsion between the protons, the negative charge must be placed
right in the middle of the molecule, as a classical estimate of the energy indicates
(see Problem VIII.2.1).
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Now we are going to discuss the role of the resonance integral (Eq. 8.10)
that is the source of the minimum in the energy at a given inter-proton dis-
tance. A suggestive interpretation of the role of Hsp can be given in terms
of the exchange of the electron between the two equivalent 1s states centered
at the proton A and at the proton B.

According to the model developed in Appendix 1.2, by considering the
basis states |1) and |2), as sketched below

and by writing the generic state in term of linear combination
[1)) = e1]1) + ¢2|2), the coefficients obey the equations

thér = Hyie1 + Hygceo (813)
ithéy = Harcr + Haaca
with Hy; = Has = F,. Hys is the probability amplitude that the electron
moves from state |1) to state |2).

By labeling A the value (negative) of His, from Egs.8.13 by taking sum
and difference, one has

b _i(Eo+A)t

cl(t)zge"’(EfA”ﬂLge z (8.14)
i (o= b (B
ca(t) = %e_z(¥)t ~3 et (B

It is noted that for the choice of the integration constant a = 0 or b = 0,
stationary states |£) are obtained, correspondent to o,1s and to o,1s, i.e.

[+ =5+, 1= 5| - 2]

with energies £ = E, + A.
The constants a and b in Eqgs. 8.14 can be written in terms of the initial
conditions for ¢ (¢) and co(t). By setting ¢1(0) = 1 and ¢3(0) = 0, one has
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c(t) = e~ % teos (At/h)
co(t) = ie” " tsin (At/h)

with the behavior of the correspondent probabilities of presence P; o = |01,2|2
shown in Fig. 8.4.

P

1,2

14

. . . .
n/4 /2 3n/4 b1 t in /A4 units

Fig. 8.4. Time dependence of the probability of presence of the electron on the sites
A and B according to the description of two-levels states for Hy .

Thus one can idealize the formation of the molecule as due to the exchange
of the electron from left to right and back, with the related decrease of the
energy.

This description has some correspondence in classical systems, such as two
weakly-coupled mechanical oscillators or LC circuits, with their two normal
modes and the correspondent exchange of energy. Scattering experiments of
protons on Hydrogen atoms confirm that the exchange process of the electron
is real. When a proton is in the neighborhood (distance of the order of ag) of
an Hydrogen atom for a time of the order of ii/2A, with A = (EL — E_) (or
multiple), an Hydrogen atom comes out after the scattering process.

8.2 Homonuclear molecules in the MO scenario

From the MO description of the states in H2+ it is now possible to analyze
multi-electron homonuclear diatomic molecules. In a way analogous to the
auf bau method in atoms, to build up the molecule in a first approximation
one has to accommodate the electrons on the one-electron states derived for
the prototype. This procedure is particularly simple if a priori one does not
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take into account the inter-electron interactions (e?/r;;), thus ideally assum-
ing independent electrons. Then the energy is evaluated on the basis of the
complete Hamiltonian, for ®yo1a1 = [[; #ar0(73), by considering the dynami-
cal equivalence of the electrons when different states are hypothesized. At §8.4
we shall discuss the hydrogen molecule to some extent, by taking into account
the spin states and the antisymmetry requirement. For the moment, let us
proceed to a qualitative description of some homonuclear diatomic molecules
by referring most to the ground states.

For Hs the ground state has the electronic configuration (o,1s)?, it is
labelled ' &1 (see §7.2.3) and the MO wavefunction is

P(o,15)2(r1,T2) = 0gls(r1) ogls(r2), (8.15)

that in the LCAO approximation is written (see Eq. 8.7)

oyt (r1,12) = g o) + o2 )] - [ 42 r0) + 62 )
(8.16)

The energy E(Rap), evaluated by including in the Hamiltonian the term
(e /r12) by means of calculations strictly similar to the ones detailed for HJ
at §8.1, is sketched below:

ER,)

2R, he

In Hej the ground state has the electronic configuration (o,1s)?(o,1s)
and the notation is 2X,,. The third electron has to be of u character, because
of the Pauli principle.
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The Hey; molecule cannot exist in state a stable state?. In fact, the elec-
tronic configuration should be (o ,1s)?(0y,1s)?, with the pictorial representa-
tion sketched below:

\
E
g, Is  antibonding
2 RI rhc i AB /e a,
%ing

Since for Rap ~ R, one has E_ > |E,| (see Eq.8.6) the two antibonding
electrons force the nuclei apart in spite of the bonding role of the electrons
placed in the ground energy state.

Now we are going to discuss a pair of molecules exhibiting some aspects
not yet encountered until now. In the Ny molecule we have an example of
“strong bond” due to ¢ MO orbital at large overlap integral and of “weak

bond” due to m MO orbitals involving p atomic states, with little overlap. In
fact one can depict the formation of the molecule as below

X 2P

og2p

18 28 2p° T

A 4
)

(o gls)z (U'uls)2 (o gzs)z ((TUZS)Z (71'“2[))4 (0’92[3)2

2 Van der Waals interactions (described at §13.2.2), leading to very weak bonds at
large distances, are not considered here.
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where it is noted that the linear combination with the sign + again implies
electronic charge in the central plane (and therefore is a bonding orbital)
although now the inversion symmetry is u. The o,2p orbital, ideally gen-
erated from the combination of 2p, atomic orbitals, implies strong overlap.
Since H 4p is somewhat proportional to Sap (see Egs.8.9 and 8.10) one has
a deep minimum in the energy and then a strong contribution to the bonding
mechanism. On the contrary, from the combination of 2p, , atomic orbitals
to generate the m MQO’s the overlap region is small and then one can expect
a weak contribution to bond. The electronic state of the Ny molecule is la-
belled 12’; and the molecular orbitals are fully occupied. Thus the molecule
is somewhat equivalent to atoms at closed shells, explaining its stability and
scarcely reactive character.

Another instructive case of homonuclear diatomic molecule is O,. Here
there are two further electrons to add to the configuration of Ny. These elec-
trons must be set on the 742p orbital, in view of the Pauli principle. The 7 2p
orbital is not fully occupied and one has to deal with LS coupling procedure,
similar to the one discussed for atoms for non-closed shells. In principle there
are the possibilities sketched below:

- N . of g character
Sz Ly State
a— f— lAg

) 1
BN 5
f— — 3 5

According to Hund rules, that hold also in molecules, the ground state is
3Eg_ corresponding to the the maximization of the total spin. The g and -
characters can be understood by inspection: in Fig. 8.5 it is shown how the
property under the reflection in a plane containing the molecular axis results
from the symmetry of the 7 orbitals.
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E(eV) e

0

0 1 2 3 4 R/\B (A)

Fig. 8.5. Energy curves for the low energy states in the Oz molecule (a) and sketchy
illustration of the (4 -) symmetries for 7+ and 7~ orbitals (b). The X state requires a
label to characterize the behavior under reflection with respect to a plane containing
the molecular axis. Since the two electrons occupy different 7 orbitals, one of them
is + and the other -, implying the overall - character of the configuration.

The molecule is evidently paramagnetic and because of the partially
empty external orbital has a certain reactivity, at variance with Ny. In fact
the O3 molecule (ozone) is known to exist.

Problems VIII.2

Problem VIII.2.1 Evaluate the amount of electronic charge that should
be placed at the center of the molecular axis in Hy in order to justify the
dissociation energy (~ 4.5eV) at the interatomic equilibrium distance R =
0.74 A.

Solution:
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2

e e e
— —e + = —4.5eV.
Rap ! Rap/2 Rap/2
From
©  _losev
—4.5eV —19.5eV
f= —77.8eV =03.

Problem VIIIL.2.2 Write the spectroscopic terms for the ground state of
the molecules Liz, Ba, Ca, Bra, N3, N;r, F;r and Ne;

Solution:

For Liy, (0415)%(0y15)*(0425)%, ' 2.

For By, (0g15)?(0415)?(0g2s)? (04,25)? (mu2p)?, 33, .

For Csy the proper sequence of the energy levels has to be taken into account
(one electron could be promoted from , to the o, state, see Fig. 7.4). However
the electronic configuration (0y2s)%(0,2s)?(m,2p)* seems to be favored and
the ground state term is ' J;F.

For
Bry (atoms in 2P state) 12;
excited states 12;, 1]797 ', 1Ag
NF 2yt
Ny 1,
Fi 211,
Nej 2yt

8.3 H; as prototype of the VB approach

In the framework of the valence bond (VB) method, where the molecule
results from the interaction of atoms dressed by their electrons, the prototype
is the Hydrogen molecule.

The Hamiltonian is written (see Fig. 8.6)

h2 2 h2 2 2 2 2 2
M= {vge} N {Vge} N {ee} N [6+6} _
2m A1 TAB 12

= [a] + [b] + [¢] + [d] (8.17)
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Fig. 8.6. Definition of the coordinates involved in the Hamiltonian for the Hs
molecule.

A tentative wavefunction could be ¢(r1,r2) = ¢1\(r1) ¢P.(r2), correspond-

ing to the situation in which the two electrons keep their atomic character and
only Coulomb-like interactions with classical analogies are supposed to occur.
However, this wave-function does not lead to the formation of the real bonded
state. In that case, in fact, for the [a] and [b] terms in the Hamiltonian one
obtains —2Rphc and for the interaction terms [¢] and [d] one has

2 2
T =it [0l S loB ol dndn =2 [ £ (6B )P dr
AB 12 TA2
(8.18)

The latter term in Eq. 8.18 is twice the attractive interaction between
electron A-proton B, as sketched below

All the above terms in Eq. 8.18 correspond to classical electrostatic inter-
actions and therefore J is usually called Coulomb integral. From the eval-
uation of J through elliptic coordinates, as described for e44 at §8.1.1, one
could figure out that the energy curve E(R4p) displays only a slight minimum,
around 0.25 eV, in large disagreement with the experimental findings (see Fig-
ure 8.7). On the other hand, by recalling the description of the two electrons in
Helium atom (§ 2.2) the inadequacy of the wavefunction ¢4 (r1)#Z,(r2) can be
expected, since the indistinguishability of the electrons, once that the atoms
are close enough to form a molecule, is not taken into account.

Then one rather writes

Pvp(r1,T2) = 1 61y (r1) ¢F (r2) + c2 p1i(r2) L (r1) = 1 1) + 2 [2)  (8.19)
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By deriving the energy function with the usual variational procedure (see Egs.
8.3-8.6) one obtains ¢; = +c and

Hy1 £ Hyp
Fi=—— 2
+ 1£5, (8.20)
where H11 = <1‘H|1> = <2|H|2>, H12 = <2‘}I|1>7 512 = 5124B and
br= |V ) (3.21)
T 21 £50) ' '
The eigenvalues turn out
J K
FEL(R = —2Ryxh + 8.22
+(Rap) O T (8.22)
where J is given by Eq. 8.18, while
o2 o2 o2 02
K= [otr ot |- - Sk s S o) ot v dn i
raz  rp1 Rap T2
(8.23)

is the extended exchange integral, with no classical analogy and related
to the quantum character of the wavefunction. K can be rewritten

o2 . . o2
K== Sis—2SaBean + /¢’145 (r1) o1 (r2) — @14 (r2) @14 (r1) dry dry
AB 712
(8.24)
where again one finds the resonance integral e4p (Eq.8.10) and a reduced
exchange integral

2
Kooa = / G (01) 6B (r2) S G (1) OB (r1) dry dry (8.25)
T12

analogous to the one in Helium atom and positive.

From the evaluation of J and K the energy curves can be obtained, as
depicted in Fig. 8.7.

It should be remarked that most of the bond strength is due to the ex-
change integral K.

As for any two electron systems (see §2.2) the spin wave functions are

Xf;;m i.e. a(l)a(2), B(1)8(2) and {a(l)ﬁ(2)+a(2)ﬁ(1)}

€
V2
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EA

-2 Ryhe

-4.76 eV}

~exp

Fig. 8.7. Sketch of the energy curves of the Hydrogen molecule in the VB scheme
as a function of the interatomic distance Rap. The real curve (reconstructed by a
variety of experiments) is indicated as exp, while curve ¢) illustrates the behavior
expected from the Coulomb integral only (Eq. 8.18 in the text). Curves a) and b)
illustrate the approximate eigenvalues E1 in Eq. 8.22.

and the antisymmetry requirement implies that .. is associated with ¢,
corresponding to the ground state !X, while for the eigenvalue F_ one has
to associate Xsymm With ¢_, to yield the state 35,

At this point one may remark that the VB ground state for Hy (see Eq.
8.21) is proportional to the MO state

dno(1,2) < 9a(1)pB(2) + ¢a(2)d5(1) + da(1)da(2) + ¢p(1)pB(2)

(1,2 for ry and rp) The “ionic” configurations ¢4(1)¢4(2) and ¢p(2)ép(1)
(Egs. 8.7 and 8.16) are present in the MO orbital with the same coefficients,
in order to account for the symmetry and to prevent electric charge transfer
that would lead to a molecular dipole moment. A more detailed comparison
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of the electronic states for the Hydrogen molecule within the MO and VB
approaches is discussed in the next Section.

Problems VIII.3

Problem VIII.3.1 Reformulate the description of the Hy molecule in the
VB approach in the assumption that the two Hydrogen atoms in their ground
state are at a distance R so that exchange effects can be neglected. Prove
that for large distance the interaction energy takes the dipole-dipole form and
that by using the second order perturbation theory an attractive term going
as R7% is generated (see §13.2.2 for an equivalent formulation). Then remark
that for degenerate n = 2 states the interaction energy would be of the form
R3.

Solution:

From Fig. 8.6 and Eq. 8.17 the interaction is written

Expansions in spherical harmonics (see Prob. I1.2.1) yield

1 1 7"?11 1 (rai-p) 3(rar- 0)2 - riu
i — P 9) = — o
rpr [Rp—ria] 4 RMI \(cos 6) rt T T 5 R3 +
1 _ 1 _ l+(rA1 —r32)~p+3[(rA1 7r32)~p]2*(1“A1*1“32)2+m
ra2  |Rp+rpz—rai] R R? 2R3 ’
1 1 rps - 3(rgs - p)? —r?
7:7+(32 P)+(B2 p) B2 4 ...

ra2 R R? 2R3

(p unit vector along the interatomic axis).
Thus the dipole-dipole term (see §13.2.2) is obtained

22120 —T1 T2 — Y1 Y2 o
R? ©
the z-axis being taken along p. By resorting to the second-order perturbation

theory and taking into account the selection rules (App.l.3 and §3.5), the
interaction energy turns out

V=-

RS 2 9F, — E,, - E,

where o, Ton etc. are the matrix elements connecting the ground state (en-
ergy Ep) to the excited states (energies E,,, E,). E?) being negative, the two
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atoms attract each other (London interaction, see §13.2.2 for details).

For the states at n = 2 the perturbation theory for degenerate states has
to be used. From the secular equation a first order energy correction is found
(see the similar case for Stark effect at §4.2). Thus the interaction energy must

-3
go as R™7.

8.4 Comparison of MO and VB scenarios in Hs:
equivalence from configuration interaction

Going back to the MO description for the Ho molecule, by considering the
possible occurrence of the first excited o, one-electron state and by taking
into account the indistinguishability, four possible wavefunctions are:

P1(9,9) = ¢g(1)94(2) g8 @)
Drr(u,u) = ¢ () (2)  uu  b)

95111(97 U) = % |:¢g(1)¢u(2) + ¢g(2)¢u(1)

¢1v(g,U)E\}i[%(l)%(?)—%(?)%(l)} ug™ d)  (8.26)

In view of the four spin wavefunctions x*™ and x*Y™™, in principle 16

spin-molecular orbitals could be constructed. Due to the Pauli principle, in
the Hy molecule one finds only 6 states, the ones of antisymmetric character.

The ground MO state (o41s)(0y1s)x*™" can be detailed by referring to the
LCAO specialization, so that the complete spin-MO is

ror(1,2) = x§% | ove + 6a(1)0a(2) + ¢5(1)d5(2) (8.27)

namely the VB form with the “ionic” states, as already mentioned.

To find the excited MO state corresponding to the (V B)~ wavefunction,
in Egs. 8.26 one can look for the one that without the ionic states does corre-
spond to 8.21 ¢_ without the ionic states. From Eq. 8.26d) with the LCAO
specialization it is found that

Bry = % 64(1)65(2) — 94(2)65(1) (8.28)

is the same as ¢y, 5.
From another point of view, now one understands why the 32X, state is
unstable: it corresponds to have one electron in the g bonding MO orbital and
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Fig. 8.8. Schematic energy curves for Hz corresponding to the wavefunctions in Eq.
8.26. More accurate forms of the energies for the IZ;L and 2X;] states are reported
in Fig. 8.9, in comparison with the VB eigenvalues.

one in the u antibonding MO (see § 8.2), this latter being strongly repulsive.
In Fig. 8.8 the lowest energy levels in Hy corresponding to 8.26 are sketched.

For a more quantitative comparison of the MO and the VB descriptions in
Hos, let us look at the values for the dissociation energies and the equilibrium
distances (see also Fig. 8.9) in the ground state:

ovB Euiss ~ 3.14eV R =1.Tao
oMo Ejigs ~2.7eV R =1.7aq
FExperimental Egiss ~4.75eV R =14a0

One should remark that the VB orbital does not include the ionic states
while the MO-LCAOQO overestimates their weight. In fact, the energy to remove
the electron from the Hydrogen atom (13.56€eV) is much higher than the
energy gain A in setting it on the configuration H™. The energy gain A
(sometimes called electron affinity) in principle could be estimated from
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Fig. 8.9. Energy curves for the lowest energy states in Ha: dotted lines, within the
VB approach; solid lines, more accurate evaluations for the 12; and the 3 X} states
according to the procedure outlined in the text.

the Coulomb integral in Helium atom (§2.2), with Z=1 for the nuclear charge
(however, see Problem I1.2.4). From accurate estimates one actually would find
A = 0.75eV. Therefore the ionic states cannot be weighted as much as they
are MO-LCAO orbital. This observation suggests a tentative wavefunction of
the form

¢VB + )\¢ionic ’ (829)

namely a mixture of the covalent VB and of ionic states with a coefficient A,
for instance to be estimated variationally. From the derivative of the energy
function E(A) one could find that the minimum corresponds to A = 0.25.
Therefore, from the normalization of the wavefunction the weight of the ionic
states is given by A?/(A? + 1), about 6 percent.
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How could the MO description of the ground state in Hy be improved?
Since the wavefunctions 8.26 involve the ionic states with different coeffi-
cients, it is conceivable that a better approximation is obtained if a proper
combination of the wavefunctions correspondent to different configurations is
attempted. This procedure is an example of the approach called configura-
tion interaction (CI). In the combination one has to take into account that
the mixture must involve states with the same symmetry properties and same
spin. Thus one should combine the gg state with the uu one, both coupled
to Xant:

ocr(1,2) = o1 + ko (8.30)

From this wavefunction, as usual, one generates two energy levels, one of them
having energy £ < E4, E; being the energy for ¢;. In this way one could
find a dissociation energy and equilibrium distance close to the experimental
values. Furthermore those quantities are found to coincide with the ones
associated with the VB wavefunction with addition of the ionic states! This
is not by chance. In fact, by collecting the various terms involving the atomic
orbitals, one can rewrite Eq. 8.30 in the form

QSCI(]-» 2) = (]- - k)¢VB + (]- + k)¢ionic

and by defining A = (1 4+ k)/(1 — k) one sees that it coincides with Eq. 8.29.

This is an example of a more general issue: the MO-LCAO method with
interaction of the configurations is equivalent to the VB approach with addition
of the ionic states to the covalent wavefunctions.

8.5 Heteronuclear molecules and the electric dipole
moment

In the following we shall recall some novel aspects present in diatomic
molecules when the two atoms are different.

First of all one remarks that the inversion symmetry, with the Hamiltonian
H(r) equal to H(—r), no longer holds. Therefore, within the separated atoms
scheme one cannot longer classify the states as g or u and the one-electron
states become (see Fig. 7.6) olsa, olsp, 02s4, 02s5,...

Within the MO-LCAO scheme the one-electron orbital is written

¢ =capa+cpop

with ca # cp. Equivalently, in the normalized form

1
LCAO X
- I PR . 8.31
o6 (ESCEEITINSE [QM ¢B] (8.31)
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Here A* can vary from —oo to 400 and it characterizes the polarization
of the orbital, namely measuring the electronic charge transfer from one
atom to the other. As illustrative example in Fig. 8.10 the molecular orbital
for the HCI molecule is sketched.

>
Ix /_y\

e
4
3

O no= Ca @ s+ cp ¢3po|

Fig. 8.10. Sketchy illustration of the polarized MO-LCAO orbital in HCl. The p,
and p, atomic orbitals are scarcely involved in the formation of the molecule since
they imply small overlap integral Sap and resonance integral Hap (see text at §
8.2).

In the VB description the only way to account for the charge transfer is to
add the ionic states in the molecular orbital, no longer with the same weight
as for the homonuclear molecules (see Eq. 8.29). In practice only the ionic
configuration favoured by the polarity of the molecule can be included. Then

}\L/elg’ = ¢VB + )‘¢ionic

The parameters A in the above definition and A\* in Eq. 8.31 are difficult to
evaluate from first principles. They have been empirically related to the elec-
tronegativity of the atoms or to the difference between the ionization energy
with respect to the one pertaining to the purely covalent configuration.

An illustrative relationship of A and A* to molecular properties is the
one involving the electric dipole moment pu.. By referring to the sketched
schematization for a given molecular orbital with two electrons (pag. 277),

the dipole moment is written p. = 2e < z >, with < z > the expectation
value of the coordinate, corresponding to the first moment of the electronic
charge distribution.

For an MO-LCAO orbital as in Eq. 8.31, one has

1

= 2 *2 2 *
ST (1+A*2+2,\*SAB)/Z[|¢A + A dp[" + 22 quqSB]dT (8.32)

The mixed term < A|z|B > is usually negligible. By assuming for simplicity
Sap < 1 one obtains

1 1 1. .
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-e
+ +
@ @
A B z

By defining g = u./eRap as degree of ionicity (g being the unit for total
charge transfer and dipole moment p"*® = eR4p), \* can be expressed in

terms of a relevant property of the molecule:

A2 1
T AT+l
In analogous way in the VB framework, where g is evidently given by the
weight of the ionic structure, one has

)\2
TN+l

As for the homonuclear molecules, the energy curve E(R4p) in principle
could be evaluated in terms of the overlap and resonance integrals.

Direct understanding of the mechanism leading to the bonded state can
easily be achieved by referring to a model of totally ionic molecule, i.e.
émo = ¢p (or configuration ATB~) and in the assumption of Coulombic
interaction between point charge ions. This is an oversimplified way to derive
the eigenvalue as a function of the interatomic distance, still allowing one to
grasp the main source of the bonding.

For numerical clarity let us refer to the NaCl molecule (Fig. 8.11). One
observes that for distances Rap above about 10 A the energy of the neutral
atoms is below the one for ions. When the distance is smaller than the R g
for which e?/R% 5 ~ (E;r — E4), the ionic configuration is favoured and the
system reduces the energy by decreasing the interatomic distance.

At short distance a repulsive term is acting. Its phenomenological form
can be written

g (8.34)

g (8.35)

Erep ~ Bexp[—Rap/pl, (8.36)

an expression known as Born-Mayer repulsion. Thus the energy curve de-
picted as solid line in the Figure 8.11 is generated.
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The dissociation energy E(R}4") can be evaluated by estimating the dis-

tance where the energy minimum occurs. A detailed calculation of this type
will be used for the cohesive energy in ionic crystals (§13.2.1).

Na* + e +Cl
§
\
\‘ E] EA
\ 51eVNa 38eVC
“Na +Cl ionization  electron
\ energy affinity
\
[
\
Na*+Cl”
D ——
+ - e e —
$ oS i A
b= Na+Cl
2-13
@
[
i

—-49

Fig. 8.11. Energies of the neutral atoms and of the ionic configuration in the NaCl
molecule. E7 is the ionization energy of Na, about 5.14 eV while F4 = 3.82¢€V is the
electron affinity in Cl and it corresponds to the energy to remove an electron from

cl.

Finally, for some polar diatomic molecules the electric dipole moment g,

the degree of ionicity and the value of \* according to Eqs. 8.32 are reported
below (having used for Sap a value around 0.3).

te (Debye)|pe/eRap| A*
HF 1.91 0.43 [1.88
HC1 1.08 0.17 [1.28
HBr 0.78 0.11 [1.19
KF 8.6 0.67 [2.93
KCl| 10.27 0.77 13.36

(1 Debye = 10718 u.e.s cm). In HyO, . = 1.86 Debye.
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Problems VIII.5

Problem VIII.5.1 Write the ground state configuration for the molecules
CO, LiH, HBr, CN, NO.

Solution:
CO 1yt
LiH Lyt 3yt
HBr (Br atom in 2P state) Lot 3yt 1, 3
CN (C atom in P, N atom in %5) 2yt Ayt Syt 2 o4, S
NO i

Problem VIIL.5.2 In the ionic bond approximation assume for the eigen-
value in the NaCl molecule the expression

e? A

— + .
Rap  Rip

E(Rap) =

From the equilibrium interatomic distance R%; = 2.51 A and knowing that
the vibrational frequency is 1.14 - 10'3 Hz, obtain A and n and estimate the
dissociation energy.

Solution:

At the minimum

dE e? 1
=— -—nA—==0
(dRAB>RAB_Req. g R Rntl

AB —

thus
e? _ 1
nA  RrUC

The elastic constant is (see Problem VIII.1.3)

d’E 2¢2
k:(> 2 A1)
dR% Rap=R R}

R2+2

Then

For the reduced mass
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u=23-10"%y4
the elastic constant takes the value

k= 4n?uvg = 1.18 - 10° dyne/cm

(see §10.3).
Then L R
n—1= e ~ 8.
o2
From
A _ eQR;L—l
n

the energy at R, is

€2 A &2 1
Eminzfi — =——1|1——) =-5.1eV.
R TR R ( n) ¢

and then the dissociation energy turns out

1
Egiss = — |:Emzn + 5 hl/():| ~5eV.

Problems F.VIII

Problem F.VIII.1 The first ionization energy in the K atom is 4.34
eV while the electron affinity for Cl is 3.82 eV. The interatomic equilibrium
distance in the KCI molecule is 2.79 A. Assume for the characteristic constant
in the Born-Mayer repulsive term p = 0.28 A. In the approximation of point-
charge ionic bond, derive the energy required to dissociate the molecule in
neutral atoms.

Solution:

From

< |w

and the equilibrium condition

(dV) e2 B _kre
R = 0 = 72 — — € P
dR R=R. Re P

one obtains
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The energy for the ionic configuration K + CI~ is (4.34 —3.82)eV = 0.52eV
above the one for neutral atoms. Then the energy required to dissociate the

molecule is
Egiss = (+4.66 — 0.52) eV ~ 4.12€V .

Problem F.VIII.2 In the molecule KF the interatomic equilibrium dis-
tance is 2.67 A and the bonding energy is 0.5¢V smaller than the attractive
energy of purely Coulomb character. By knowing that the electron affinity
of Fluorine is 4.07 eV and that the first ionization potential for potassium is
4.34'V, derive the energy required to dissociate the molecule in neutral atoms.

Solution:

Since
2

ECoulomb = % =8.6- 10_12 erg — 5.39eV

e

the energy required for the dissociation in ions is F; = (5.39—0.5) = 4.89eV .
For the dissociation in neutral atoms E, = E; + A — Piop, = 4.89 + 4.07 —
4.34eV =4.62¢eV .

Problem F.VIIIL.3 Report the ground state configuration and the first
excited configuration of the molecules Hs, Lis, No, LiH and CH.

Solution:
Molecule Ground state configuration

Ho (ogls)2 Tr

Lis KK(0425)2 oF

N2 [KK(0,25)2(0425)2(mu2p)4(042p)2 X7

LiH K(250)2 TsF

CH K (250)2(2s0)22pm I

Molecule First excited configuration

Ho (0gls)oyls Iyr3xr
Lio KK(0425)0,25 AR
Ne [KK(0,25)2(0,25)2(m.2p)4(0y2p)1m,2p o, t i,
LiH K(2s0)2po Iyt 35T
CH K (250)2(2po)(2pm)2 T IAZET RN
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Problem F.VIII.4 Derive the structure of the hyperfine magnetic states
for the ground-state of the Hydrogen molecular ion. Then numerically evaluate
their energy separation in the assumption of o41s molecular orbital in the
form of linear combination of 1s atomic orbitals (the interatomic equilibrium
distance can be assumed 2ag).

Solution:

From the extension of Eq. 5.3
Hyit = A+ (Ia + 1) -,

mag ~

with AH; the hyperfine coupling constant. From I =14 +1Ig, I =0o0or I =1,

namely states with F' = 1/2,3/2 are obtained.
Since ILs = (1/2)[F(F +1) — I(I1 4+ 1) — s(s + 1)]
the FF =3/2 and F = 1/2 levels are separated by AE = (3/2)AH2+.
A Hy can be obtained from

1 1

VAT S yral {

considering 74 = 0 and rg = Rap. Then

o 1s = e~ TA a0 4 erB/a“]
179 &

2
—Rag/ao
1 P+e ] 41

o so 1= — = —
[ gl 0) Wag 2(14 Sap) Ta,

)

oW

for Sap ~ 0.58 (see Eq. 8.9).

In atomic Hydrogen where |¢15(0)|?> = 1/7a3 the separation between the
F =1 and F = 0 hyperfine levels is Ay /h = 1421.8 MHz. Then in HJ one
deduces AE/h = (3/2)0.41Ay ~ 810 MHz. (For the difference between the
ortho-states at I=1 and the para-state at I=0 read §10.9).

Problem F.VIIL.5 In the assumption that an electric field £ applied
along the molecular axis of H;r can be considered as a perturbation, evaluate
the electronic contribution to the electric polarizability (for rigid molecule and
for molecular orbital LCAO).

Solution:

Hp = —ez&
At first order < g|Hp|g >= 0 (where |g >= (1//2(1 4+ SaB))(¢a + ¢B)),

since it corresponds to the first moment of the electronic distribution, evi-
dently zero for a homonuclear molecule (see §8.5).
At the second order, involving only the first excited state

|lu>= (1/4/2(1 — Sap))(¢a — ¢B), one has
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2
2) _ 2 2| <ulzlg > |
E e“€ B —EB
From
< ulslg >= ! [ G+ 60200 - o)
ujz =35 z — T
g 214 SapV1—S8ap 4 b 4 b
_ 1 [_RAB _ RAB]
VI-SLL 2 2 |
E(2) _ eQEQRZB
41— 53,)(B- — By)
and then
19E® e*R%

YT T e T 21— S3,)(E- — Ey)
From R%; ~ 2ag, S35 < 1 and (E_ — Ey) ~ 0.1€?/aq one has
aps (R%15)3/0.4, of the expected order of magnitude (see Problem X.3.4).

Problem F.VIIL.6 For two atoms A and B with J =S = 1/2, in the
initial spin state a4 3p, spin-exchange collision is the process by which at
large distances (no molecule is formed) they interact and end up in the final
spin state Saap (This process is often used in atomic optical spectroscopy
to induce polarization and optical pumping). From the extension of the
VB description of Ha (§8.3) one can assume a spin-dependent interaction
H = —2K(R)S4 - Sp, where K(R) is the negative, R-dependent exchange
integral favouring the S = 0 ground-state.

Discuss the condition for the spin-exchange process by making reason-
able assumptions for the collision time R./v, R. being an average interaction
distance and v the relative velocity of the two atoms.

Solution:

In the singlet ground-state the interaction is

B(R) = _QK(R)[S —S; —SB} _ 6K4(R)

An approximate estimate of the time required to shift from a8 to Baap
can be obtained by referring to the Rabi equation (App.I.2), in a way some-
what analogous to the exchange of the electron discussed at §8.1.2 for the
Hy molecule. Here the Rabi frequency has to be written I' ~ E(R)/h, for R
around R.. Then the time for spin exchange is of the order of (7/3)(h/| K (R.)|)
while the time for interaction is 7. = R./v (v can be considered the thermal

velocity at room temperature in atomic vapors, i.e. ~ 3 -10* cm/s).
Thus one derives —3K (R.)R. ~ whv.
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For an order of magnitude estimate one can assume that at large distance
K(R.) is in the range 10~% — 10~ *eV thus yielding R, in the range 6 — 60 A.

These crude estimates for the spin-exchange process and the limits of va-
lidity are better discussed at Chapter 5 of the book by Budker, Kimball
and De Mille quoted in the Preface, where a more rigorous analysis of this
problem can be found.
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Electronic states in selected polyatomic
molecules

Topics

Polyatomic molecules as formed by bonds between pairs of atoms
Hybrid atomic orbitals

Geometry of some molecules

Bonds for carbon atom

Electron delocalization and the benzene molecule

In this Chapter a few general aspects of electronic states in polyatomic
molecules shall be discussed. Some details will be given for typical molecules
involving novel phenomena that do not occur in diatomic molecules.

The electronic structure in polyatomic molecules is based on the same prin-
ciples described for diatomic molecules. As already mentioned, a general theory
somewhat equivalent to the Slater theory for many-electron atoms can be de-
veloped. The steps of that approach are the following. Molecular orbitals of the

form ¢(r;,s:) = >, cgf) gbp(ri)xg?m are assumed as a basis, in terms of linear
combination of atomic spin-orbitals centered at the various sites with unknown co-
efficients c,(f). The determinantal wavefunction for all the electrons is then built up
and the energy function is constructed from the full Hamiltonian (T + Vi, + Vz.)

(see §7.1). The Hartree-Fock variational procedure is then carried out in order

to derive the coefficients cg). This approach is known as MO.LCAO.SCF
(self-consistent field). Advanced computational methods are required and the one
developed by Roothaan is the most popular. More recently the density func-
tional theory is often applied in ab-initio procedures, based on the idea that
the energy can be written in terms of electron probability density, thus becoming
a functional of the charge distribution, while the local density approxima-
tion is used to account for the exchange-correlation corrections. Configuration
interaction (see §8.4) is usually taken into account. We will not deal with these
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advanced topics, essentially belonging to the realm of computational quantum
chemistry.

We shall see how qualitative aspects can be understood simply in terms of the
idealization of independent bonds, by considering the molecule as resulting
from pairs of atoms, each pair corresponding to a given bond. In this way the
main aspects worked out in diatomic molecules (Chapter 8) can be extended to
polyatomic molecules. Typical illustrative example is the NH3 molecule.

At §9.2 we will discuss the molecular bonds involving hybrid atomic orbitals
and giving rise to particular geometries of the molecules, typically the ones related
to the variety of bonds involving the carbon atom. In § 9.3 the delocalization of
the electrons will be addressed, with reference to the typical case of the benzene
molecule.

9.1 Qualitative aspects of NH3z and H,O molecules

In the spirit of the simplified picture of localized orbitals and independent
bonds, by considering the molecule as due to bonds between pairs of atoms,
one can sketch the formation of the NHs molecule as resulting from three
mutually perpendicular ¢ MO orbitals involving LCAO combination of 2p N
atomic orbitals and 1s Hydrogen orbital (see Fig.9.1).

Similar qualitative picture can be given for the HyO molecule (Fig.9.2).

From those examples one can understand how the geometry of the molecules,
with certain angles between bonds, is a consequence of the maxima for the
probability of presence of the electrons controlled by atomic orbitals, coupled
with the criterium of strong overlap, in order to maximize the resonance
integral.

However it should be remarked that the above picture is incomplete. In fact
the angles between bonds are far from being 90°, in general. For instance in
H5O the angle between the two OH bonds is about 105°. As we shall see in the
next Section, the geometry of the molecules is consistent with the assumption
of hybrid atomic orbitals involved in the formation of the MQO’s.

9.2 Bonds due to hybrid atomic orbitals

By naively referring to the electrons available to form bonds by sharing the
molecular orbitals, Be, B and C atoms would be characterized by valence
numbers ny = 0,1 and 2, correspondent to the electrons outside the closed
shells. The experimental findings (ny = 2,3 and 4, respectively) could qual-
itatively be understood by assuming that when molecules are formed, one
electron in those atoms is promoted to an excited state. The increase in the
number of bonds, with the related decrease of the total energy upon bonding,
would account for the energy required to promote the electron to the excited
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Fig. 9.1. Pictorial view of the formation of the NH3 molecule in terms of combina-
tion of localized 1s Hydrogen and of 2ps .. N atomic orbitals, with the criterium
of the maximum overlap to grant the largest contribution to the bonding energy
from each bond (a). The equivalent configuration is shown in part (b), where the
molecule can be thought to result from the approach of the H atoms along the op-
posite directions of the coordinate axes.

The evolution of the two level states is sketched in part (c¢) with the inversion
doublet resulting from the removal of the degeneracy. The separation energy of the
doublet is related to the exchange integral. These two states were used to obtain the
first maser operation (see Appendix IX.1).

state. This argument by itself cannot justify the experimental evidence. At
the sake of clarity, let us refer to the CHy molecule: its structure, with four
equivalent C-H bonds, with angles 109°28’ in between, can hardly be justified
by assuming for the carbon atom one electron in each 2s,2p,,2p, and 2p,
atomic orbitals. A related consideration, claiming for an explanation of the
molecular geometry, is the one aforementioned for the angles between bonds
in the HoO molecule.

Again referring to CHy and in the light of the equivalence of the four C-H
bonds, one can still keep the criterium of the maximum overlap provided
that atomic orbitals, not corresponding to states of definite angular momen-
tum, are supposed to occur in the atom when the molecule is being formed.
These atomic orbitals are called hybrid.
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overlap

Fig. 9.2. Schematic view of the H2O molecule as resulting from two o MQO'’s involv-
ing 2p O and 1s H atomic orbitals, with strong overlap of the wavefunctions when
the Hydrogen atoms approach the Oxygen along the directions of the x and y axes.

To account for the geometry of the bonds in CH4 we have to generate
hybrid orbitals with maxima in the probability of presence along the directions
of the tetrahedral environment, as sketched below

H

tetrahedron Four equivalent bonds

\j at angles 109°28’

From the linear combination

¢C = a¢25 + b¢2pw + C¢2py + d¢2pz

by resorting to the orthonormality condition, to the requirement of electronic
charge displaced along the tetrahedral directions and by considering that for
symmetry reasons the s electron has to be equally distributed on the four
hybrid orbitals, one can figure out that the coefficients must be
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a>=1/4 bV +E+d>=3/4 b =c=d%
yielding maxima for the probability of presence along the directions
(1,1, , (@@,-1,-1) , (-1,1,-1) , (-1,-1,1) .

Thus the hybrid orbitals of the C atom are

1
or = 5 25 + 2p, +2py+2pz
i -
(bll = 5 28+2pz - 2py - 2pz
i -
orrr = 5 25 —2py +2py — 2p,
i -
orv = 5 25 — 2p, — 2py + 2p,

The individual bonds with the H atoms can then be thought to result from
o MO, given by linear combinations of the C hybrids and of the 1s H atomic
orbitals, as sketched below

H /’\/ [111] direction

/?{

- - IL\ brid &,

That type of hybridization is called (sp3) or tetragonal. Besides the
methane molecule, is the one that can be thought to occur in the molecular-
like bonding in some crystals, primarily in diamond (C) and in semiconductors
such as Ge, Si and others (see Chapter 11).

Another type of hybridization involving the carbon atom is (sp?) or trigo-
nal one, giving rise to planar geometry of the molecule, with three equivalent
bonds forming angles of 120° between them, such as in the ethylene molecule,
CoHy. The hybrid orbital can be derived in a way similar to the tetragonal
hybridization, from a linear combination of 2s,2p, and 2p,. By taking into
account that the coefficients b and ¢ are proportional to the cosine of the re-
lated angles and that a? = 1/3, b* 4+ ¢ = 2/3, one has the following picture
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2p,

2s

et NI
L — +
- + AR
25 +2p,

hybrid a ¢25+ b ¢2px

/1200

120°

corresponding to C hybrid orbitals

1 V2
\/3 ¢2s + \/3 ¢2pw

1 1 1
o1 = 3 P25 — 6 Dopz + 2 G2py

or

1 1 1
orrr = 3 P25 — 6 Dopz — V2 D2py

Therefore the o MO bonds are generated from the linear combination of the
1s H orbitals or of the equivalent hybrid orbital of the other carbon atom, as
sketched below

The 2p electron described by the atomic orbital 2p,, perpendicular to the
plane of the molecule, is not involved in the hybrid and therefore it can form
a m C-C MO of the type already seen in diatomic molecules, leading to an
additional weak bond (see the Ny molecule at §8.2).
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Another interesting hybrid orbital for the carbon atom and leading to
linear molecule, such as acetylene (C2Hs) is the digonal (sp) hybrid. It mixes
the s electron and one p electron only. The electronic configuration sketched
below is derived

Topy

The C-C bond here is a triple one (one strong bond and two weak bonds).

More complex hybrid orbitals are generated in other multi-atoms molecules,
with particular geometries. For its importance and at the sake of illustration
we mention the (d2sp?) atomic orbitals, occurring in atoms with incomplete d
shells. The hybridization implies six bonds, along the positive and negative
directions of the Cartesian axes. By combining with 2p oxygen orbitals the
octahedral structure depicted in Fig. 9.3 originates, for example for BaTiOs.

We shall come back to this relevant atomic configuration, characteristic
of the perovskite-type ferroelectric titanates such as BaTiOs, at §13.3 when
dealing with the CuOg octahedron, which is the structural core of high-
temperature superconductors.

six hybrid orbitals
for the central atom

Fig. 9.3. The configuration of ¢ bonds involving the six atomic orbitals of the
central atom (for example Titanium) associated with the d?sp® hybridization. This
atomic configuration is the one occurring, for example in the (TiO3)?~ molecular-like
unit in the BaTiOg crystal (oxygens are shared by two units) (see §11.4).



292 9 Electronic states in selected polyatomic molecules

9.3 Delocalization and the benzene molecule

Experimental evidences, such as X-ray (in the solid state) and roto-vibrational
spectra (see Chapter 10) indicate that the benzene molecule, C¢Hg, is charac-
terized by planar hexagonal structure, with the carbon atoms at the vertices
of the hexagon. The C-H bonds form 120° angles with the adjacent pair of
C-C bonds. According to this atomic configuration one understands that the
Carbon atom is in the sp? trigonal hybridization, as the one discussed for the
CyH,4 molecule (8§9.2). The remaining 2p, electrons of the Carbon atoms, not
involved in the hybrids, can form a 7MO between adjacent C atoms, yield-
ing three double bonds. However, all the C-C bonds are equivalent and the
distances C-C are the same. This is one of the evidences that the simplified pic-
ture of localized electrons, with “independent” bonds between pairs of atoms,
in some circumstances has to be abandoned. We shall see that the structure
of the benzene molecule, as well as of other molecules with m-bonded atoms
like the polyenes, can be justified only by delocalizing the 2p, electrons all
along the carbon ring. The delocalization process is a further mechanism of
bonding, since the total energy is decreased. At Chapter 12 we shall see that
the electronic states in crystals can be described as related to the delocaliza-
tion of the electrons. Thus, for certain aspects the benzene molecule can also
be regarded as a prototype for the electronic states in crystals.

By extending to the six Carbon atoms in the benzene ring the MO.LCAO
description, the one-electron orbital is written

drioli) = croy,) (9.1)

where (;Sé;)z are C 2p orbitals centered at the r-th site of the hexagon (r runs
from 1 to 6). Then the energy function, by referring only to the Hamiltonian
‘H for the 2p, C electrons, is

_ J ¢hro H oo dr
| ¢rro ¢rro dr
By resorting to the concepts already used in diatomic molecules (§8.1) we

label 3,5 = [ qb;ffz) H qbé;)z dr as resonance integral, while S,, = [ QSZI(Z) ¢§;}z dr

is the overlap integral. One has [ ¢

Ele,) (9.2)

*(r
2p-
in the C atom and [ (;5;;? (;5;;)2 dr = 1.
It is conceivable to assume S, = 0 for r # s and to take into account the
resonance integral only between adjacent C atoms: §,.s = 3 for r = s+ 1 and
zero otherwise.
Then the secular Equation for the energy function E(c,) reads

) H (bg;)z dr = Ey, energy of 2p electron
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(Eo — E) B 0 0 0 B
B (Eo — E) B 0 0 0
0 B (Eo — E) B 0 0 —0
0 0 3 (Be—E) B 0 '
0 0 0 8 (By-E) 8
B 0 0 0 B (Eo — E)

The roots are Ey + 28, FEo =+ (3 (twice), Eg— 25 (note that 8 < 0).

The lowest energy delocalized m orbital, correspondent to the eigenvalue
FEy+ 20, can accommodate two electrons, while on the state at energy Ey+ 3
one can place four electrons, as sketched below

E,

The bonding energy turns out 2(23)+45 = 8, lower than the energy 65 that
one would obtain for localized electrons. The energy 23 can be considered the
contribution to the ground state energy due to the delocalization.

In correspondence to the root (Eg + 23) the coefficients ¢, in Eq. 9.1 are
equal. The normalization yields ¢, = 1/v/6 and therefore the molecular orbital
is

drvo(ri) = 7 [¢2pz( L) + .+ fop, (15 — 1g) (9.3)

where 1, indicate n.a and specifies the position of the Carbon atom along the
ring of step a. The wavefunction 9.3 is sketched in Fig. 9.4.

In correspondence to the root (Ey+ ) different choices for the coefficients
¢r are possible (see Problem F.IX.2 for similar situation). One choice is

¢Mo<ri>V%[z@pz(rih)wzpz(ri12>¢2pz<r¢ 1) — 262, (v ~ 1) -

_¢2pz ( ) + ¢2pz( 16) (9-4)

The eigenvalues can be written in the form

E, = E, + 283cos[(27 /6a)pa) , (9.5)
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Fig. 9.4. Pictorial view of the 7MO delocalized orbital correspondent to Eq. 9.3
(eigenvalue Fo + 203).

while for the coefficients
cp = (7/%)/(6)'/* (9.6)

where p =0,+1,+2, 3.

The benzene ring can be considered the cyclic repetition of a “crystal” of
six Carbon atoms. The eigenvalues and the coefficients in the forms 9.5 and
9.6 are somewhat equivalent to the band states in a one-dimensional crystal
(see Chapter 12).

The quantitative evaluation (by means of numerical methods or by re-
sorting to approximate radial parts of the wavefunctions) of the electronic
eigenvalue as a function of the interatomic distance a yields a minimum for
a ~ 1.4 A, in between the values o’ = 1.34 A and o’ = 1.54 A pertaining to
double and to simple C-C bond, respectively.

The structural anisotropy of the molecule is reflected, for instance, in the
strong dependence of the diamagnetic susceptibility x4, on the orientation.
In fact, by extending the arguments discussed for atoms (§4.5) one can expect

Xdia X Y ; < rsin*f; >, with 6 angle between the magnetic field and the

positional vector of a given electron. Then, in the benzene molecule, XLIlia <<

Xz, (with || and L to the plane of the hexagon). (See Problem F.IX.3).

Appendix IX.1 Ammonia molecule in electric field and
the Ammonia maser

According to Fig. 9.1 the Ammonia molecule can be found in two equiv-
alent configurations, depending on the position of the N atom above (state
[1 >) or below (state |2 >) the zy plane of the H atoms. By considering
the molecule in its ground electronic state and neglecting all other degrees of
freedom, let us discuss the problem of the position of the N atom along the
z direction perpendicular to the xy plane, therefore involving the vibrational
motion in which N oscillates against the three coplanar H atoms (for details
on the vibrational motions see §10.3 and §10.6).
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The potential energy V' (z), that in the framework of the Born-Oppenheimer
separation (§7.1) controls the nuclear motions and that is the counterpart of
the energy E(R4p) in diatomic molecules, has the shape sketched below

V(z) (meV)
A PS
i 1> e

R A

|2> .—CP
4.7x102 meV N =~ o
EO o Eu L .
E %
T T 7
-Z, +z,

The distance of the N atom from the xy plane corresponding to the minima
in V(z) is z, = 0.38 A, while the height of the potential energy for z = 0 is
Vo =~ 25meV. In the state |1 > the molecule has an electric dipole moment .
along the negative z direction, while in the state |2 > the dipole moment is
parallel to the reference z-axis. Within each state the N atoms vibrate around
4z, or —z,. As for any molecular oscillator the ground state has a zero-point
energy different from zero, that we label E, (correspondent to the two levels
A and B sketched in Fig. 9.1.c). The vibrational eigenfunction in the ground
state is a Gaussian one, centered at +z, (see §10.3). The effective mass of the
molecular oscillator is = 3My My /(3My + My).

Thus the system is formally similar to the H;r molecule discussed at §8.1,
the |1 >,|2 > states corresponding to the electron hydrogenic states 1s4 and
1sp, while the vibration zero-point energy corresponds to — Ry hc. Therefore,
the generic state of the system is written

[ >=c1]1 > +e2|2 > (AIX.1)

with coefficients ¢; obeying to Eqgs. 8.13. Here Hio = —A is the probability
amplitude that because of the quantum tunneling the N atom jumps from
|1 > to |2 > and wviceversa, in spite of the fact that F, < V,. Two stationary
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states are generated, say |g > and |u >, with eigenvalues E, — A and F, + A,
respectively. The correspondent eigenfunctions are linear combinations of the
Gaussian functions describing the oscillator in its ground state (see §10.3):

Ny

-z
0 *zy Zy +z,

|u> lg>

The degeneracy of the original states is thus removed and the vibrational
levels are in form of doublets (inversion doublets). For the ground-state the
splitting £, — E,, = 2A corresponds to 0.793 cm™!, while it increases in the
excited vibrational states, owing to the increase of Hys. For the first excited
state 2A’ =36.5 cm~! and for the second excited state 2A” =312.5 cm™!. It
can be remarked that the vibrational frequency (see §10.3) of N around the
minimum in one of the wells is about 950 cm™1.

The inversion splitting are drastically reduced in the deuterated Ammonia
molecule ND3 where for the ground-state 24 =0.053 cm~!. Thus the tunneling
frequency, besides being strongly dependent on the height of the effective
potential barrier V,, is very sensitive to the reduced mass p. For instance, in
the AsHs molecule, the time required for a complete tunneling cycle of the
As atom is estimated to be about two years. These marked dependences on
V, and p explains why in most molecules the inversion doublet is too small
to be observed.

In NHj3 the so-called inversion spectrum was first observed (Cleeton
and Williams, 1934) as a direct absorption peak at a wavelength around
1.25 c¢m, by means of microwave techniques. This experiment opened the field
presently known as microwave spectroscopy.
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The typical experimental setup is schematically shown below

Frequency measurement

Isolator J t
Klystron %ﬂvﬂv& > Detector

Stark electrode

Lock-in

I: | Modulation|—>| |<—| Ampliﬁer|
Voltage
N Compu'ter

ramp
Finally it should be remarked that the rotational motions of the molecule
(8§10.2), as well as the magnetic and quadrupolar interactions (Chapter 5), in
general cause fine and hyperfine structures in the inversion spectra.

As already mentioned the |g > and |u > states of the inversion doublet
in NH3 have been used in the first experiment (Townes and collaborators)
of microwave amplification by stimulated emission of radiation (see
Problem F.I.1). The maser action requires that the statistical population N,
is maintained larger than NN, while a certain number of transitions from |u >
to |g > take place.

Now we are going to discuss how the Ammonia molecule behaves in a
static electric field. Then we show how by applying an electric field gradient
(quadrupolar electric lens) one can select the Ammonia molecule in the
upper energy state.

In the presence of a field £ along z the eigenvalue for the states |1 > and
|2 > become

Hy, =E, +,U/e€ and Hyy = E, — Meg

The rate of exchange can be assumed approximately the same as in absence
of the field, namely Hio = —A. The analogous of Eqgs. 8.13 for the coefficients
¢; in A.IX.1 are then modified in

m% = (B + pe€)c1 — Acy (A.IX.2)
m% = (B, — pte€)ca — Acy (A.IX.3)

The solutions of these equations must be of the form ¢; = a;exp(—iEt/h),
with F the unknown eigenvalue. The resulting Egs. for a; are
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(E—E, — pe€)a; + Aaz =0
Aay + (E — E, + pe€)az =0

and the solubility condition yields

_ 2
By =ty \/(H11 M2l g e (k)

(representing a particular case of the perturbation effects described in Ap-
pendix 1.2 (Egs. A.1.2.4)). When the perturbation is not too strong compared
to the inversion splitting, Eq. A.IX.4 can be approximated in the form

pes®
24

E are reported below as a function of the field.

EL=FE,+A+

(AIX.5)

-~ Egtue for ue» A

S Ey-ue

Eq. AIX.5 can be read in terms of induced dipole moments ,uz?;d =
—dEy /dE = Fu2E/A. Therefore, if a collimated beam of molecules passes
in a region with an electric field gradient across the beam itself, molecules in
the |u > and |g > states will be deflected along opposite directions (this
effect is analogous to the one observed in the Rabi experiment at §6.2). In
particular, the molecules in the |g > state will be deflected towards the region
of stronger £2, owing to the force —V[—(u.£)?/2A].

In practice, to obtain a beam with molecules in the upper energy state
one uses quadrupole electric lenses, providing a radial gradient of £2. The
square of the electric field varies across the beam. Passing through the lens
the beam is enriched in molecules in the excited state and once they enter the
microwave cavity the maser action becomes possible. The experimental setup
of the Ammonia maser is sketched in the following Figure.
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The basic principles outlined above for the Ammonia maser are also at
work in other type of atomic or solid-state masers. In the Hydrogen or Ce-
sium atomic maser the stimulated transition involves the hyperfine atomic
levels (see Chapter 5). For the line at 1420 MHz, for instance, the selection
of the atoms in the upper hyperfine state with F' = 1 is obtained by a mag-
netic multipolar lens. Then the atomic beam enters a microwave cavity tuned
at the resonance frequency. The resolution (ratio between the linewidth and
1420 MHz) can be improved up to 107!, since the atoms can be kept in the
cavity up to a time of the order of a second. The experimental value of the
frequency of the FF = 1 — 0 transition in Hydrogen is presently known to be
(1420405751.781 4 0.016 Hz), while for '33Cesium the F' = 4 — 3 transition
is estimated 9192631770 Hz, which is the frequency used to calibrate the unit
of time.

Solid state masers are usually based on crystals with a certain number of
paramagnetic transition ions, kept in a magnetic field and at low tempera-
ture, in order to increase the spin-lattice relaxation time 77 and to reduce the
linewidth associated with the life-time broadening (see Chapter 6) (as well as
to reduce the spontaneous emission acting against the populations inversion).
A typical solid state maser involves ruby, a single crystal of Al,O5 with di-
luted Cr3* ions (electronic configuration 3d®). The crystal field removes the
degeneracy of the 3d levels (details will be given at §13.3) and the magnetic
field causes the splitting of the M; = £3/2,+1/2 levels. The population in-
version between these levels is obtained by microwave irradiation of proper
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polarization.

Here we have presented only a few aspects of the operational principles of
masers, which nowadays have a wide range of applications, due to their reso-
lution (which can be increased up to 107'2?) and sensitivity (it can be recalled
that maser signals reflected on the surface of Venus have been detected).

Problems F.IX

Problem F.IX.1 Under certain circumstances the cyclobutadiene molecule
can be formed in a configuration of four C atoms at the vertices of a square.
In the MO.LCAO picture of delocalized 2p, electrons derive the eigenvalues
and the spin molteplicity of the ground state (within the same approximations
used for CgHg ).

Solution:

The secular equation is

a—FE 0 1)

8 a—FE f 0 ~0
0 8 a—FE '
16 0 8 a—F

By setting o — E = x, one has % — 43%2% = 0
and then E; = —2|8| + «, Es3=a, E, =2\ + «.
Ground state: 4a —4|8|, triplet.

Problem F.IX.2 Refer to the C3H3 molecule, with carbon atoms at the
vertices of an equilateral triangle. Repeat the treatment given for CgHg, de-
riving eigenfunctions and the energy of the ground-state. Then release the
assumption of zero overlap integral among orbitals centered at different sites
and repeat the derivation. Estimate, for the ground-state configuration, the
average electronic charge per C atom.

Solution:
For S;; = 0 for @ # j, the secular equation is
Eo—-FE p B
B g Ey—FE
so that

E;=Fy+283 Errr=Ey— 3
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and the ground-state energy is

Eg:3E0+4ﬂ76:3E0+3ﬂ

The eigenfunctions turn out

o1 = %[¢1+¢2+¢3] =

Sl

b1 = %[d’l —¢3] = \%
brrr = \/Lé[—% + 2¢2 — @3] <

V6

301

The total amount of electronic charge on a given atom (e.g. atom 1) is given

by the sum of the squares of the coefficient pertaining to ¢y in ¢5 rr 111

0 =2 + 5l + (=1

(having taken the average of the two degenerate states).

For S;; = § # 0, the secular equation becomes
Ey—FE [—SE (§—SE
86—SE Ey—FE B—SE |=0
8—SE —SE Ey—FE

and the eigenvalues are

By +28 5 _Ey-p
7 1y2s LHE= g

The ground-state energy is

FEo + ﬁ(l — 25)
E,=2F Frr=3———w——=
s =2+ B =3 aag)

with normalized eigenfunctions

A

o= AT 9)
B

brr = 205

d)III = ¢
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Again, by estimating the squares of the coefficients the charge at a given
atom turns out

1
(1-95)(1+29)
The charge in the region “in between” two atoms (e.g. atoms 1 and 2) is

obtained by evaluating the sum of the coefficients cijco (for ¢; and ¢9) in
@r1,11,117, Mmultiplied by the overlap integral. Thus

/

q:

S(1 - 28)
(1-9)(1+28)

9

Problem F.IX.3 Estimate the order of magnitude of the diamagnetic
contributions to the susceptibility in benzene, for magnetic field perpendicular
to the molecular plane.

Solution:

The diamagnetic susceptibility (per molecule) can approximately be written

wa 62
6mc?

2

Xy = <17 >y,
where n, is the number of electrons in a molecular state ¢ and < r? >, is
the mean square distance.

In benzene there are 12 1s electrons of C, with < 72 >1,~ a2/Z?% (Z = 6).

Then there are 24 electrons in ¢ bonds for which, approximately,

L
2o o [ L
<r >U_/,£Lx_12’

2

the length of the o bond being L = 1.4 ;21

Finally there are 6 electrons in the delocalized bond 7., where one can
assume < 72 >, ~ L2 The diamagnetic correction at the center of the
molecule is dominated by the delocalized electrons and one can crudely esti-

mate . ~ —6-1072% cm?.
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Nuclear motions in molecules and related
properties

Topics

Rotations and vibrations in diatomic molecules

How the rotational and vibrational states are studied

The normal modes in polyatomic molecules

Basic principles of rotational, vibrational and Raman spectroscopies
Nuclear spin statistics and symmetry-related effects

10.1 Generalities and introductory aspects for diatomic
molecules

In the framework of the Born-Oppenheimer separation (§7.1), once that the
electronic state has been described and the eigenvalue E.(R) and wavefunc-
tion ¢.(r, R) have been found, then the motions of the nuclei are described by
a function (i)(g )( R), where g represents the quantum numbers for the electrons
and v are the quantum numbers (to be found) for the nuclei. This wavefunc-
tion is solution of the Equation

{- Z —W +E.(R)} ¢! (R) = E,, ¢ (R) (10.1)

(note that V,, in Eq.7.3 and 7.5 has been included in E,(R), see for example
Eq. 8.1).

Let us refer to a diatomic molecule in the ground electronic state, for
which we assume A =0 and S = 0 (1 state) and let us indicate the effective
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potential energy, resulting from the electronic eigenvalue and the nucleus-
nucleus repulsion, with V(R), R being the interatomic distance (previously
often indicated by Rap). It is reminded that V(R) has the form sketched
below

V(R)

Re=Rag™ R=Ras

By introducing the reduced mass p = My Mp/(Ma + Mp) the molecule
becomes equivalent to a single particle. By recalling the treatment used for
the Hydrogen atom, Eq. 10.1 is rewritten

{ )} +Ty+T,+V(R)}¢(R,0,0) = E¢(R,0,p) (10.2)

RP[1 0, .,0

20 [RQ 8R( OR
where the polar coordinates R, # and ¢ have been introduced and (Tp + T},)
involves the angular momentum operator L2. The only difference with re-
spect to the radial part of the Schréodinger equation for Hydrogen is in the
potential energy V(R), obviously different from the Coulomb form. Thus the
factorization of the wavefunction follows:

(R, 0,0) =R(R)Y(0,¢) , (10.3)

Y (0, ) being the spherical harmonics characterized by quantum numbers
K and M (the analogous of [ and m in the H atom), related to the eigenvalues
for L? and L,.

The radial part R(R) obeys the Equation

K(K + 1)k

TrR+ |V(R) + S

R =ER (10.4)

and corresponds to the one-dimensional probability of presence along a given
direction under a potential energy including the centrifugal term, as sketched
below

R,
4
X4 ‘ XB -
M, C Mp

(S
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By indicating with @ the internuclear distance R with respect to the equi-
librium distance R., in terms of the local displacements x4 and xp one has

Q=R—-R.=2+ R.—2x24—R. = xp—xa4. (10.5)

Thus @ is a non-local coordinate (we shall return to this point when dis-
cussing the vibrational motions in polyatomic molecules, §10.6). Then the
centrifugal term in Eq.10.4 can be written

)
R.

(1

K(K + 1)k [ 1 } _ K(K +1)n? ) (10.6)

Wi |11 & 22

having taken into account that Q/R. < 1.

In Eq. 10.6 the term 2Q /R, couples the vibrational and the rotational mo-
tions. In a first approximation this term can be considered as perturbation
and one can deal with the rotational part of the Schrodinger equation only.
After the analysis of the vibrational part and the derivation of the correspon-
dent wavefunction R(R) = ¢,i(R), it will be possible to take into account
the roto-vibrational coupling by referring to unperturbed states described by

(z)(R’ 9? (p) = ¢Uib(R) ¢Tot(9, (,0) (107)

with ¢per (0, ¢) = Yiear (0, @).

10.2 Rotational motions

10.2.1 Eigenfunctions and eigenvalues

From §10.1 it follows that the contribution to the energy of the molecule from
the rotational motion is

Erot = K (K + 1) 1*/2 u R? (10.8)

This result can be thought to derive directly from the quantization of the an-
gular momentum P in the classical expression of the rotational energy P2 /21,
I being the moment of inertia I = R%p.

The eigenfunctions ¢,ot(6, ), so that ¢ .¢rot df2 yields the probabil-
ity that the molecular axis is found inside the elemental solid angle df2 =
sinf df dp, coincide with the spherical harmonics. In the light of the classical
relation |P| = Iw, to a given quantum s